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Abstract

Let p be a prime, and let G be a finite abelian p-group of type A = (A1, A2,...)
with Ay > A2 > -+ and Y A = s. Set u = max{\,[(s +1)/2]} and v = s — u. For
each nonnegative integer n, let h,(G) be the number of homomorphisms from G to the
symmetric group S, on n letters. Except for the case where p = 2 and u+d,0 < v+1,
0 the Kronecker delta, or p = 3 and u = v > 1, there exist p-adic analytic functions
fr(X) forr=0,1,..., p"™" —1 and a polynomial n(X) with integer coefficients such
that for any nonnegative integer y, hyut1,4,.(G) = ptXimi !~y g () 4_in(d)
and ordp (hyut1,4,(G)) = {3272, p) — (u —v)}y + ordp(fr(y)). If p =2, A3 =0, and
u=wv>1orif p=3and u=v>1, then h,(G) has analogous properties. Under the
assumption that A3 = 0, some results for the number of permutation representations
of GG in the wreath product of a cyclic group of order p with S,, are also presented.

1 Introduction
Let A be a group which contains only a finite number of subgroups of index d for each

positive integer d, and let h, (A) be the number of homomorphisms from A to the symmetric
group Sy, on n letters. We set hg(A) =1 and define a formal power series E4(X) by

Ea(X)=)_ h”TE'A) X"
n=0 !

According to Wohlfahrt [21], such an exponential generating function is expressed by

Ba(X)=exp | > 1 XMABL) (1.1)

where the summation ) <, 4 Tuns over all subgroups B of A of finite index |A: B|.
Throughout the paper, p stands for a prime. Given a nonzero integer a, let ord,(a) be

the exponent of p in the decomposition of a into prime factors. The Wohlfahrt formula (1.1)

is useful in exploring ord,(h,(A)). For a nonnegative integer s, we denote by Cps a cyclic

2010 Mathematics Subject Classification. Primary 05A15; Secondary 11S80, 20B30, 20K01, 20K27.
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group of order p*. By Eq.(1.1), Ec, . (X) = exp(d_;_, ka/pk). For a real number z, let
[] be the largest integer not exceeding x. As a property of h, (Cps), it is known that

ordy (i (Cpe ) > Z m - S[pHH ]

j=1

for any nonnegative integer n, or equivalently,

ordy (hps+1y4r(Cps)) > ij —s | y+ordy(r!)

Jj=1

for any nonnegative integers y and r with r < p**! (see [1, 4, 5, 7, 9, 10]).

We denote by Z, the ring of p-adic integers. Given z = Y7 x;p' € Z, — {0} with
0 <z <p-—1,let ordy(z) be the first index i such that z; # 0. We define ord,(0) to be
the symbol oo for the sake of convenience. Let Z,[[X]] be the ring of formal power series in
an indeterminate X with p-adic integer coefficients and Z,(X) the subring consisting of all
oo ganX™ € Zy[[X]] such that ordy(a,) — oo (n — 00).

There exist p-adic analytic functions n(X) and f,.(X) for r =0, 1,..., p?> — 1 contained
in Z,(X) such that for any nonnegative integer y,

hp2y+r(cp) = p(pil)yfr(y) H n(Jj) (1.2)

and ord,(hp2y4.(Cp)) = (p — 1)y + ord,(fr(y)) (cf. [8, 15]). The purpose of this paper is
to give an extension of this fact. Let G be a finite abelian p-group. Apart from certain
exceptional cases, we are successful in finding a p-adic estimate of h,,(G) such as Eq.(1.2).
The formal power series E,(X) := exp(}_ e g X P* /p*), whose coefficients are p-adic integers,
is called the Artin-Hasse exponential (see, e.g., [11, Chapter IV §2] and [16, VIL.2]). Using
E,(X) and Eg,.(X), Conrad [2] presented some p-adic properties of h,(Cps). We attempt
to adapt his methods for the study of A, (G) on the basis of some facts given in [12, 20].

A sequence A = (A1, Ae,...) of nonnegative integers containing only finitely many
nonzero terms with Ay > Ao > -+ and Y \; = s is called the type of a finite abelian
p-group G of order p® if GG is isomorphic to the direct product

Cprar X Cppg X oo

of cyclic p-groups Cx,; of order phifori=1,2,....
From now on, we suppose that G is a finite abelian p-group of order p® and of type
A= (A1, Ag,...). Incidentally, >~ A\; = s and A is a partition of s. We define

U= maX{)\l, [5;1]} and wv:= min{s — A, [;} }

Obviously, u > v > 0. Since s = [s/2] + [(s + 1)/2], it follows that s = u + v. We set

“[n n n .

Z{ZJ}JF{W}{W} ifp=2andu=v2>1,
u,v j=1
T;[E n)y =47

So]-w-o[ ] oo

Jj=1
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for each nonnegative integer n, and set
u+3 ifp=2andu=v2>1,
kp(u,v) = u+2 ifp=2andu=v+1>2 orifp=3andu=v2>1,

u-+1 otherwise.

The following main theorem of this paper is concerned with a p-adic estimate of h,(G).

Theorem 1.1 FEzxcept for the case where p = 2 and either u + d,0 = v+ 1 or A3 > 1 and
u=wv > 2, there exist p-adic analytic functions f.(X) forr=0,1,..., p (V) 1 contained
in Zp(X) and a polynomial n(X) of degree ptr (W) — 1 with integer coefficients such that for
any nonnegative integer y,

y

- (w,0) (e () .

hop iy (G) = PP (e Y fr(y) H n(j)
j=1

and
ordp (M4 (G)) = 750 (" () y) + ordyy (fr(y)).-

Moreover, ord,(h,(G)) > ngu’v)(n) for any nonnegative integer n.

The second assertion of Theorem 1.1 is presented in [13, Theorem 25, Theorem 26]
and [20, Theorem 1.1]. By exploring ord,(h,(G)), we confirm [13, Theorem 25] and [20,
Corollary 8.2] (cf. [18, Theorem 1.4]) with relation to the case where equality holds, namely,

Theorem 1.2 The following statements hold.

(1) Except for the case where p = 2 and v = v > 1, ord,(h,(G)) = Téu’v)(n) for each
nonnegative integer n such that n =0 (mod p**1).

(2) Assume that p =2 and that u=1v > 1.
(i) If A3 = 0, then ordz(h,(G)) = Tz(u’v)(n) for each nonnegative integer n such that
n=0, 2"t or 2¢+2 (mod 2v*+3).

(i) If A3 > 1, then orda(h,(G)) = Tg(u’v)(n) for each nonnegative integer n such that
n =0, 2ut, or 20+l 4 2uF2 (mod 2u+3).

We set P = Cpu X Cpe. When A3 = 0, G is identified with P. In this paper we also

investigate the number of permutation representations of P in wreath products. Let C']g")
denote the direct product of n copies of Cp,, and let C}, 1 .S, denote the semidirect product

CI(,”) X Sp = {(z1, ®a, ..., zp)o | (X1, T2,..., Tp) € CI(,") and o0 € S, }
with multiplication given by
(917 sy gn)a(hla R hn)T = (glh(f_l(l)a R gnh(r_l(n))UT

which is called the wreath product of C), with S,,. Let hy(A4;Cp) be the number of homo-
morphisms from A to Cp 1S, and set ho(A; Cp) = 1. By [14, Corollary 1],

o~ h(A;0) o Hom(B, C _
Ex(X;Cy) ;:Z;nm b xm — exp > [Fom(5, C)| (. ol xiam) | (1.3)
n=0 ’
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where |[Hom(B, C,)| is the number of homomorphisms from B to C), (cf. [17, Corollary 3.1]).
When v = 0, the p-adic properties of h,,(P;C,) are explored in [12]. For example,

ordp(hn(c,,;cp))zn—m and  ord, (h,(Cpe; C)) Z{ } {] (s> 1)

for any nonnegative integer n. Although it is not easy to handle the exponential formula
of Eq(X;Cp), we successfully make use of Eq.(1.3) with A = P to analyze h,(P;Cp);
see Section 7 for Ep(X;Cp). The behaviour of h,(P;C)) is similar to that of h,(P). In
particular, we obtain sharp bounds for ord,(h,(P;Cp)), namely,

Theorem 1.3 The following statements hold.
(1) Assume that eitherp>2 andu>v+1>1o0rp>2andu=v > 1. Then

u—1

ordy (ha(P;Cy)) = 3 Lﬂ ) { ; ]

j=0 p*
for any nonnegative integer n, and equality holds if n =0 (mod p“).

(2) Assume that p=2 and u=v > 1. Then

ords (hn(P; Cy)) i{y} |:2u+1:| B {2&2}

for any nonnegative integer n, and equality holds if n = 0, 2%, or 24+ (mod 2%+2).

The paper is organized as follows. In Sections 2-4 we explore h,,(P) with P = Cpu x Cppv
under the assumption that A3 = 0. Section 5 is devoted to the research of h,(G) under the
assumption that As is not necessarily 0. In Section 6 we derive Theorems 1.1 and 1.2 from
a series of theorems given in Sections 3-5. Section 7 is devoted to the study of h,(P;Cp).
A series of theorems on a p-adic estimate of h, (P;C}) brings Theorem 1.3. In Section 8
we present a p-adic estimate of h,, (P; C,) which is inspired by Theorem 1.1. The behaviour
of the p-adic power series Eg(X) and Ep(X;C)) is also analyzed. We conclude the paper
with a theorem on their discs of convergence which includes [20, Corollary 1.1].

2 Preliminaries

In this section we explore the Wohlfahrt formula (1.1) with A = P = Cpu x Cpv, and
prepare fundamental facts for the p-adic properties of h,(P). Given an integer k, we set

k—1
S ifk>1,
[k]P =3 j=0
0 otherwise.

For each nonnegative integer k, let Np(k) be the number of subgroups of order p* in P.
Then by [19, Proposition 5.3] ([20, Proposition 3.2]),
[k+1], if0<k<w,
Np(k) =1 [v+1], if v <k <u,
u+v—k+1], Hfu<k<u+w.
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Since Np(k) = Np(u+ v — k) for any k with 0 < k < wu+ v, it follows from Eq.(1.1) that

oo v—1 u utv

k+1
Zhn(;P) Z k+1po +z[1}+1]po + Z U+U _ + }po
n=0 s k=0 k=v p k=u+1 p

Remark 2.1 Concerning the above formula, the denominator p"n! on the left side of the
first formula in [19, Proposition 5.5] should be replaced by n!.

Definition 2.2 We define a formal power series EI(,U) (X)=>"cn M X by

oo

[e’e) v—1
EZ()”)(X) = ZC%U)X” = exp <Z [k+ l]p x?" —I—Z [U+ 1]p XP )
pk pk

k=0 k=v

Proposition 2.3 For any nonnegative integer n, ordp(cglv)) > 0. Equivalently,
E{"(X) —1 € XZ,[[X]).

Proof. The proposition follows from [3, Proposition 1] (see also [11, p. 97, Exercise 18] and
[16, XI1.2.3, Theorem (Dieudonne-Dwork)]). O

We use Proposition 2.3 without mention. Observe that

oo o0 B
1 - - w41
- (E cf{”X") exp <— E , ot ]];;err[? iy xv"" H) .
n=0

=0

Let r be a nonnegative integer less than p“*1. The above formula implies that

Sl (S, o
> iy ) s X
v (2.1)

v+1|, —|(v—1 wtitl
X exp ( Z | j,i+i+[1 b XP ) ;

1=0

because

P fo+1], —[v—71 il ut1
€xp <_ Z | Z])Z+i+[1 ]po ) —leX?  QX]],
i=0

where Q, is the field of p-adic numbers. Substituting —p*~v+1X for Xpuﬂ, we have

> h u+1 +T(‘P) —
Z (;qué/ +7)! (=p" 7" X)Y = exp(X ZC o (P vHX)!
y=0 (2.2)

W+l —[v—dp, 4w i
XeXp( Z u+z+1 H(=pt X )

The p-adic properties of h,,(P) are explored on the basis of Egs.(2.1) and (2.2), including
Theorems 1.1 and 1.2. In order to analyze h,(P), we require three fundamental lemmas.
The following lemma is well-known (see [11, p. 7, Exercise 14] and [16, V.3.1., Lemmal).
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Lemma 2.4 Let n be a positive integer, and suppose that n = ng +mnip+naep® +-- -, where
no, N1, Na, ... are nonnegative integers less than p. Set sp(n) =ng+ny +ng +---. Then
o0
n n—sy(n) n-1
d ! = — = p < .
ordn () ]Z_:l[p]] p—1 ~p-1

Given g(X) = 307 9o X™ € Z,[[X]], we denote by g(X) + p*" X*2Z,,(X), where ki and
ko are nonnegative integers, the set of all formal power series f(X) =Y > | f, X™ such that
f(X) —g(X) € pFr X*27Z,(X). We quote [12, Lemma 3.2, Lemma 3.3], namely,

Lemma 2.5 Let k be a positive integer, and let a be a p-adic integer such that ordy,(a) = k.
Ezxcept for the case where p =2 and k =1,

2 3
exp(aX) € 1+ aX + % X2 4 % X3 4 p?H1x47, (X).

Lemma 2.6 Let Zﬁ:o mp X" be a polynomial of degree { with coefficients in Z,, and let
S wa X" € p*X7,(X), k a nonnegative integer. Define a sequence {d,,}2 o by do = mg
and d, = my, + wy, for all positive integers n, where myy1 = myqpo = -+ = 0. Then there
exists a p-adic analytic function g(X) contained in Z,(X) such that

14

> n n S n 7
> % X" =exp(X) > dn X" and g(X) €Y miXi+pFX7,(X),

n=0 n=0 =0

where

i [ XE DX iy iz
1 if i =0.
3 p-adic properties

The proof of Theorem 1.1 requires a series of theorems on a p-adic estimate of h,(G).
In this section we study some p-adic properties of h,,(P) obtained by Eq.(2.2). Define

u,v U+1 U—Z] u—v i
FIE 7 )( —exp< Z u+z+1 ( -p +1X)p>7

so that by Egs.(2.1) and (2.2),
o hp”+1y+T(P) (’U) 1j

1 ut1 1 utl
- (w,v) [ _
X exp < it XP ) Fyr ( T XP )

(3.1)

and

> hyutiygr (P) _
2 Gty (P = exp(X Z PP | E X0, (32
y=0 ’
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Remark 3.1 When v = 0, Eq.(3.2) was given by Conrad [2].

The following proposition is a model for the p-adic properties of h, (P).

Proposition 3.2 Let a1, ao, ..., a¢ be p-adic integers contained in pZ,, and assume that

¢
F(X) €14 ) a; X'+ p* " X7, (X).
i=1
Let v be a nonnegative integer less than p*+!

gr(X) contained in Z,(X) such that

. Then there exists a p-adic analytic function

 hpeiiyer(P)

9r(y) = iy T w1y (3.3)

(—p

for any nonnegative integer y and

¢
gr(X) € ¢V (1 + Z aiXi) - cgﬂlﬂp”_"’ﬂX + TV EXZ,(X).
i=1

Proof. The proposition follows from Lemma 2.6 and Eq.(3.2). O

Under the hypotheses of Proposition 3.2, it follows from Lemma 2.4 and Eq.(3.3) that
ordy (hyutiytr (P)) > Z{ yJHn} - Z]ﬂ (u—v) py+ordy(r!).

From Proposition 3.2, we realize that an investigation of F,gu’”)(X ) might bring a nice
p-adic estimate of h,(P). Indeed, some results are obtained in this manner. Define

—(u,v) > 1} + 1 U — ’L] w—v i
FP ( = exp < Z u+z+1 ( -p +1X)p > ’

1=2

so that
[v+1], —[v—1]

pu+2

u,v _ u—v+1 —(u,v)
F0) = e 2(p ) B ).

By exploring these functions, we present a series of theorems on a p-adic estimate of h,, (P).
Apart from the case where either p =2 and u+d,0 <v+2orp=3and u =v > 1, the
formal power series Fj (u, U)(X ) satisfies the condition required in Proposition 3.2.
We begin with the study of p-adic properties of h,,(P) under the assumption that p > 3.

Lemma 3.3 Suppose that p > 3. If i is an integer greater than 1, then

OI‘dp ([U + 1}1? _ [’U — i]P p(u—v—i-l)i”i) >u—ov+2.

pu+z+1

In particular,

F}(Quﬁu)(X) el +pu7v+2XPQZp<X>.
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Proof. We have p' = (1 +p—1)* > i(p—1) +p and ord,([v + 1], — [v —i],) > v —i. Hence

1], — v —1 i ;
ordp([H;ZHE Z]pp“*—““)ﬁ) >v—it (uw—v+1)p - (uti+1)

>ilu—v+1)(p—1)—2i+(u—v+1)(p—1)
>(u—v+1)(p—-1)
>u—v+2,

which is the first assertion. The second assertion follows from the first one and Lemma 2.5.
O

Lemma 3.4 The following statements hold.
(1) If p=3 and u+ 6,0 = v + 1, then

F{"U(X) € 143477 F1X3 4 34772 X Z5(X).

(2) If p=3 and u+ 6,0 >v+1 orifp >3, then
E=)(X) € 14 p" "2 XZ,(X).

Proof. Since ord,([v + 1], — [v — 1],) = v — 1 4 dy0, it follows that

1], - -1
ord,, ([U };u_kgv I p(“”“)p) =u—v+1)p—2)+u+dy—v—1

In particular, if p = 3 and u + §,0 = v + 1, then

03— o—1 :
exp < [’U + ]:;)u-‘rg() ]3 (3uv+1X)3> — eXp(3u7v+1X3 + (1 o 61}0)3u77j+2X3).

Hence the assertion is a consequence of Lemmas 2.5 and 3.3. I

Remark 3.5 Since u > v, it follows that u + 6,0 < v if and only if u =v > 1.
The case where p = 3 and u = v > 1 is avoided in the following theorem (see Section 4).
Theorem 3.6 Suppose that either p > 3 and u+ 9,0 >v+1 0orp>3 andu=v > 1. Let r

be a nonnegative integer less than p“*1. Then there erists a p-adic analytic function g.(X)
contained in Z,(X) such that

hpu+1y+T(P)

u—v+1
(pu+1y n T)' (_ )yy'

gr(y) =

for any nonnegative integer y and

9r(X) € 9o(X) +p" T TXZy(X),

where
c50>(1+3X§)—c§£T3X ifp=3 andu=v =0,
G(X)={ M +32x3) - céﬁllJrr?)QX ifp=3andu=v+12>2,
G puTvtlX otherwise.

pu+1 +7r



the Number of Permutation Representations / Yugen Takegahara 9

Proof. The theorem follows from Proposition 3.2 and Lemma 3.4. [J
We turn to the study of p-adic properties of h,,(P) in the case where p = 2.

Lemma 3.7 Suppose that p=2. Ifi is an integer greater than 1, then

[U + 1]2 — [U — Z]Q (u—v+1)2°
ords ( utitT 2

)2(4i—5)(u—v)+26v0+2i—5.

Moreover, if u+ 0,0 > v + 2, then

7(”7’”)

Fy " (X) € 14 22(wtovomv=Diumotd) 7, (X).
Proof. We have 2° > 4(i — 1) and orda([v 4 1]2 — [v —i]2) > v — i + 28,0. Hence

llg —[v—1 i ;
ordz([v+2]i+i+[f ’]22@—"“)2) >0 —i+ 20,0+ (u—v+ 12 — (uti+1)

=2 —1)(u—v+1)+ 26,0 — 2i
> (4i —5)(u—v+ 1)+ 25,0 — 2i.
The first assertion is an immediate consequence of this inequality. The second assertion

follows from the first one and Lemma 2.5. [

Lemma 3.8 Suppose that p =2 and u + 6,0 > v+ 3. Then

1—2uX?2 4 22ul x4 4 22utl X7, (X) if v=0,

F"(X) e
2 ( ) { 1-3- 2u7v71X2 +9. 22u72v73X4 + 22u72v71X22<X> if’U > 1.

Proof. Since u + 6,0 — v — 1 > 2, it follows from Lemma 2.5 that

exp (_ [v+ 1]22u—+£” —1]s (_2uv+1X)2)

1—2uX2 4 22u"l x4 4 22utl X7, (X) if v =0,
S
1—3-2u7vmlx2 4 9. 22u=2v=3 x4 4 92u=2v=l X7, (X) ifv>1.

Hence the assertion is a consequence of Lemma 3.7. [
The next theorem, together with Theorem 3.6, is a conclusion deduced from of Eq.(3.2).

Theorem 3.9 Suppose that p =2 and u+ 6,0 > v+ 3. Let r be a nonnegative integer less
than 24T, Then there exists a 2-adic analytic function g.(X) contained in Zo(X) such that

_ h2"+1y+7"<P>

_ ety _2u7v+1 y ;

for any nonnegative integer y and

gr(X) € Go(X) + 247" 2 X7 (X),

01 —ux2 4 o2ulxdy 0 gutly if v =0,

T 2utlfy

§T(X) =
{ (1 —3.2uvlx2 4 g.g2u2vdydy () gumublyypg >

Qutlqp
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Proof. The theorem follows from Proposition 3.2 and Lemma 3.8. [J

If either p = 2 and u+ 6,0 < v+2o0r p=3 and u = v > 1, then Eq.(3.2) does not work.
The rest of this section is mainly devoted to the case where p =2 and u + 0,0 = v + 2.

Lemma 3.10 Suppose that p =2 and u+ §yg = v + 2. Then

1—2X —4X* 4 8X7Zo(X) if v =0,

(u)
OX)EM(X) €
exp(=2X)F " (X) {1—2X—4X2—4X4+8X5+8X8+16X22<X> ifv>1.

Proof. If v = 0, then the assertion is given in the proof of [12, Theorem 4.4]. Observe that

exp (— [0 41— [v—1] (_2u—v+1X>2> _ { exp(—2X?%)  if v =0,

Qut2 exp(—6X?) ifv>1

and

exp(—2X +2X% + 4X 1) exp(—4X? — 4XHFUV (X)) ifv =0,

eXp(fQX)FQ(um)(X) = { 9 4 2 4\ ()
exp(—2X 4 2X° +4X ) exp(—8X* —4XHFy (X)) ifv>1.

Then by Eq.(1.1) and Lemmas 2.4 and 3.7, we have

exp(—2X) ") (X)

(i f%q(fél)(_zx)n) exp(—4X2 — 4XY) +16XZy(X) ifv =0,

n=0

<§: h”i@(—QX)") exp(—8X2% —4X*) + 32X7Zy(X) ifv>1.

n=0

Moreover, it follows from Lemma 2.4 and Theorem 3.9 that

n

3 h”('c‘*) (—2X)" € 1 —2X +4X* + 16X Zy(X)
n=0 ’

(see the proof of [12, Theorem 4.4]). Combining these facts with Lemma 2.5, we have

eXp(—QX)FQ(u’U)(X)
1—-2X +4X%)(1 —4X2 —4X*) +8XZo(X ifv=0,
€
(1 -2X +4X?)(1 —8X2 —4X* +8X8) +16XZy(X) ifv>1.

This completes the proof. [

There is a slight difference between the proof of Theorem 3.9 and that of the following
theorem, because the latter requires Lemma 3.10.
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Theorem 3.11 Suppose that p = 2 and u+ d,0 = v+2. Let r be a nonnegative integer less
than 24+1. Then there exists a 2-adic analytic function g,(X) contained in Zo(X) such that

h2u+1 +7‘(P) w—1
Y o(u—vtlyy )

gr(y) = (2u+1y+7")!

for any nonnegative integer y and

QT(X) € ./g\r(X) + 2u_v+2XZ2<X>’

where
5.(X) = (12X —4axd)y 40 ax ifv=0,
(1 -2X —4X2 —4X4 4 8X5 48X )+, 8X  ifu>1.

Proof. Substituting —X for X in Eq.(3.2), we have

2u+1j+7“

> hgutiysy (P .
Z Qutly ( )(2u7v+1X)y _ exp(X exp ZC(U) 2u7v+1X)g F2(u,v) (X)

Moreover, it follows from Lemma 3.10 that

exp ZCQ"*lj—i-r 2u—v+1X)j F2(u,v)(X)
c$0>(1 —2X —4X%) + 04X +8X7Zs(X) if v =0,
(12X —4X? —4X* +8X° + 8X%) + c\)y, 8X + 16XZo(X) ifv> 1.

Hence the assertion is a consequence of Lemma 2.6. [

Remark 3.12 The assertions of Theorems 3.6, 3.9, and 3.11 with v = 0 are given in [12].

The following corollary contains a result in the case where p =2 and u =v = 0.

Corollary 3.13 ([9]) Let r be a nonnegative integer less than p"Tt. If v =0, then

ordy (hy(P)) > {9 (n) = Zu: {n] —v {pnﬂ}

J
— Lp
for any nonnegative integer n, and

( u+1y + T') C(O)

7 Py Fut
p(u+1)yy| T

hputiyyr(P) = (—1)Y (mod p

for any nonnegative integer y.

Proof. The assertion follows from Lemma 2.4 and Theorems 3.6, 3.9, and 3.11 except for
the case where p = 2 and u = 0. Suppose that p = 2 and v = 0. By Definition 2.2,

o) o] 0 ) oo 1 .
>0 (-3 5,
n=0 =0 k=1



the Number of Permutation Representations / Yugen Takegahara 12

and hence
= 1 2 = (0) 2j — 1 2k
3 oy = (L e (-3 ).
y=0 7=0 k=1

Substituting —2X for X2, we have
i#( Zc(o) X) | exp(X — X?)ex *i L (Caxy?
2y +1)! 2+¢( P p ok+1
y—=0 k=2
(This formula is just Eq.(3.2).) Consequently, it follows from Lemmas 2.4, 2.5, and 3.7 that
y—4)/2]

_1\i9i (y —7)!
RS SR ey e

_ @& ) (2P
T (2t

=0

2 !
(_l)y(ygy_;lﬂ A9 (mod 2)

for any nonnegative integer y. The proof is now complete. [J

4 Sporadic cases

The preceding theorems on a p-adic estimate of h,(P) does not deal with some excep-
tional cases. In the case where p = 2 and u = v = 0, we know nothing but Corollary 3.13.
The remaining cases are as follows: (i) p=3andu=v>1; (i) p=2andu=v+1 > 2;
(iii) p = 2 and w = v > 1. In this section we explore the p-adic properties of h,(P) in
each of these sporadic cases; no 2-adic analytic function completely controls A, (P) under
the assumption that p =2 and v = v + 1 > 2, however.

Except for the case where p < 3andu=v>1orp=2and u=v+12> 2, the p-adic
properties of h,(P) are deduced from Eq.(3.2). In the above exceptional cases (i)—(iii), we
can make good use of the formulae (4.2), (4.5), and (4.8). In order to obtain such formulae,
the following three subsections begin with reformations of Eq.(2.1).

4A Case (i)

Suppose that p = 3 and w = v > 1. Then by Eq.(2.1),

> h3u+ly+r (P) 3'u+1 (v) 3u+1 . 1 gu+l 1 gu+2
;7(3u+1y+7a) Zc3u+1]+7 J exp 7§X — 37X
2 qu+te 1 gut2 = [v+1]s — [v—d]s  gutitt
X exp <—34X )exp <—32X —Z Ut X .
1=2

To show Eq.(4.2) above Theorem 4.1, we define

1)—|-1 —1 i
Hs(X) ::exp( 32X — Z 3u+2+1 ]3(34X)3 1)
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and
> u wt 1 au 1 e
ijX3 = ZC&LUM X3 | exp <3 X3 ?XB +2> ) (4.1)
so that
s h3“‘+1’g+7’(‘P) 3u+1 3 2 3u+2 1 3u+2
27(3“+1y+7” ZUJJX exp _37X H3 gX .
y=

Let ¢ be a nonnegative integer less than 3. The above formula implies that

i h3u+1(3y+q)+r(P) X3“+1(3y+(1)
— (34+1(3y + q) +7)!

> utlg; 2 ut2 1 ut2
Zw3j+qX3 (Bit+a) | exp (—34 X3 ) H; (34 X3 ) )
=0

Substituting 3*/3X for Xgu“, we have

i h3“+1(3y+q)+7'(P) 34y+qX3y(31/3X)q
(3ut1(By +4q) +1)!

y=0
D w43V TIXH (3Y3X) | exp(—2X°) Hs (X)) .
j=0

Here 3%/3 should be considered as an element of a universal 3-adic field (see [16, III]). Now
omit (3'/3X)% and substitute X for X?. Then we have

- h3“+1(3y+q)+r(P) 4 - i i
3WTIXY = exp(X g3 taXY —3X)H5(X). (4.2
2 @iy 1 q) 1) () | 2wt exp(~3X)Hy(X). (4.2)
Theorem 4.1 Suppose that p =3 and u =wv > 1. Let r be a nonnegative integer less than
3utl and q a nonnegative integer less than 3. Then there exists a 3-adic analytic function
9q.r(X) contained in Zs{X) such that

hgut1(3y+q)+r(P) 34v+a
(3“1 (By +4q) +7)!

9q.r(y) = y!

for any nonnegative integer y and
9a.r(X) € Ggr (X) + 3° X Zs(X),

where

> if ¢ =0,
(

Gor(X) = (v)( 14 3x 4 geolCs) ¢ ) 3¢, if g =1,
0 (1 L3hn(Cs) RO 2" :
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Proof. The theorem is proved by exploring the factor ZJO-C:O w3j+q34j +4X7 on the right hand
side of Eq.(4.2). Substituting 3*/3X for X3 in Eq. (4.1), we have

oo
> w;3tEXT = chlﬁ 3B XI | exp(—3Y/3X — X?).
=0
This, combined with Eq.(1.1), shows that
> — 3o > h(C:
S = Skt ) (S s )
=0 n=0 ’

Let j be a nonnegative integer. By the above equation, we have

45+ /3 _ e 45+q—iq(q— z)/Sh (C ) 1/3\é
w4434 937 Zc3u+1(sj+q 437703 i! (=37
=0
whence byt
w3j+q34j+q - ]Z:q( 1)ZC§’>11)‘)+1(3J+11 1)+r34j+q_i@' (4.3)
i=0
Let 7 be a nonnegative integer, and denote by g, 41,42, ... nonnegative integers less than 3

with ¢ = ig + 3i; 4+ 3% + - --. Then it follows from Lemma 2.4 and Corollary 3.13 that

ords ( (2?3)> > [;} B [322} 7i—iofil27i27...

20 — 249 — 61 1 —1g—13 —lg— -

=11+ 9 - 2
) 5 5 to+i3+ -
= 18'L+ 8ZO+6’L 1+ 2 3
and thus
4 +q—i ifi<8<3j+gq
ords (343“ i Z(,CS) ) > 5 o1 L
7! 3]+q—l+6]—T8( Zo)+§ if9<i<3j+gq

After all, if j > 1, then except for the case where i = 3j + ¢ with j =1 or j = 3, we have

v i+q—i i (Cs) J+3
OI'd3 <Ci(’)“)+1(3j+q77)+r34]+q ZT Z max T, 25.

This, combined with Eq.(4.3), shows that

[e%e] [e%s) 37+q ( ) h(OS)
45 i : (U 45 —1 ' i
Zw3i+q3 XY = Z Z( 1) Cgucin 3j4g-iyr3 T X%

j=0 7=0 \ i=0

> . . h3yq(Cs) ¢ ho+4(Cs)
E g4t xT e (—1)34ep(0)3 8T8 v ()94 (71)33‘17 X34+ 32X7.(X
= W3j+q ( ) Cr (3+q)| ( ) (9+ ) 3< >
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and
00 _ ] q . .
Z w3j+q34j+lIX] _ Z( 1)1622)_,_1@ l)+T3q z + Z w3+ 34J+¢IXJ
j=0 i=0
€ Ggr(X) + 32X Z3(X),
where
(w0 (123 x _g3h9(Cs) v if ¢ =0,
r 2 9[
_ h1o(C: :
Gar(X) =4 <—1 + 33$ X3) + 3¢5, ifg=1,
o (1 21 3h11(C3) 3 (v) 2 (v) :
e’ (2 B ZOX_S TX —3cquiy, 370, ifg=2

Consequently, since exp(—3X)H3(X) € 1 — 3X + 32XZ3(X) by Lemmas 2.5 and 3.3, the
assertion follows from Lemma 2.6, Corollary 3.13, and Eq.(4.2). This completes the proof.
O

4B Case (ii)

Suppose that p =2 and u = v+ 1 > 2. By Eq.(2.1),

Z h2“+1y+7"(P) X2u,+ly _ C(,U) . lX2u,+1j eXp 7i X2u+1 + i X2u,+2
= (2utly + 1)l 22 25

1 out2 1 out2 > (V412 = [v =]z  qu+itt
X exp <25X )exp (—22X —Z utitl X .

=2

To show Eq.(4.5) above Theorem 4.2, we define

[v+1]e—[v—1 i
Hy(X) = exp< 22X — Z 2i+z+1 ]2(25)()2 1)

and
e w wtl 1 u 1 w
ijX2 e Zczu+1g+rX2 T exp (_22 x4 ﬁXz +2) ; (4.4)
so that
> hou+1y4r(P) 2y 2t 1 qut2 1 pute
> 7(2““@/ e Z w; X exp | 55 X H | 55 X :
y=0

Let ¢ be a nonnegative integer less than 2. The above formula implies that

i haut1 (2y+q)+r (P) 2“2y +9)
(

= 2ut(2y +q) +1)!

i u+1 . 1 u+2 1 u+2
D wojag X BT ) exp (25 X2 ) H, (25 X2 ) .
=0
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Substituting 25/2X for quﬂ, we have
i h2“+1(2y+q)+r(P) 25y+2qX2y(21/2X)q
2utl(2y 4+ q) +1)!

y=0

= | D wy 22X (212 X)7 | exp(X?)Hy(X?).
j=0

Now omit (2/2X)? and substitute X for X2. Then

 guriayig)ir(P) s . j j
Z 2 y+2qu _ exp(X) Zw2j+q25j+2qX] HQ(X) (45)
y=0 (241 (2y +q) +1)! j=0

Theorem 4.2 Suppose that p =2 and u =v+ 1 > 2. Let r be a nonnegative integer less
than 2“7 and g a nonnegative integer less than 2. Define a polynomial 9q.r(X) by

() d'1-X-X?)  ifg=0,
9q,r =
* 1+ X - X2 ifg=1.

Then for any nonnegative integer vy,

h2““(2y+q)+r(P) 95y+2q
(24t (2y + q) +7)!

y!' = ggr(y) (mod 2%).

Proof. The theorem is proved by exploring the factor 3272, Waj4+42%7124X7 on the right
hand side of Eq.(4.5). Substituting 2°/2X for X2*"" in Eq.(4.4), we have

(o) (o)
> w220 = [ 3 29X | exp (<212X 4 X7
7=0 7=0

This, combined with Eq.(1.1), shows that

= > ZOO hn (Co)
o ) o , .
> w2PXI = Y el 299K ( K (-22%) ) '
=0

j=0 n=0
Let j be a nonnegative integer. By the above equation, we have

2j+q

: v +2(g—i)o(q—i)/2 1i(C2) i
w2j+q253+2q2q/2 — Z Cgu)+1(2j+q_i)+r25]+2(q )ola—i)/2 - (_21/2) ,
i=0 :
whence -
i+a
; (v i+2(q—i) 1 (C2
w2j+q25]+2q = Z(_1>zc(2u)+1(2j+q—i)+r25j+2(q 1)%- (4.6)
i=0 :

For an integer ¢ with 0 < i < 2j 4 ¢, it follows from Lemma 2.4 and Corollary 3.13 that

o (S2) ][] -5 g
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and thus

ords (25j+2(q—i>f“(ﬂcz)) > 22 +q—i) — M - [q;l} + s2(4).

Consequently, wy;442% 27 > —[j/2] + 1 if j > 1. We now define

DX = | 3wy 29X | Hy(X).
j=0

j=0
By Lemmas 2.5 and 3.7, Ha(X) € 1+ 22X7Z,(X). This, combined with the above fact,
implies that ords(w;) > —[j/2] 4+ 1 for any positive integer j. By Eq.(4.5),

Y !
h2“+1(2y+q)+r(P) 25y+2qy! _ Z Y — W,

2t 2y +q) +7)!

=0

for any nonnegative integer y. If ¢ and j are integers and if ¢ > j > 4, then

ordy ((ZZ'])J =ordy(i(i—1)---(i—j+1))>1+ M

Moreover, by Lemma 2.4, Corollary 3.13, and Eq.(4.6), we have

: Sk ) hi(C2)
5j+2q vi _ i (v 55+2(g—i) Vi ;
Y w29 X =) ( D (1) eptr g gmiygr 2 )i!> X7

=0 §=0 \ i=0
€ Ggr(X) + 22X 7o (X)

and 5
D Wi X7 € Gor(X) + 22X Zo(X),
=0
where
h
) (1+2X+§X2+236(@G2)X3> if ¢ =0,
gqm(X) = -
) 13 h+(C v :
) <1+ By +23% X3> L2, ifg=1.

Hence it follows from Lemma 2.4 and Corollary 3.13 that for any nonnegative integer y,
hout12y+q)+r(P) 95y +2ay| _ zy: y! @

2412y + q) +1)! A O L

= wo +yw1 +y(y — w2 +y(y — 1)(y — 2)ws

{ d(1—y—y®) (mod2’)  ifg=0,

A +y—y? (mod2?) ifg=1.

This completes the proof. [
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4C Case (iii)

Suppose that p =2 and u = v > 1. Then by Eq.(2.1),

o0 h2u+1y+T(P) 2u+1 2u+1j
1 ut1 3 utz 11 ut3 1 utd _ 1 wts
X exp <2 D Gl ﬁxz + 55 X — 510 X2 > exp ((1)1 5“12—6X2 )

3 Qu+3 1 Qu-t4 > ['U + 1]2 — [U — Z]Q quti+l
X exp (X — XS X .
=3

To show Eq.(4.8) above Theorem 4.3, we define

oo 11, — . .
T(X) := exp (3 (20X 27X - Z bt 2]i+z+[11j Iz (—2°X)? 2)
=3

and

o0

2u+1 . (v) 2u+1j
E w; E c2u+1]+T
Jj=0

1 2u+1 3 2u+2 11 2u+3 1 2u+4
X exp <—2X —2—3X %6 510 ,

so that

h2u+1y+r 271.+1 271.+1 1 1—6,1 1 X2u+3 T 1 X2u+3
Z (2u 1y + 1) ij exp { (—1) 26 2( 7% .
y=0

Let ¢ be a nonnegative integer less than 4. The above formula implies that

i h2ur+1(4y+q)+7’(P) X2“+1(4y+q)
(

= (2 dy +q) + 1)

(oo}

u—+1 . _ 1 u+3 1 u+3
Zw4j+qX2 (4i+a) exp ((_1)1 5“? Xx? ) T <_26 X? > -
j=0
Substituting 23/2X for XQHI7 we have

oo

> hptayrayn(P) 20u+a x4u(91/2 X )a
24+ (dy +q) +1)!

y=0

D w2 IX Y (22X) ) exp((—1)' 0 X Ty (—XY).
=0
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Now omit (21/2X)? and substitute (—1)' %=1 X for X*. Then

i h2“+1(4y+q)+7"<P) 26y+q((_1)176u1X)y
(24 (dy + q) + 1)

- (4.8)
= exp(X) | D w2V T(-1)' XY | Tp((=1)7 X),

Theorem 4.3 Suppose that p=2 and u=v > 1. Let r be a nonnegative integer less than
2utl and q a nonnegative integer less than 4. Then there exists a 2-adic analytic function
9q.r(X) contained in Zy(X) such that

haut1 (ay+g)+r (P) (1=0u1)y 9by+a
— —Ou !
(1)t mguiay

900 W) = iy + )+ 1)

for any nonnegative integer y and

gq,r(X> € /g\q,r(X) + 22XZ2<X>7

where
(1 4 (—1)1-8u2x) ifq=0,
—e (1 (1) e2X) +2el, ifa=1,
Gar(X) =9 _ o)1 — (—1)1-dmax) — 2c) . 22, if q=2,
2?’207(?)(1 — (=) X) —2el) — 22+ 2P i, g =3

Proof. The theorem is proved by exploring the factor Z;io Wy 14299+ ((=1)1 %1 X)) on
the right hand side of Eq.(4.8). Substituting 23/2X for X2""" in Eq.(4.7), we have

(o) (o)
> w220 = [ 3 292X | exp (<212 X < 3X% 411X 4+ 4X°)
=0 j=0

This, combined with Eq.(1.1), shows that

S gt - (S vt ) (32 L v
j=0 j=0 n=0 ’
2 hn(Chy N 2 hn(Ch N
x(z « ><—22X2>>(2 () 2x4) )
n=0 : n=0 :
because

exp (-21/2)( 33X 411Xt + 4X8)
— oxp (<2/2X + X2 4 X* 4 2X" ) exp (~4X% + 8X*) exp (2X* + 2X°)

n=0 n=0 n=0
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Let j be a nonnegative integer. By the above equation, we have

4 4j+q - 4 ' /2] hi_o1(Cs) .
w4j+q26j+q2q/2 _ Z 02u+1(4j+q—i)+r26j+q_l2(q_t)/2 Z m(_21/2)t—2k
i=0 k=0
[k/2]
Z hk72z(c2) (722)]@722 hZ(CQ) 97
—~ (k —22)! 2!
and thus
» 4j+q1i/2] [k/2]
w4j+q26]+q = Z Z Z TUj(i, k, Z)7 (49)
i=0 k=0 2z=0
where

» _ ik (v) 6j+q—ith—32Ni—26(Cs)  Tg—2:(C2) h.(Co)
wi(ik, 2) = (1) eun g (i—2k)!  (k—22)! 2l

Let 7, k, and z be nonnegative integers, and suppose that i < 4j+gq, k < [i/2], and z < [k/2].
Then it follows from Lemma 2.4 and Corollary 3.13 that

3 . .
. . ) -2k -2k k—2 k—2
OrdQ(Wj(Z,k,Z))26j+q—2Z—|—E [ZQZ:|—3[Z o :|—|-[ B z}_{ 2 Z}
/=1

N H - {Z} 2k - 22+ (i — 2k) + so(k — 22) + s2(2).

2 22

Since [m/2f] > 2[m/2¢*1] for any nonnegative integers m and ¢, we have

bt 20 s[5 [5] [5)+ [5) o)

+k — 22 + 59(i — 2k) + sa(k — 22) + s2(2).

Moreover, if i > 3j >3- 2%, then [i/2%] > [35/2%] > [j/2%] + 2, and hence

- E e [ e [

We explore ords(w; (i, k, 2)) in each of the following cases (a)-(h). Assume that j > 1.
(a) Ifi <3j—1, then

i+ 1 37 +1
orda(w;(i, k,2)) > 65 +q—i— {1—12— ] > [ ‘7;_

J+1

(b) If3j <i<4j <4j+q—1, then

T |
ord (i, k. 2)) > 6+ q — i — [’; }+ m f1s M o

(c) If4j+1<i<4j+q—1, then either i =45 + 1 or ¢ = 45 + 2, and hence

, . oo+ 1 J J
ordg(wj(z,k:,z))ZGJ—l—q—z—[ 5 }—i— {24} +2> {24} + 2.
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(d) fi=4j+4+¢q,i—2k#0,k—22z#0, and z # 0, then

‘ , oo [i+1 J J
orda(w; (i, k,2)) > 6j +q—1i— [2} + {24} +4= {24} +2.

(e) If i =4j + q and k = z = 0, then

0
22

,+ 1
orda(w; (i, k,2)) > 6j+q—1— {H} + [

J
2 :| |:24:|+1+5q1+5q2+25q3> |:2:|+2

(f) fi=4j+q,i—2k #0, and either k =k —22#0o0r 1 <k/2=2<j—1, then

_ ‘ - [i+1 j ]
ords(wj(i,k,2)) > 6j +q—1i— {12] + [2‘74] + 2+ 0g1 + g2 + 2043 > [;4] +2.

(g) Ifi=4j+qand k/2 =z = j, then

. . ) 1+1 j )
ordg(wj(z,k,z)) 26]+qz{ 9 :|+|:;:| |:22:|+1+6q1+6q2+2(5q3 > |:j22:|+1
(h) Ifi=4j+q,i—2k =0, and k — 2z # 0, then i/2 = k = 2j + 042, and hence

. . . 1+ 1
orda(wj(i,k,2)) > 6j +q—1i— [ 3 } + {24} +2+ 042 > {24} +2.

After all, if j > 1, then orda(w;(i,k,2)) > [j/2%] + 2 except for the case where j = 1,
i=4+4q, k=2, and z =1 (see (g)). This, combined with Eq.(4.9), shows that

q 1i/2]
Zw4 29XT €3N w6, k,0) + wi(4+ q,2,1) X + 2° X Zy(X)
7=0 =0 k=0

and

g 1i/2]
SN wo(i k,0) +wi(4+¢,2,1)X
=0 k=0

v iak Pic2k(Cs)  hi(C h
:ZZ Z kcéu)-f-l (g— z)+r2q B 2k( 8)' k( 2) +(_1)qcs-v)2 q(CS)X

o] (i—2k) & q!
(14 2X) if ¢ =0,
—e (1 +2X) +2e5 ifg=1,

T e —2x) — 2, v 22, if g =2,
2
T - X) =2, — 22 A 2Py, =3,

Consequently, since To((—1)%1X) € 1+ 22XZy(X) by Lemmas 2.5 and 3.7, the assertion
follows from Lemma 2.6 and Eq.(4.8). This completes the proof. OJ
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Example 4.4 Suppose that p = 2 and P = Cy x Cy. We calculate orda(h,(P)). For each

nonnegative integer n, we write ¢,, = cg,,l) for the sake of shortness. Observe that

- n 30, 34 — 3 2k
nz:%cnx :exp<X+2X + X +kZ:32—kX

:1+X+2X2+gX3+§X4+%X5+%XG+%X7+W

and
5 8 32 121 634
cp=c1 =1, cg =2, 0325, 04:§, 0525, C(;:E, 07:%.

Let y be a nonnegative integer, and let g, - (X) be the 2-adic analytic function which is given
in Theorem 4.3 with u = v = 1, where r and ¢ is nonnegative integers less than 4. Then

er(1+2y) (mod 4) if¢g=0,
—¢r(142y) +2¢44, (mod4) ifg=1,
—¢r(1 = 2y) — 2¢44, (mod 4) ifg=2,
—2¢44, (mod 4) if ¢ =3.

Moy +q+r(P) o654

(16y + 4q +1)! (4.10)

yl = gq-,r(y) =

Note that by Lemma 2.4,

1 4 !
ordy (<6y+q+7°>

26u-+ay| 2 2

) = 7'2(171)(16y +4g+71) =9y +2q + {q] + [T] -
From Eq.(4.10), we can obtain [20, Theorem 7.1(2)] with v = 1, namely,

(—1)¥(16y +4g +1)!
26yyl(4q + r)!

(1,1) )
hi6y+aq+r(P) = hag+r(P) (mod 27 (16y+4q+7)+2)'

Set e, (P) = ordy(hn(P)) — 75" (n) for n =1, 2,---. Then e16y44q4r(P) = orda(gg.r(y)).
We are interested in ei6y44q+r(P). Observe that orda(c,) > 1 if and only if = 2 and that
ords(catr) = 0 if and only if » = 2. In the case where r # 2, Eq.(4.10) yields

e16y+ag+r(P) ifg=0,g=10rg=2,

=0
e16ytaqir(P) >2 if g=3.
With the help of Mathematica, we have the following.

n o123 |4 |56 |7 |8]9]|1011]12|13|14]15
en(P)) 0O |1 |0]0]0]|3]0]0]|0]3]0]2]|6]|1]|2

n 32 13334 |35 36|37 |38 39|40 |41 |42 |43 | 44 | 45 | 46 | 47
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What about ei16y44q+-(P) in the case where r = 2? If r = 2, then

2 (mod 4) if g =0,
121
242 — =8 1 (mod 4) ifg=1,
(16y + 4q + 2)! - —2-2. " =—-4.= (mod4) ifqg=2,
45 45
121

and hence )

616y+4q+2(P) =1 if q = 0 or q = 3,

eioy+ag+2(P) >2 ifg=1lorqg=2
To explain the reason why eigy+6(P) and eigy+10(P) with y = 0, 1, 2 are greater than 2,
we calculate g1 2(y) and ga22(y) with y =0, 1, 2. By Eq.(4.8) with u=¢ =1 and r = 2,

h P > N
> m 20HLXY = exp(X) | Y w129 X7 | Ty(—X). (4.11)
y=0 ’ =0

The 2-adic analytic function g1 2(X) is obtained by applying Lemma 2.6 to this formula.
Observe that by Lemma 2.5, T5(X) € 1+ 323X + 22X27,(X). We also have

D wa 29T X7 € wi2 + ws2'X + 22 X7, (X)
§=0

(see the proof of Theorem 4.3). By Eq.(4.9) withu =v=¢=1 and r = 2,

5 [i/2][k/2]

w2 =—c3+cg2 and ws2 = ZZZwlzkz

i=0 k=0 z=0

where
o7 —itk— 3zhz 2k(08) hk72z(c2) hz(c2)

’wl(i,k‘,Z):(—l)i_kCQZ 43 (172]{) ’ (k*?Z)‘ ' 2!

Since ¢o = 2 and ¢g = 121/45, it turns out that

w1(0,0,0) = 2227, w1(1,0,0) = —c182%,
w1(2,0,0) = 1425, w1(2,1,0) = —¢1425,
w1(3,0,0) = —c102* - % = fcw%s, w1(3,1,0) = ¢102°,

w1 (4,0,0) = ¢2° - % = 1197;’56, wy(4,1,0) = —¢62* = 1226,
wy(4,2,0) = cg2° = %;2, wy(4,2,1) = c62% = %,

w1 (5,0,0) = —c2% - 175 —% wy(5,1,0) = c22°% - % 332,

w1(5,2,0) = —co2* = —32, w1(5,2,1) = —c22 = —4,
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and

w27__4_32+g_@+@+3872_1936+1936+a_5272+a 659
Ea 3 15 45 45 45 135 135 135

where a = ¢192%/3 — ¢142° — ¢182% + ¢9227. Thus we have

19 659
Tv Q. .
w12 +ws2' X =8 I + 8 135X+aX.

Since To(X) € 1+ 3 - 23X + 22X2Zy(X), it follows from Lemma 2.6 and Eq.(4.11) that

‘
19 659 3 Z i 4 o6
9172(X) € <8 £+8 135X+CEX> (1—32 X)+7472041X-+2 XZQ<X>
for some as, as, ..., ap € 2°Zy. Likewise, by using Egs.(4.8) and (4.9) with v = v = 1 and

q =1 =2, we have

83 2243 i .
X —4.—= 22 _-32. "X 4+bX ) (1-3-23X b Xi4 25X7o(X
92’2( ) S ( 15 + c1o 3 675 + ) ( 3 )+ ; + 2< >,

where b = ¢19(23 +27/3) + c1427/3 — 1828 — 2227 + 2628, for some by, b3, ..., b,, € 227Z,.
According to Mathematica,

33991 69934958

= — d =
“0= 175 MY M 1967525

In particular, ords(a) > 6 and ords(b) = 3. Consequently, we have

19 19 659 . 179 )
91,2(0) = 8- 15’ g12(1) =8 I +8 135 = 32 135 (mod 2°),
83 33991 3923
922(0) = =4 4 T =8 s
. 3923 2243 3 929 5
92’2(1) =8 14175 32 675 + Cl()2 = —16 175 (mod 2 ),

which implies that eg(P) = 3, e10(P) = 3, ex2(P) = 5, and ex(P) = 4. If y > 2, then
22y(y — 1) =0 (mod 23), whence e16y+6(P) > 3 and ejgy410(P) > 3.
5 Abelian p-groups

Recall that G is a finite abelian p-group of order p* and of type A = (A1, Ag,...),

1
U:max{)\h{s—; :|}7 and UZS—u:min{s—)\hB]}.

In this section we study the p-adic properties of h,,(G) and extend the theorems on a p-adic
estimate of hy, (P). The facts about the number of subgroups of G and the formula of Eg(X)
given in [20] play an important role in the study of p-adic properties of h,(G).
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For each nonnegative integer i, we denote by a,(;p) the number of subgroups of order
p® in a finite abelian p-group of type A. By the Wohlfahrt formula (1.1),

oo

Eq(X) =exp <Z oz,\(s—kk;p)ka-> .

k=0 p

There exist nonnegative integers a;; for i, j € Z such that a)(i;p) = Zj ai,jpj which
depend only on A and i (see, e.g., [6]). By the duality of finite abelian p-groups,

ax(i;p) = ax(s —i;p),

and hence a; ; = as—; ;. Obviously, ax(0;p) = ax(s;p) = 1. If A, > 1 and A\,.41 = 0, then
ar(lip) =ax(s = Lip)=1+p+ - +p "

For each pair (¢,m) € Z x Z of nonnegative integers ¢ and m with m < s, we set
be,m = @em — ar—1,m—1 and

be.m — bo—1,m if0</<s—mand 0 <m <,
tom =94 Gem —Gp—1,m 0 <s—mandv<m<s,
Q¢ if £ >s—m.

The following theorem is [20, Theorem 4.1].

Theorem 5.1 The formal power series Eg(X) is expressed in the form

Po0) =32 D 0 o) [T [T et on oo,

n!

n=0 m=0/~¢=s—m+1
where
v m S sS—m
_ P \te,m P \te,m
o \(X) = [T I] Be,oxcpn XP) e T 11 Be,ooro (X270
m=0£=0 m=v+1 £=0

We quote [20, Proposition 4.1, Lemma 4.1, Lemma 4.2], namely,

Lemma 5.2 (1) The integer tg,, is nonnegative for any nonnegative integers { and m
with m < 's. In particular, too =1, and tg,,m =0 if m > 1.

(2) Suppose that 0 < m < wv. Unless A3 > 1 and ({,m) = (1,2), tg,m = 0 for any positive
integer L withm —1<{l<s—m. If \3 > 1 and m =2, thent; o =1.

(3) Suppose thatv < m < u. Ifu= A1, thenty,, =0 for any integer £ withv < £ < s—m.
Ifu> X, thenu=v+1 and t, ,41 = 1.

The following lemma is deduced from Lemma 5.2(3).

Lemma 5.3 Suppose that v < m < s andv <€ < s—m. Ifu= A, then tg,,, =0. If
u> A, thenl=v, m=u=v+1, and ty,, =1.

Proof. By the hypotheses, we have v < m < u and v < ¢ < s —m < u. Hence the assertion
follows from Lemma 5.2(3). O

We provide one more lemma which states the value of ¢,_1 441.
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Lemma 5.4 The following statements hold.
(1) Suppose that A3 > 1 and Ay = 0. Then

; _ 0 ifeither \3=1 or A3 > 2 and u = A\,
vobetl 7 if A3 > 2 and u > \;.

(2) Suppose that Ay > 1. Then

1 if eitheru=s—2 oru= M\,
tq)—1,1;+1 - .
2 ifa<u<s—2

Proof. There exist nonnegative integers a@;; for i, j € Z such that as(i;p) = > ; @;;p’ with
X = (A2, s, ...) which depend only on A and i. By [20, Lemma 3.1], we have
tvfl,erl = Qp—1,04+1 — Av—2,041 = E7/\1)71,2~

Hence the assertion is a consequence of [19, Proposition 5.3] ([20, Proposition 3.2]) and [20,
Proposition 3.1(2),(4),(5)]. O

Under the notation of Theorem 5.1, it follows from Lemmas 5.2(1),(2) and 5.3 that

v v

m—1 s—4
OA\(X) = Boyuxcye (X) [T 11 Be,uoxope o P T 11 Booovo (XP7)0.
m=2 {=1 (=1 m=v+1

To extend Eqgs.(3.1) and (3.2), we define a formal power series > - VX By

) v m-—1 v s—4
Zénv)X” = Eé”)(X) H H E}(jvfm) (X2 ytem H H Eé())(Xpm)te,m
n=0 m=2 (=1 (=1 m=v+1

S o0
I TT et e

m=0/¢=s—m+1

so that

X" € XZ,[[X]]
n=1

(see Proposition 2.3 and Lemma 2.4). Note that the p-adic integers ¢ for n € N depend

on A. We next define formal power series D™ (X) with (¢,m) € Z x Z and D,(X) by

- [U —m+ 1]p — [’U —m— l]p u—v+1 itm—t
exp ( Z pu— it (=p X
=0

f2<m<wandl1</{<m-—1,

o0
]. _ itv—~€
exp (‘ > s (PP )

=0

fl<ti<v<m<s—/
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(cf. Egs.(2.1) and (2.2)) and

v v

m—1 s—4
Dy(x) = F(x) [ TI pSm )11 I P& x)ter.
m=2 (=1

=1 m=v+1

Let r be a nonnegative integer less that p“*'. By Theorem 5.1 and an argument analogous
to that in the case where G = P, we have

Z hp“+1y+r(G) Xpu,-%—ly (U) Xpu+1j

= ¢
=y +r)!

and

- hput1y4r(G) u—v-+1 c- -(v) u—v+1 y)j
ZW(—P X)¥ = exp(X) Zcpu-%—lj_i_r(_p X)? | Dp(X), (5.2)

y=0 =0

which are the extensions of Eqgs.(3.1) and (3.2), respectively.
The p-adic properties of h,(G) are explored on the basis of Egs.(5.1) and (5.2).

Lemma 5.5 Suppose that 2 <m <v and 1 <{<m—1. Let i be a nonnegative integer.

(1) If p >3, then

Ordp([v—mwp—[v—m—i]

_ i+m—£ .
pu—tFitl £ plumvte > >p-2)(u—v+1+i)+u—w.

(2) If p=2, then

ords <[’U —-m + 1}2 — [v -—m — i]g 2(U7U+1)2i+m,—£

Su—TFiTT ) > (u—v)(2i+m — ).

Proof. Since m — £ > 1 and p"+™ ¢ > (i +m — £)p, it follows that

J— 1 f— —_ —1 i4+m—

>v-—m—i+u—v+)ptmt —(u—L+i+1)
>u—v+1)i+m—0Op—2i—(u—v+1)—(m—1F)
>p-2)u—v+1)+(u—v+1)(pi+2m—20—1)—2i— (m —¥{)
>p-2)u—v+1+d)+(u—v)(pi+2m—20—1)+m—{—1.

The assertions are consequences of this fact. [

Lemma 5.6 Suppose that 1 <{ <v<m <s—{. Leti be a nonnegative integer.
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(1) If p >3, then

1 _ i+v—~£
ord,, (Wp(u v+1)p ) >u—v+2.

(2) If p =2, then

1 itv—~
(u—v+1)2 ;
ordy (2s€m+i+1 2 ) > (uw—v)(v—~0) +m—v+i

Proof. Since v > £ and p'*~f > (i +v — £)p, it follows that

1 itv—t
= plu—vtl)
Ordp (ps_g_m_;’_i_;’_l D v P )

—v+Dp vt — (s —l—m+i+1)
—v+1)i+v—0Op—(s—C—m+i+1)
p—Du—v+l1+i)+(u—v+1)(v—~0)—(s—f€—m+1)
p—2)u—v+1)+(u—v)v—~€)+m—v+i.

u
> (u
>

=(
(
(
= (

The assertions are consequences of this fact. [
The following lemma is an extension of Lemma 3.4.
Lemma 5.7 The following statements hold.
(1) Ifp=3, u= X\, and u+ 6,0 = v+ 1, then
D3(X) €1+ 3u v X3 4 3uv T2 X7.(X).
(2) If p=3 and u+ 6,0 > v+ 1 orif p >3 and u = max{\, v}, then
Dp(X) €1+ p" "2 XZ,(X).

(3) If p>3 andu=v+1> A\, then

2
Dy(X) € 1+pX + %XQ + P X7, (X).

Proof. If uw = Ay, then by Lemma 5.2(3), ¢, = 0 for any integer m with v < m <wu. On
the other hand, if w = v+ 1 > Ay, then by Lemmas 2.5 and 5.2(3), ¢, 41 =1 and

oo
DI()'U,’U+1)(X) = exp (ZpQ:D’l_i_l sz)

=0

2 2
1+3X + %XZ + %XB +33X7Z3(X) ifp=3,

2
1+ pX + %X2 + PP XZ,(X) if p> 3.
Hence the assertion follows from Lemmas 2.5, 3.4, 5.5, and 5.6. I

Combining Egs.(5.1) and (5.2) and Lemmas 5.4-5.7 with arguments in the preceding
sections, we are successful in extending Theorems 3.6, 3.9, 3.11, 4.1, and 4.2 as follows.
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Theorem 5.8 Let r be a nonnegative integer less than p*+!.

(1) Suppose that either p > 3, u = A1, and u+ 6,0 > v+ 1 0orp >3 and u=v > \.
Then there exists a p-adic analytic function g,(X) contained in Z,(X) such that
hp“+1y+T(G)

u—v+1\1
(pu+1y + 7")' (_ )’/y'

9r(y) =

for any nonnegative integer y and

g-(X) € gr(X) +pu_v+2XZp<X>v

where
C'SAO)(1+3X§)—Q(£2T3X ifp=3andu=v=0,
G(X) =4 V(1 +32X2) — ), X ifp=3andu=v+1>2,
e _ él()z)JraluvaX otherwise.

(2) Suppose that p > 3 and w =v+1 > A\;. Then there exists a p-adic analytic function
gr(X) contained in Z,(X) such that

hpu+1 y+7~ (G)

gr(y) = iy + 1] (—p?)¥y!

for any nonnegative integer y and

2
gr(X) € ¢ (1 +pX + 2){2) — ¢ PPX + PPXZ,(X).

pu+1 +r

Proof. The theorem follows from Lemmas 2.6 and 5.7 and Eq.(5.2). O

Theorem 5.9 Suppose that p =2 and u+ dy0 > v+ 3. Let r be a nonnegative integer less
than 24T, Then there exists a 2-adic analytic function g.(X) contained in Zo(X) such that

hauiryir(G) i
9r(y) = m(—Q vyt

for any nonnegative integer y and

gT.(X) S g,(X) — c';z)_HJrTzu—erlX + 2u7v+2XZ2<X>’

where

(1—-2uX2 4 2%u"1x4d) if Ao = 0,
(W1 —3.2v7v71X2 £ 9.22"2v=3 x4y f )Xo > 1 and \3 = 0,
G —5.2uvIx2 4 9. 92um2v=3 XAy ag > 1 and M\ =0,
(1 —9.2uvTIX2 p 9. 02um TS XAy gr >
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Proof. If A3 = 0, then the assertion is given in Theorem 3.9. Assume that A3 > 1. Then
v > 2, because u = A; > v + 3. Hence it follows from Lemma 5.2(2) that t; 2 = 1 and
tm—1,m = 0 for any integer m with 2 < m < v. By Lemmas 2.5 and 5.5, we have

L v—1]—[v—i—2] +1
1,2 La —lp—v—1—-2) ——v i
D; )(X)t 2 = exp (_ Z Suti (—2uvtlx)2 )
=0
€1—27"X2% 4 2v 72X 7, (X).

Since A3 > 1 and v = Ay, Lemma 5.4 asserts that

. o ita =0,
LR T A > 1

If Ay > 1, then by Lemmas 2.5 and 5.6, we have

oo

—1.0 1 _ i1
Dg 1’1+1)(X)tv71’”“ = exp (Z Ju—vtitl (=247 X)? " >

1=0

€1 —2v X2 4 22 X7, (X).

Moreover, it follows from Lemma 5.2(3) that ¢, ,, = 0 for any integer m with v < m < w.
Combining these facts with Lemmas 2.5, 3.8, 5.5, and 5.6, we have

1—5.2u7v=1X2 4 9.22u"2v=3 x4 4 Ju=vt2X7,(X) if \y =0,

Dy(X) €
2(X) { 1—9.2u7v=1x2 4 9. 22u=2v=3 x4 4 Ju=v2X7,(X) if Ay > 1.

Hence the assertion is a consequence of Lemma 2.6 and Eq.(5.2). O

Theorem 5.10 Suppose that p =2 and u+ 0,0 = v+ 2. Let r be a nonnegative integer less
than 2%+1. Then there exists a 2-adic analytic function g,(X) contained in Zo(X) such that

_ h2“+1y+7‘ (G)

. — 72(u—v+1)y !
9-(y) @y )] Yy

for any nonnegative integer y and

gr(X) € go(X) + &0, 2w vt X 4 9w v 2 X7, (X)),

2utlop
where
(01 —2X —4x4) if \a =0,
L (X) = (1 —-2X —4X2 —4X2 4 8X32 18X 8) if Ao > 1 and A3 = 0,
i) = (1 —2X —8X2 +8X3 4+4X4 48X 2 +8XE8)  ifA3>1 and Ay =0,
(1 —2X +8X2 +4X24 +8X2 +8X8E) if A > 1.

Proof. If A3 = 0, then the assertion is given in Theorem 3.11. Assume that A3 > 1. Then
v > 2, because u = A\; = v + 2. By Lemmas 2.5, 3.10, 5.2, and 5.4-5.6 and an argument
analogous to that in the proof Theorem 5.9, we have Do(—X) = Dy(X) and

exp(—2X)Dy(X) € Da(X) + 16X Zy(X),
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where
D(X) = 1—2X —8X?4+8X3 +4X*+8X°+8X% if \y =0,
2 Tl 1-2X +8X3 +4X* +8X° +8X8 if Ay > 1.

Substitute —X for X in Eq.(5.2). Then it turns out that

haut1yr(G) gu-vi1 u—v+1 y\j
Z 2u+1y+,r 2 X)y = eXp(X exp ZCQu+1j+T 2 X)J DQ(X).

Hence the assertion is a consequence of Lemma 2.6. [J

Theorem 5.11 Suppose that p =3 and uw =wv > 1. Letr be a nonnegative integer less than
3ut! and q a nonnegative integer less than 3. Then there exists a 3-adic analytic function
9q.r(X) contained in Z3(X) such that

hgut1 3y+q)+r (G) 34y+q

EFEy g Y

9q,r (y) -

for any nonnegative integer y and

9a.r(X) € Gour (X) + 32X Z3(X),

where
&) (1—33h9;?3)X§> ifa=0.
G0 = 1 7 (1 rax e BRI ) badl e,
¢ (; —33 hnl(l??’)x ) — 3 32, ifa=2.

Proof. If A3 = 0, then the assertion is given in Theorem 4.1. Assume that A3 > 1, and set

Hg(X) = exp <_32X _ Z ['U + 13%;;&? — @]3 (34X)3i1>

i=2
v m—1 %) [ + 1] [ ] te,m
v—m 3— |U—M — 1|3 4 gitm—£—1
LT o (-3l e g )
m=2 (=1 =0
v—1 s—/4 1 te,m
4 37‘,+1/—1{—1
<11 HeXP< Zm(?’){) ) :
{=1 m=v+1 =

Then by Lemmas 2.5, 3.3, 5.5, and 5.6, H3(X) € 1 + 32XZ3(X). Hence we can show the
assertion in a similar fashion as in the proof of Theorem 4.1, completing the proof. [J

Theorem 5.12 Suppose that p =2 and u =v+ 1 > 2. Let r be a nonnegative integer less
than 2“7 and g a nonnegative integer less than 2. Define a polynomial 9q.r(X) by

(1 - X — X2) ifq=0,
9a.r(X) = Bung o) 2
(=1)%Me(1+ X — X2 ifg=1.
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Then for any nonnegative integer vy,

h2u+1(2y+q)+r (G) 5y42 _ ,
iy g 1 V= 9ar(y) (mod 2%,

Proof. If A3 = 0, then the assertion is given in Theorem 4.2. Assume that A3 > 1. By
Lemma 5.2(3), t,,, = 0 if u = Ay, and ¢, , = 1 otherwise. We set

Hy(X) =exp (—23){ — i [v+ gi;ﬁ’ — i (25X)2i1>

=2
: $lp—[p—m—i
v—m 2~ U—MmM—12 5 gitm—t—1

T o (-3 e )

m=2 (=1 =0

v—1 s—¢ o 1 - te,m

P

XI[IIQW< §:§7ﬁﬁﬁﬂ2X) )

(=1 m=v+1

(1=6ury)
i—1
xexp( 22X — Zgzﬂ 2 > .

For any positive integer i,

1 i _
m@(%Hf21>z5alli1zM1za

Hence it follows from Lemmas 2.5, 3.7, 5.5, and 5.6 that Ha(X) € 1+22XZy(X). We define
a formal power series Z‘;’;O ijQ““j by

= utl; utl 3 — 24, ut1 3 — 20ux, )2 o qutz
ijX2 chu+1]+rX2 i | exp (_QQM X2y % X2 ) 7

so that by Eq.(5.1),

h2u+1y+r 2u+1 qutl; 1 qu+2 1 qut2
Z 2“+1y—|—r ZwJX exp ﬁX H, 2f5X

(see Section 4B). Given a nonnegative integer ¢ less than 2, these equations imply that

S 2 eyrg) i (G) 5y-+2q vy - 554+2q v j
Z(2u+1(2y+q)+r)!2 XY = exp(X) Zw2j+q2 X7 | Hy(X)

y=0 j=0
and ,
Jj+q
5j+2q _ i (V) 5j42(g—i) 1i(C2)
Wajtq2 T = Z (20ux, —3) 02u+1(2j+q—i)+r2 rret )T
i=0 !

for any nonnegative integer j (cf. Eqs.(4.5) and (4.6)). Moreover, we can show the assertion
in a similar fashion as in the proof of Theorem 4.2, completing the proof. [

The statements of Corollary 3.13 and Theorems 4.3 and 5.8-5.12, together with the
following theorem, imply [20, Theorem 6.1, Theorem 7.1] in the sequel.
When p =2 and u = v > 2, no 2-adic analytic function completely controls A, (G).
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Theorem 5.13 Suppose that p =2, A3 > 1, andu =v > 2. Let r be a nonnegative integer
less than 2“T and ¢ a nonnegative integer less than 4. Then for any nonnegative integer v,

o) (mod 22) ifq=0,
h (@) —" +260).,, (mod 22) ifq=1,
vt (dy+q)+r (—1)v2dutayl = § —2(t +1)e — 26" (mod 22)
Y= v—1,0+1 T Qu+lqp
2utl(4 !
@1y +q) + 1) Fa=2,
1+ 6(ty—1.0 1). .
+ 61001 + )c(”) (mod 2%) if qg=3.

3 (a

Proof. By Lemma 5.2(2), t12 =1 and t,,,—1,, = 0 for any integer m with 3 < m < wv. Set

> o —[v—i i
TQ(X) = exp (323X—22X2 _Z [U+ 2]12L+1£'11} 1]2 (_26X)2 2)
i=3
> [1}— 1]2— [U—i—Q]Q 6 9i—1
— : -2°X
X exp ( ; Suti ( )
v m— o0 . t m
’ v—m+1lla—v—m—ila, _g gi+m—t-2 ‘
<1 [T e (-2 Su—Fit1 (=2°X)
m=3 £=1 i=0
v— s— 00 te,m
‘ 1 6 2i+v7272 !
X exp | =D sy (-2°X)
{=1 m=v+1 =0
0o 1 ty—1,0+41
6y 20"
X exp <Z2H_1(2 X) ) .
i=1
. o0 u+1
We define a formal power series > j—o Wi X 2" by

o0 o0

. 2u,+1j . .(v) 2u+1j
E w; X = E cQqu_H,X
=0 =0

X exp (_; X2u+1 B 5+ 4e X2u+2 I E X2u+3 n i X2u+4> 7

where € = t,_1 y+1, so that by Eq.(5.1),

i h2u+1y+7"<G) X2u+1y _ io: w ,X2u+1j ox _i X2u+3 T _i X2u+3
o (2T +7)! \=" P\ s 2\ 728

(see Section 4C). Let g be a nonnegative integer less than 4. The above formula implies that

i h2u+1 (4y+q)+r (G)
(

26yt+a(_ XV = X L 20X ) To(X 5.3
- 2ut(dy + q) +1)! ( ) exp(X) ;}w4j+q ( ) 2(X) (5.3)
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(cf. Eq.(4.8)). By an argument analogous to that in the proof of Theorem 4.3, we have

= 93j/2vi _ 3j/2 vy - h”(C4) _9l/2y\n
> w282 X7 = chlwz X Zin' (—2'/2X)

=0 n=0

( 3 (—2Xx2)" ) (i h”fQ) (—22)(2)") exp (—4eX?),

n=0

because
exp(—2Y2X — 5X? + 11X* +4X®)
= exp(—2"2X + X2 + X ") exp (—2X% + 2X* +4X%) exp (—4X? + 8X?)

_ (i hn7(1'C'4) (21/2X)"> (i hn;'C’4) (2X2)”> (i hnffz) (22X2)n>

n=0 n=0 n=0

by Eq.(1.1). Let j be a nonnegative integer. By the above equation, we have

] 45+q ( ) [1/2] h Qk(C4) )
wajq29T2Y2 = N ey, 202 Z 2—7215).(_21/2)27%
1=0
z

k m
Z h—=( C’4 )k z Z he—m(C2) (_22)27171(_46)

9

— = (z—m)! m!
and thus
, 4j4+qli/2] k=
w4j+q26]+q = Z Z Z wj (i, k, z,m), (5.4)
i=0 k=0 2=0 m=0
where
e i—k -(v) 6j+q—itz hz’—Qk(C4) . hk—z(c4) . hz—m(C2) ﬁ
w;(i, k, z,m) = (—1) 02u+1(43+q z)+r2 (i—2k)!  (k—2)! (z—m)! m!

Let i, k, z, and m be nonnegative integers, and suppose that ¢ < 45 + ¢, k < [i/2], z < k,
and m < z. Then it follows from Lemma 2.4 and Corollary 3.13 that

ordy (il(z_iké,(j;)) > i{zgfk] —2{i_232k] — (i — 2k — so(i — 2k))

(=1

1+ 1 1— 2k i — 2k .
Z—[ 3 }—I—{ 52 }—2{ 53 :|+k+82(7/—2k;)

(5.5)

and

141

ordy(w; (i, k,z,m)) > 6j +q—i— [ } + s52(1 — 2k) + s2(k — 2) + s2(z — m) + s2(m).

We explore ords(w; (i, k, z,m)) in each of the following cases (a)—(e). Assume that j > 1.
(a) If i <3j—1, then

,+ 1 )+ 1
orda(wj(i,k,z,m)) > 65 +q—1i— [Z+ } > [33 +

1.
2 2 }J“
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(b) If3j <i<4j <4j+q—1, then

(i 4 1]

orda(w;(i, k,z,m)) > 65 +q—i— +1>2.

(c) If4j+1<i<4j+q—1, then either i =45 + 1 or ¢ = 45 + 2, and hence

(¢4 17

orda(w; (i, k,z,m)) > 65 +q—i— +2>2

(d) If i = 45 + ¢, then

+ 1
OI‘dQ(’LUj(i,/{,Z,m)) Z 6.] +q_i_ |:H:| +1 +6q1 +6q2 +25q3 Z 1

(e) If j =1 and i = 4 + g, then by Lemma 2.4 and Corollary 3.13,

orde(wy (i, k,2,m)) > 6+q—1i+2z—m+ sa(m) > 2.

After all, orda (w1 (4, k, 2,m)) > 2 and orde(w; (4, k,2z,m)) > 1 if j > 2. We now define

o0 (o)
D@ X7 = > w291 X) | Ty(X).
j=0 =0

By Lemmas 2.5, 3.7, 5.5, and 5.6, T»(X) € 1 + 22XZy(X). Hence it follows from Eq.(5.4)
and the above fact that ords(w;) > 2 and orde(w;) > 1if j > 2. Consequently, by Eq.(5.3),

hout1 (ay+q)+r(G)
(2vt(dy +q) +1)!

Y !
(—1)¥20utay) = Z v — w; =wy (mod 22)

and

a /2 k= "

~ i—k - (v) q—i+z hi—?k(c4) hk—z(c4) hz—m(CQ) €
wy = (=1) 7 Fedn a2 : . . e
; — ;mzo 2ut(g—i)+ (i=2k) (k=2 (z—m) m!

e if ¢ =0,

—e p2dl ifg=1,

~2(e + 1)el) — 2600, 4220, if ¢ =2,

1 + 6(5 + 1 . (v (v (v .
%c@ — (et 1)el, — 22, 423, g =3

This completes the proof. [
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6 Conclusions

In this section we prove Theorems 1.1 and 1.2. In the proof, some technical computations
are required. Let k£ be a positive integer. We define

k
1 R
ne(X) = k1 H (p*X —1),
prT R i

so that for any nonnegative integer y,

k_q Yo pk(pki — 1) Y k) ko)
P I =11 = i ot P = 5 )

Since ord,((p* — 1)) = 1+ p+--- + p¥~! — k by Lemma 2.4, it follows that n,(X) is a
polynomial of degree p* — 1 with integer coefficients and

p -1 k_,
nk(]) = pordp((lpkfl)!) H (pkj - Z) = (_1)pk_1((p - 1)!)271 §é 0 (mOd p) (62)
i=1

for any integer j. Assume that k = k,(u,v). We define

My (u0)(X)  if p=2and either u =v=1o0r 1 <u—wv+dy <2,
77()():: ()rifp:,?,andu:UZ]_7
_nfﬁp(u,'u) (X) OtheI'WiSe7

which is the polynomial ‘n(X)’ appearing in a statement of Theorem 1.1.

Let r be a nonnegative integer less than p»(“¥). We set ¢ = [r/p**!] and ' = r—p“tlq.
If kp(u,v) = w+ 1, then it is obvious that » = 7. Let ¢,(X) and g4, (X) denote the
polynomials and formal power series given in Theorems 4.3 and 5.8-5.12. For the sake of
convenience, we set g,.(X) = A0 if p=2and u =v = 0. Also, g4, (X) denotes a p-adic
integer on the right side of the congruence in Theorem 5.13 if p=2, A3 > 1,and u =v > 2.
To prove Theorems 1.1 and 1.2, we define

r

v X
gqﬂiq() H(pn”(u’v)x +i) ifp<3andu=wv>1,
p =1
r! X 4 . .
fr(X> = 9‘1’272((1)1—[(2%2(11,1)))(_’_2) ifp=2andu=v+1>2,
=1
T
9r(X) H(pﬁp(u’”)X + 1) otherwise.

i=1

Proof of Theorem 1.1. By Lemma 2.4, ord,(f.(y)) > Téu’v)(r) and fr(X) € Z,(X). Let y
be a nonnegative integer. Except for the case where p = 2 and either u + d,0 = v + 1 or
A3 > 1 and u = v > 2, it follows from Theorems 4.3 and 5.8-5.11 and Eq.(6.1) that

Y
T(u,v) kp(u,v) .
hypepeny o (G) = p7 T £ ) TT )

Jj=1
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If p =2 and either u+ 9,0 = v+ 1or \3 > 1 and u = v > 2, then by Corollary 3.13,
Theorems 5.12 and 5.13, and Eq.(6.1), we have

)
(u,v) rorg (u,v) (u,v) rorg (u,v)
h’2”2(u,”)y+r(G) = 2T2 (2 y)f H mOd p (2 y+r)+2 6UU>

Since ord,(IT¥_, n(4)) = 0 by Eq.(6.2), it turns out that

ordy (Bysp ey, (G)) = 7040 (07 Vy) + ordy (fr(y)) = 707 (o Vy 1) (6.3)

in any case. Hence the theorem holds. [J

Proof of Theorem 1.2. Let y be a nonnegative integer. By Theorems 4.3 and 5.8-5.13,

ordy (f(y)) = 75 (r) + ord, (1)

except for the case where p = 2 and either A3 = 0, u = v > 1, and ¢ = 3 or A3 > 1,
u=wv > 2, and ¢ = 2. Obviously, c'(()v) = 1. Hence the theorem is a consequence of Eq.(6.3).

O

7 Wreath products

Under the assumption that uw > 1, we explore a p-adic estimate of h,(P;C}), where
P = Cpu x Cpo and h,,(P; Cp) is the number of homomorphisms from P to Cj,1.S,,, and give
some p-adic properties of h, (P;C,) which are analogous to those of h,,(P) in Sections 2-4.

By [19, Lemma 5.4], the number of cyclic subgroups of order p* in P is pF=1 4 pF if
0 < k <w,and is p¥ if v < k < u. Equivalently, the number of cyclic subgroups of index p*
in Pis putv=F=1 4 putv=k if 4 + v > k > u, and is p* if u > k > v. This, combined with
[19, Proposition 5.3] ([20, Proposition 3.2]) and Eq.(1.3), shows that

Z (PC)Xn exp<zp+ :‘pk+1 Zp+ -+’ X7 +ZP bea

|

n.

n=0 p k=0 p k= Up
ut+v—1 u+v

Zp+ +pu+v kXp +Z u+vk1 k-)’

and thus
[e%s} v—1 u—1
ha (P Cp) o pp" Tt = 1) P’ 2p—1 o
3 P o (502 ot SO
n=0 k=0
utv— 1 u+v k—]. u+v u
S et S )

(cf. [19, Proposition 5.5]). We define a formal power series E,(,v)(X) =35 eV X™ by

Z E(U)Xn = exp (Z p(p Xp + Z p2p_—1)1)p XP ) (7.1)

= pk(p

and use a consequence of [3, Proposition 1] without mention (cf. Proposition 2.3):
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Proposition 7.1 For any nonnegative integer n, ord,(én &y )) > 0. Equivalently,
E((X) - 1 € XZ,[[X])

Set Aij, = (p»~v+1/(p —1))Y/P". Substituting L(p)X for X in Eq.(7.1), we have

- Cap(phtt — (2p—1)
ES (12X = exp (Z p](j; - 1) L x " + Z & 7 (ngxy’“)
k=0

i {Z Il P2h) ) xy
nnl 5

n=0 p
utv pu k+1 u+v
“ p'(2p—1-— ) P (p) k
X exp <Xp + Z ( % T 2k+1 (Lulij)p
Pt pH(p - 1) p

2p—1 (@) putetit
+ZWDUP X)” )

Let r be a nonnegative integer less than p*. The above formula implies that

Iy (PiCh) () vpt ) () et
Z pPUYET (pty + 1) (tafp X)" ¥ = Z Cpnljar (bt X )7
y=0

j=0
utv v w—k+1 v
’ p2p—1-p" ") p ;
o <_Xp > ( pF(p—1) T Pk (X" (7.2)
k=u+1
0o (210—1) P ) il
—(Luva)p .
= pu+v+z+1( 1) ,

Substituting —X for X", we have

i hpuytr(P; Cp) (_puv+l X)y

= pPUytT (pUy + 1) p—1

u—v+1

p—1

o0 J
~(v p u,v
= exp(X) E Cl(,u)j_H ( X> F;S (X)),
=0

where
utv v u—k+1 U+v u—v+1 Pkiu
() (v 3 p'2p—1-p ) P P
By (X)_exp< Z ( Pp—1) PR D1 X
k=u+1
vtitl
2 _1 u—v+1 p
S () )
u+v+z+1 1) -1

The p-adic properties of h,(P;C)) are explored on the basis of Eqs.(7.2) and (7.3),
including Theorem 1.3. For each integer k with u+ 1 < k < u + v, we set

k—u

V(2p — 1 — u—k+1 u—+v u—v+1\ P

R(k) = © 2 P ) _» P : (7.4)
pr(p—1) pAt p—1
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so that n
E(“)(X) = exp (‘ > R(k)XpM> £ (x), (7.5)
k=u+1
where

p — pu+1z+i+1(p _ 1) p— 1

v4itl
—(u,v > v(2p—1) — u—vtl P
F(,>(X)_exp< p'(2p—1)—p (p X> )

Lemma 7.2 For any integer k with u+2 <k < u+wv, ord,(R(k)) > u—v+4 unless p =2
and k <u+3. If p=2, then orda(R(u+2)) = 3(u—v)—1 and orda(R(u+3)) = T(u—v)+1.

Proof. Let k be an integer greater than v + 1. We have

pv(2p —_ 1= pu7k+1) _ 2pk7u _pkfufl -1 _ 2 1 +p+--- _‘_pkfuf?
pk(p _ 1) p2k:7u7v71(p _ 1) pkfv p2k7u7v71 !
This, combined with Eq.(7.4), shows that

ordy(R(u+2)) = p*(u—v+1) = (u=v+5) = (p* = 1)(u—0v) +p* =5

and
ord,(R(u+ 3)) :p3(ufv+1) —(u—v+7)= (pSfl)(ufv)er?’f?.
Moreover, if k > u + 4, then p*~* > 3(k — u + 1), and hence

ord,(R(k)) =pF“(u—v+1)+u+v—2k—1
>3u—v+1)(k—u+l)+u+v—2k—-1
=3u—v+1)+(u—v)Bk—-3u—-1)+k—u—1.

The proof is now complete. [

The following lemma is an analogue of Lemma 3.3.

Lemma 7.3 Let i be a nonnegative integer. Then

vitl
V(2p —1) — u—v+1\ P
ordp<p(p )=p (p > >Z(p1)(uv+l)+i+15v0.

putvtiti(p — 1) p—1

In particular, F](Du’v)(X) €1+ p v 2XPZ,(X) unless p=2 and v = 0.

Proof. Since p*Tt! > (v + i+ 1)p, it follows that

v+i41
pP2p—1)—p [ PN it :
ordp<pu+v+i+1(p_1) T >w—v+1p —(u+v+1i+40w)

>w—v+1)w+i+Dp—(u+v+i+dyw)

>plu—v+1)+2(v+i) = (u+v+1i+dy)
>p—1)(u—v+1)+i+1—0dy,

which is the first assertion. The second assertion follows from the first one and Lemma 2.5.

O

The following lemma is part of [12, Theorem 7.2].
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Lemma 7.4 Suppose that v = 0. Let r be a nonnegative integer less than p*. Then there
exists a p-adic analytic function g,(X) contained in Z,(X) such that

gT(y) _ hp“y—i—r(P; Cp) _ pu+1 Y y'
prvtT(pty )\ p—1

for any nonnegative integer y and

g-(X) € g, (X) +p“+2XZp<X>,

where
GO -2 x2) — &) 2" X ifp=2,
5.6 = o
&0 5;%) . p otherwise.
p—1

Proof. By Lemmas 2.5 and 7.3, féu’o) (X) € 1 —2uflX?2 4 2v+2X27,(X). Hence the

assertion follows from Lemma 2.6 and Eqs.(7.3) and (7.5). O

We are now in the position to present a series of theorems on a p-adic estimate of
hy(P; Cp), which, combined with Lemma 2.4, proves Theorems 1.3 and 8.1. The following
theorems are analogues of Theorems 3.6, 3.9, 3.11, and 4.1-4.3; no 2-adic analytic function
completely controls h,(P;C,) under the assumption that p =2 and 1 < v < u < v+ 1,
however.

Theorem 7.5 Suppose that either p >3 andu >v+1>1o0orp >3 andu=v > 1. Let
r be a nonnegative integer less than p*. Then there exists a p-adic analytic function g,.(X)
contained in Zp,(X) such that

h " - P;C ) pu—1z+1 Y
gr(y) = — L5 (u el y!
pPUvtT (ply + 1) p—1

for any nonnegative integer y and
9r(X) € g-(X) + pu_v+2XZp (X),
where

32 i . 32
& (1 + 4)(2) - E&)MEX ifp=3andu=v-+1>2,

gT(X) = u—v+1
r pY+r p— 1

Proof. If p>3and v > 1 orif u > v+ 1> 2, then ord,(R(u+ 1)) > u — v + 2, because

R(u N 1) - pv(2p _ 2) B pu—i-v _pu—v+1 p B 2 B 1 _pu—v+1 P
B putl(p —1) p2ut3 p—1 B pu—vtl  pu—vE3 p—1

and

otherwise.

ordp(R(u+1))=plu—v+1)—(u—v+3)=p-2)(u—v+1)+u—v—1

Moreover, if p =3 and u =v+1 > 2, then R(u+ 1) = —153/8. Hence the assertion follows
from Lemmas 2.5, 2.6, and 7.2-7.4 and Eqs.(7.3)—(7.5). O
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Theorem 7.6 Suppose that p =2 and u+ 6,0 > v+ 3. Let r be a nonnegative integer less
than 2*. Then there exists a 2-adic analytic function g.(X) contained in Zo(X) such that

h u r P,C
gr(y) o 2% y+ ( 2)

—v+1
=y il 2 )

y!

for any nonnegative integer y and

gr(X) € Gp(X) + 2472 X7, (X),

where
oy [0 7v=0
gr =
EV(1— 7. 2w VTN 2 449 . 923 Ay ) gumetl X Gy >,

Proof. If v > 1, then we have R(u + 1) = 7-2%7?~1. Hence the assertion follows from
Lemmas 2.5, 2.6, and 7.2-7.4 and Eq.(7.3)—(7.5). O

Theorem 7.7 Suppose that p =2 and u + d,0 = v+ 2. Let r be a nonnegative integer less
than 2%. Then there ezists a 2-adic analytic function g,(X) contained in Z,(X) such that

h u r P,C
gr(y) = 2yt ( 2)

617 -
= Prver(giy i (DT

for any nonnegative integer y and
9r(X) € Gr(X) + 247" X 2o (X),
where
2.(X) = { E01 —ax2)y— &, ax ifv=0,
' V(1 —2X +4X2 —4X2 +8X2 48X 8)+ &Y 8X  ifv>1.

Proof. If v = 0, then the assertion is given in Lemma 7.4. Assume that v > 1. Then
u=wv+2> 3 and it follows from Eqs.(7.3)—(7.5) that

i h2“y+r(P;CQ) (723X)y

2uy+ |
y:02 vt (2uy + r)!
= exp(X) [ Y&, (~2°X)7 | exp(~14X2) E (X)FY (X0),
§=0
where

u+v
F{"(X) = exp <— > R(k)X2’“‘”>.

k=u-+2
Substituting — X for X, we have

h (P;Cy)
_P2rytr\t 5 22) 93y xy _ 2 4 _ 2 4y4
UEZO 52 (2uy £ 7)) 22V XY = exp(X) exp(—2X 4+ 2X° +4X ") exp(—16X~° — 4X7)

- ~(v i 1 H(u,v —=(u,v)
x chjj 25X | EC (XOF, (X)),
=0
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Moreover, it follows from Eq.(1.1), Lemma 2.4, and Corollary 3.13 that

h

oo
exp(—2X +2X° +4X*) = >

n=0

"ff“) (=2X)" €1 —2X +4X2 + 16X Zy(X)

(see the proof of [12, Theorem 4.4]). By Lemmas 2.5, 7.2, and 7.3, we have

exp(—2X +2X? + 4X ) exp(—16X2 — 4x*) [ ST, 2% X7 | B (X)Fy" (X)
j=0
e & (1 —2X +4X2)(1 — 4X* 4+ 8X8) + &%, 8X + 16X Zy(X).

Hence the assertion is a consequence of Lemma 2.6. [J

Theorem 7.8 Suppose that p=3 and w=wv > 1. Let r be a nonnegative integer less than
3" and q a nonnegative integer less than 3. Then there exists a 3-adic analytic function
9q.r(X) contained in Z3(X) such that

i h37"(3y+q)+r (P7 03) 34y+q

. !
33" Guta)+r(3u(3y + q) + 1) 23vta v

gq,r(y) =
y=0

for any nonnegative integer y and

9a.r(X) € Ggr (X) + 3° X Zs(X),

where
&) (1 - 33%2(!’5))(&) if =0,
Gar(X) = { & (—1 +3X +3° hli((f?’)Xé) +50,, ifa=1,
et (; - 33h“1(1(!73)xé> - géé’ilr + (2)2 Sy ifa=2

Proof. We follow the argument in Section 4A. By Eq.(7.2),
i h3"y+r(P§ C3) § yX3“y
33Uyt (uy + ) \ 2

y=0
= ~(v 3 J u g u 1 u+1 1 u+1
= E cgu)j+r <2) X3 | exp (—X3 _§X3 )exp (3X3 )

=0
u+v v u—k+1 u+v gh—w
17 g 39(5 — gu—k+l) 3 3 "
X exp (23 X - Z < 9. 3k © 32k+1 2 X
k=u+2

o0

5.3V -3 3 grr X3u+v+i+1
N Z 2. Jutvtitl \ 9 :

=0
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To show Eq.(7.7), we define

utv v u—k+1 u+v 3k
51 3v(5—3 ) 3 3 -
o (B 8 (MO B0 ()

k=u+2
< 5.3v-3 3\
el (3X)
1=0
and
> . . 3\ v 1
S wx = }(,,JW (2> X39 | exp <_X3 — 5 X “) : (7.6)
: =
so that

i h3“y+’l‘(P; 03) 3 4 3uy o i 3uj 1 3u+1 1 3u+1
2 goteigy o \3) X7 (2w Jew (50 )i (5X7 )
y=0 7=0

Let g be a nonnegative integer less than 3. The above formula implies that

i h3u(3y+q)+r(P; C3) 3 Gyta) 3" (3y+a)
= 33" Byt +7 (34 (3y + q) +1)!

2
> e 1 w 1 u
Zw3j+qX3 (35+9) exp <3 X3 +1) H; (3 X3 +1) ]
=0

Substituting 3'/3X for X3, we have

oo

. 3y+
Z hB“(3y+q)+T(P7 CS) § (Byta) 3yX3y(31/3X)q
S BOrRO T (3u(3y + ) + 1)1 \2

= | ) ws g3 X¥(3/3X) | exp(X®) Hs(X?).
7=0

Now omit (3'/3X)9 and substitute X for X3. Then

i By sarir (P; C) 3\
— 33" (3y+a)+r(3u(3y + q) +1)! \ 2

- (7.7
= exp(X) [ D wsjg3 X7 | Hs(X).

Jj=0

Moreover, H3(X) € 1 —3X + 32XZ3(X) by Lemmas 2.5, 7.2, and 7.3.
Substitute 3'/3X for X3" in Eq.(7.6). Then it follows from Eq.(1.1) that

00 7 o]

S w3 X = §;CW (3> i <Z h”(?3)<—31/3X>">'
n:

=0

n=0
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By an argument analogous to that in the proof of Theorem 4.1, we have

o 0 [3j+q drq—i p,
i i~(v) 3 2(03) j
D wsjg¥ X = (Z( Vugira-itrggimas g | X

j=0 =0 \ i=0

Zw3j+q3 X7 e ( )3+q (v)3h3+q(03) X + (_ )9+q (v)33 h9+q(03) X3+32XZ'3<X>

j=1 o (3+q)! (9+q)!
and . , | )
i X7 i (v 3\ hi(C3) o
S wsj g3 X7 = (1) s (2> T 3 wsjpg3 X
Jj=0 i=0 =
€ Gyr(X) + 32X Z3(X),
where
& 1_§X_33h9(03) X7 if g=0,
2 9!
~ h10(Cs) .
1 v 37t10\“3 3 (U) B
Gar(X) = c£ ) (_1 3 10! X ) +35 D) Cauyy ifg=1,
~(4 1 21 h (C ) 3 3 2 ) '
() [+ 4ty o3M11(V3 3 (v) 3 ) B
CT (2 40X 3 1].' X ) 2 3”+’r‘+ (2> 23u+r 1fq—2

Hence the assertion is a consequence of Lemma 2.6 and Eq.(7.7). This completes the proof.
O

Theorem 7.9 Suppose that p =2 and u =v + 1 > 2. Let r be a nonnegative integer less
than 2% and q a nonnegative integer less than 2. Define a polynomial gq (X) by

X d1-X-X2)  ifqg=0,
9q,r =
B A1 X - X2 ifg=1

Then for any nonnegative integer vy,

hzu(2y+q)+r(P; C3) 5y+2q
22" (2y+a)+7(2¢(2y + q) + 7)!

y! = gqr(y) (mod 2%).
Proof. We follow the argument in Section 4B. By Eq.(7.2),

i houy4r(P; Co) 92y 2"y
22%y+r (2uy + 1))

S o u 1 u
ZCQu]+r22jX2 J eXp( X2 += 5 X2 +1> exp (2 X2 +1)

u+v v u—k+1 utv
3y 2vt! 2°3-2 ) _ 2 oF Tttt 5 ok
X exp (—2 X — E ( oF ~ JoRil 2 X
k=u-+2

3.2V — 222v+i+2X2u+u+i+1
N Z Qutvtitl :
=0

y=0
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To show Eq.(7.9), we define

u+v v u—k+1 u+v
2 2 2 k—u+1 k—u—1
Hy(X) := exp( 2'x - ) ( ) _ sz) 22 (2X)?

k=u-+2

s 3 2U 2v+1+2 2v+i
- W2 (2X) )
1=0

and
. u u 1 u
). 9% x2"i exp (—X2 + 3 X? H) , (7.8)

2%j .
S = | Lk,

so that

i oy er (D5 C) g2y yany Zw X2 | exp (£ x2 ) 1, (£ x2.
= 22"y (2uy + )] 2 2

Let ¢ be a nonnegative integer less than 2. The above formula implies that

hou(2y+q)+(P; C2) 2(2y+q) y2" (2y+q)
S 2 X
4 22" (2uta)r(2u(2y + q) +7)!

y:
> “(9i 1 qutt i
Zw2j+qX2 (25+9) exp <2 X2 + ) H2 <2 X2 +1> )

=0

Substituting 2'/2X for X2, we have

i h2u(2y+q)+7”(P; 02) 25y+2qX2y(21/2X)q
2 v (24(2y + ) 1 1]

(oo}
D w2 XP (22 X)9 | exp(X?)Hy(X?).

5=0
Now omit (21/2X)? and substitute X for X2. Then

- h2“(2y+q)+r(P§ C2) 5y+2q vy C J v
ygo 22"y ta)+7(2u(2y + ) + 1) 2 XY = exp(X) ;w2j+q2 X7 | Ho(X). (7.9)
Moreover, Ho(X) € 1+ 22XZ2(X) by Lemmas 2.5, 7.2, and 7.3.
Substitute 2'/2X for X2" in Eq.(7.8). Then it follows from Eq.(1.1) that
= h’ﬂ(CQ) (_21/2X)n
n!

Zw 93/2x7 — exp 202u]+ 953/2 xJ (Z
n=0

and -
j+q
i _ ~(v) si+2(q—i) Pi(C2)
w2j+q2] - Z(_l) 2“(2]+q z)+'r2 g2 il

=0
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for any nonnegative integer j (cf. Eq.(4.6)). Moreover, by Eq.(7.9) and an argument anal-
ogous to that in the proof of Theorem 4.2, we have

hgu(2y+q)+r(P; Cg) 25y+2qy' _ 57(“”)(]_ —y— y2) (mOd 22) if q= 0,
A @yt 10 |~y (nod ) itq=1

for any nonnegative integer y. This completes the proof. [J

Theorem 7.10 Suppose that p =2 and u = v > 1. Letr be a nonnegative integer less than
2" and q a monnegative integer less than 4. Then for any nonnegative integer vy,

& (mod 22) if g =0,

~(v) ~(v) e
hae (4y+q)+r (P; C2) —C 4 280y, (mod 27)  ifg=1,

_1)0u1y96y+q,| —
22”(4y+‘1)+7"(2“(4y+q)—l—r)!( L2yl = 3" 22" (mod 22)  ifq=2,

&) — 6, (mod2?) ifq=3.

“| 3

Proof. We follow the argument in Section 4C. By Eq.(7.2),

fe)

io: h2“y+r(P; 02) 2yX2uy

g 222ty )]

= o u v T ou 33 _u 1 o
= g Eéu)j-+r27X2 7] exp (—X2 B G ' H) exp ((—1)6“1)(2 +2>
Jj=0

2 4 4
utv v u—k+1 u+v
qut2 2Y(3 -2 ) 2 ok—u _ ok
X exp ((105u1 —18)X* — ) ( o —omr )2 X
k=u+3
> 3 . 2U - 2 2v+i+1 2u+v+i+1
- Z Qutvtitl 2 X ) ‘
i=0

To show Eq.(7.11), we define

u+v v u—k+1 u+v
2V(3 — 2 2 k—u kw2
Ty(X) = exp ((4()5u1 72X - Y ( ( oF ) _ 2%“) 22" (4x)?
k=u+3
>.3.2v -9 gutitl quti—1
D a2 (X )
i=0
and
> 2uj . s ~(’U) J 2uj ou 7 2u+1 33 2u+2
D w X2 =Y a2 X7 | exp (X - XX : (7.10)
j=0 =0
so that

o0

h2u r P; 02 u > w 1 u+2 1 u+2
E W%M2yX2 Y= E ij2 J exp ((_1)6u14X2 ) T2 ( X2 ) .
y=0 ' =0
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Let ¢ be a nonnegative integer less than 4. The above formula implies that

i : hzu(4y+q)+r(P5 C2) 9dy+q x 2" (4y+q)
22

2 2t (2u(dy + ) + )]

ad wigs 1 o 1 ou
3w X2 W | exp ((—1)‘*“4){2 “) T (4 X2 “) .
7=0

Substituting 2'/2X for X2, we have

i 5 (hz%yﬂ)“(P;CQ) 9buta x4y (91/2 x)a
S

4y4q)+r(9u
= y+q)+ (2 (4y + q> +7)!

D wa g2 XY (22 X)T | exp((—1)7 X T(XY).
=0

Now omit (2'/2X)9 and substitute (—1)% X for X*. Then

2 5o ot (P C2)gsivag(_qounxyy

2 TG+ (20 (dy + q) + )]

o (7.11)
= exp(X) | 3wy g2 (1)1 X)7 | To((=1)°1X).

Moreover, To((—1)%* X) € 1 +22XZy(X) by Lemmas 2.5, 7.2, and 7.3.
Substitute 2'/2X for X2* in Eq.(7.10). Then it follows from Eq.(1.1) that

n=0

n=0
Let j be a nonnegative integer. By the above equation, we have

4j+q [é /2]

; ~(v) ioy(q—i hi—2k(C4) i—ok T (Co2) !
w4j+q22]2q/2 Z 62“(4]+q l)+126j+q 2 (=072 Z ’L _ 2I€) (_21/2) 2 k! (_23) ’
and thus 2

4j+q[i/2
Wyj4q2% = Z ij i k),
=0 k=0
where . € hai(C)
; _ zk(v) 6j+q—i+2k 'ti—2k\4 k(L2
w; (i k) = (D" eiugigmin 2 (i—2k)! &
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Let ¢ and k be nonnegative integers, and suppose that ¢ < 4j + ¢ and k¥ < [¢/2]. Then by
Lemma 2.4, Corollary 3.13, and Eq.(5.5), we have

T .
ords (w; (i, k)) > 6§ + q — i — {“; ] n {1222’“] _2[’232’“] + 2% + s2(i — 2k) + sa (k).

Hence it is easily seen that orda (w1 (%, k)) > 2 and ords(w; (¢, k)) > 1if j > 2. Consequently,
by Eq.(7.11) and an argument analogous to that in the proof of Theorem 5.13, we have

[i/2]
hau(ay+q)++(P; C2) 5 : 2
(—1)0w1¥26uFay) = Z wo(i, k) (mod 2%)
2u (dy+q)+ !
22" (dy+a)+7(2u(4y + q) +7)! i=0 k=0
for any nonnegative integer y. Moreover, it turns out that
q [i/2] q [i/2]
N ik x(v) —iar hi—2k(Ca)  hi(C2)
wO(Zak) - (_1) kc u(g—i r2q ; ’
; kz:;) ; k=0 ot (i = 2k)! k!
Erv if q = O,
—&" yody) ifg=1,
—3e" — &) 228, if g =2,
10 _, (v (v 3~(v .
W0 — o, — 220, + By, a3

This completes the proof. [

8 Additional results

In order to state an analogue of Theorem 1.1, we set

u—1
n n n .

=(u,v) _ 7=0

Tp (Tl)— -1
uz n ( ) n ifp>2andu>v+12>1,
=0 P ey p¥ orifp>2andu=v>1

for each nonnegative integer n, and set

u+2 ifp=2andu=v>1,
Fp(u,v) =q¢ u+1 ifp=2andu=v+1>2orifp=3andu=v>1,

u otherwise.

The following theorem, which includes Theorem 1.3, is inspired by Theorems 1.1 and 1.2
and is a consequence of Lemma 2.4 of Theorems 7.5-7.10.

Theorem 8.1 Suppose that |P| > 1. The following statements hold.
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(1) Except for the case where p = 2 and 1 < v < u < v+ 1, there exist p-adic analytic
functions f.(X) forr=0,1,..., P4V — 1 contained in Z,(X) and a polynomial
n(X) of degree p™»(“*) — 1 with integer coefficients such that for any nonnegative
mteger vy,

y
(1,0 (e (,0) ‘
hypny (P Cp) =70 @0 £ () [T 0(9)
j=1
and B
ordy (hyey oy (P5 Cp)) = 750 () + ordy (£ (y)).
Moreover, ord,(h,(P;Cp)) > 7,()“’")(71) for any nonnegative integer n.

(2) Ezcept for the case where p =2 and u = v > 1, ord,(h,(P;Cyp)) = ﬂ(,“’“)(n) for each
nonnegative integer n such that n =0 (mod p*).

(3) Assume that p = 2 and that w = v > 1. Then orda(h,(P;Cs3)) = ?éu’v)(n) for each
nonnegative integer n such that n =0, 2%, or 2**! (mod 24*2).

Proof. The proof is analogous to that of Theorems 1.1 and 1.2. O
We turn to the disks of convergence for the p-adic power series Eq(X) and Ep(X;Cp).

Theorem 8.2 The following statements hold.
(1) The p-adic power series Eq(X) converges only in the open disc of radius p*, where
7

- 2u+3
a = 1

fp=2andu=v>1,

U—v b .
_p“(p— 1) — Pt otherw:ise.

2) The p-adic power series Ep(X; C),) converges only in the open disc of radius p*, where
P

7
- 2u+2

a@= 1 u—v ifp>2andu>v+12>1,

Cpei(p—1)  po orifp>2andu=uv>1.

ifp=2andu=v>1,

Proof. The theorem follows from Theorems 1.1-1.3. The statement (1) is proved in [20].
The proof of the statement (2) is completely analogous to that of the statement (1). O
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