=R TEAF o
FMEIR—HDAT oo

Muroran Institute of Technology Academic Resources Archive

7

Multiplicative induction and units for the ring of
monomial representations

&&2: English

H AR Elsevier

~FEHE:2019-11-12

F—7— K (Ja):

*—7— K (En): Burnside ring, Cocycle, Idempotent,
Monomial Burnside ring, Tensor induction, Unit
fERE: TTT IR, #87T

A—=ILT7 KL R:

FilE:

http://hdl.handle.net/10258/00010040

This work is licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike 4.0
International License.



http://creativecommons.org/licenses/by-nc-nd/4.0/

Multiplicative induction and units for the ring

of monomial representations

Yugen Takegahara*

Muroran Institute of Technology, 27-1 Mizumoto, Muroran 050-8585, Japan
E-mail: yugen@mmm.muroran-it.ac.jp

Abstract

Let G be a finite group, and let A be a finite abelian G-group. For each
subgroup H of G, Q(H, A) denotes the ring of monomial representations of H
with coefficients in A, which is a generalization of the Burnside ring Q(H) of
H. We research the multiplicative induction map Q(H, A) — Q(G, A) derived
from the tensor induction map Q(H) — Q(G), and also research the unit group
of (G, A). The results are explained in terms of the first cohomology groups
HY(K,A) for K < G. We see that tensor induction for 1-cocycles plays a crucial
role in a description of multiplicative induction. The unit group of Q(G, A) is
identified as a finitely generated abelian group. We especially study the group
of torsion units of Q(G, A), and study the unit group of Q(G) as well.
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1 Introduction

Let G be a finite group, and let A be a finite abelian group on which G acts via a
homomorphism from G to the group of automorphisms of A. We are concerned with
the ring Q(G, A) of monomial representations of G with coefficients in A, which was
introduced by Dress [12] and is called the monomial Burnside ring for short. This
ring contains the ordinary Burnside ring Q(G) as a subring, and is applicable to
the representation theory of finite groups. There are some well-known facts about
Q(G, A) (see, e.g., [2, 3,12, 13, 22, 23]). Many properties of Burnside rings seem to
be extended to monomial Burnside rings; for instance, the prime ideal spectrum of
Q(G, A) was studied in [12] (see also [10]). In this paper, among others, we focus
our mind on the concept of multiplicative induction for monomial Burnside rings
and the unit group of Q(G, A). There are some specific characterizations of them
which mean the algebraic peculiarities of Q(G, A).

Following [12], we give the concept of (G, A)-sets and define simple (G, A)-sets
(G/K), for K < G and 1-cocycles v : K — A in Section 2. The monomial Burnside
ring Q(G, A), which is defined to be the Grothendieck ring of the category of (G, A)-
sets (see Definition 2.13), is the commutative unital ring consisting of all formal
Z-linear combinations of the symbols [(G/K),] corresponding to the isomorphism
classes of (G, A)-sets containing simple (G, A)-sets (G/K), (see Proposition 2.14).

The concept of multiplicative induction for Burnside rings was introduced by
tom Dieck [9] and Dress [11], and was developed by Yoshida [32]. In an attempt
to introduce multiplicative induction for monomial Burnside rings, Barker [2] suc-
cessfully defined the tenduction map Zten%, : B(C, H) — B(C,G) for each H < G,
where C' is a supercyclic group and B(C, H) is the monomial Burnside ring for H
with fibre group C, as a generalization of multiplicative induction for Burnside rings.
(If C is a finite cyclic group on which G acts trivially, then Q(G,C) ~ B(C, G).)

In Section 3, we introduce the multiplicative induction map

Mapy (G, —) : Q(H,A) — Q(G,A), z— Mapy(G,x)
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for each H < G. When A is a cyclic group on which G acts trivially, this map
is associated with tensor induction for linear characters of G (cf. [8, §13A]). We
have Mapy (G, [(H/H),])) = [Mapy (G, (H/H),)] = [(G/G)yec] for all 1-cocycles
o: H — A (see Example 3.13), where 1-cocycles 0®% : G — A are obtained from
o : H — A by tensor induction. There is a nice formula of multiplicative (tensor)
induction for Burnside rings (cf. [8, (80.49) Corollary]). The methods used in [8,
§80C] enable us to establish that for any (H, A)-sets Tp and T,

n

Mapy;(G, [To] = [T]) = D (=1)Mapy (G, To, T, . Ty} (L1)
i=0
where n = |G : H| and T =Ty = --- =T, (see Proposition 3.22).

The mark homomorphism pg, which was introduced by Dress [12], is a ring
monomorphism from Q(G, A) to the set O(G, A) = ([[xeq ZH (K, A))“ of G-
invariants in the direct product of integral group rings of the first cohomology groups
HY(K,A) for K < G, where the action of G on [[j«q ZH' (K, A) is given by the
conjugation maps con¥, : ZH' (K, A) — ZH'(9K, A) for K < G and g € G. For each
U < @G, there is a ring homomorphism —®¢ : ZHY(U, A) — ZH'(G, A) derived from
tensor induction which assigns to a 1-cocycle 7 : U — A the 1-cocycle 78¢ : G — A.
In Section 4, we describe Mapy (G, ) € Q(G, A) for each z € Q(H, A) via pg as

po(Mapy (G, x)) = I  conforp(@ronn)®™ € U(G,4) (1.2)
KgHeK\G/H K<G

under the assumption that py(z) = (z1)r<H, where py : Q(H,A) — UO(H,A) is
the mark homomorphism (see Theorem 4.16). This fact is a generalization of [32,
§3(b.3)]. We make use of Eq.(1.1) to prove Eq.(1.2).

The fundamental theorem of the Burnside ring Q(G) (cf. [32, Lemma 2.1]) is a
useful instrument for finding the idempotents of Q(G) (cf. [33, 4.12 Theorem]), and
is also essential to the Yoshida criterion (see Theorem 6.4) for the units of Q(G). In
Section 5, we insist on the existence of a short exact sequence

0 — QG A) 25 (G, A) -2 Obs (G, A) — 0

of additive groups (see Theorem 5.9) derived from the Cauchy-Frobenius lemma
(see, e.g., [33, 2.7 Lemma]), which generalizes the fundamental theorem of Q(G).

Information of the primitive idempotents of the Burnside algebra Q ®z Q(G)
can help us to realize the units of Q(G). Following [33, §4], we review the primitive
idempotents of Q ®z Q(G) and those of Q(G); the latter are precisely the primitive
idempotents of (G, A) (see Theorem 5.18).

The unit group Q(G)* of the Burnside ring Q(G) is studied in many papers (see,
e.g., [6, 9, 11, 15, 18, 19, 20, 24, 30, 32]). Section 6 is devoted to a review of some
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well-known facts about Q(G)*. We also study a certain specific type of units (see
Proposition 6.11), and present an additional fact about the structure of Q(G)* for
which the Yoshida criterion plays a crucial role (see Corollary 6.18).

The unit group Q(G, A)* of the monomial Burnside ring (G, A) was studied
in [2, 22]. In Section 7, we show that Q(G,A)* is a finitely generated abelian
group (see Proposition 7.2). Consequently, the group Q(G, A)¥ of torsion units of
Q(G, A) is a finite abelian group. The basic structure of Q(G, A)¥ is analyzed on the
basis of a generalization of the Yoshida criterion (see Theorem 7.3). We adapt the
methods presented in [2, §8] for an analysis of Q(G, A)¥, and successfully elucidate
the structure of Q(G, A)¥ in the sequel (see Corollary 7.4). Specifically, if G is
nilpotent, then the universal result deduces that

Q(G, A~ ~Q(G)* x HY(G, A)
(see Example 7.6). This fact is a generalization of [22, Proposition 5.1].

Notation Let G be a finite group. We denote by e the identity of GG, and denote
by S(G) the set of subgroups of G. The subgroup generated by ¢1,..., g € G is
denoted by (g1,..., gr). We write H < G if H is a subgroup of G, and write H < G
if H is a proper subgroup of G. The Mé&bius function on the poset (S(G), <) of all
subgroups of G is denoted by u (see, e.g., [1]). We denote by C(G) a full set of
non-conjugate subgroups of G. Let H < G. We set 9H = gHg~ ' and HY = g~ 'Hyg
for g € G, and denote by (H) the set of conjugates of H in G. The normalizer of
H in G is denoted by Ng(H). We denote by |G : H| the index of H in G, and
denote by G/H the set of left cosets gH, g € G, of H in G. Given K, U < G,
K\G/U denotes the set of (K,U)-double cosets KgU, g € G, in G. The category
of finite left G-sets and G-equivariant maps is denoted by G-set. For each finite
set X, we denote by |X| the cardinality of X. The natural numbers, the rational
integers, the rational numbers, and the complex numbers are denoted by N, Z, Q,
and C, respectively. We set [n] = {1, 2,..., n} for each n € N. The identity map
on a set ¥ is denoted by idy. For each group V', we denote by Hom(V, (—1)) the
group consisting of all group homomorphisms from V' to the unit group (—1) of Z
with pointwise product.

2 Monomial Burnside rings
2A 1-cocycles

Throughout the paper, let G be a finite group, and let A be a finite G-group,
that is, A is a finite group on which G acts via a homomorphism from G to the
group of automorphisms of A (cf. [26, Chapter 1, Definition 8.1]). We start with
the definition of (G, A)-sets introduced by Dress [12] (see also [27]). Given g € G
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and a € A, the effect of g on a is denoted by %. A finite free right A-set Y is called
a (G, A)-set if it is also a left G-set and if

g(ya) = (gy) %

forall g € G, a € A, and y € Y. A map between (G, A)-sets is called a (G, A)-
equivariant map if it is a morphism of both left G-sets and right A-sets. We now
obtain the category of (G, A)-sets such that the empty set is an initial object, which
is denoted by (G, A)-set. Under the assumption that A is abelian, the set of isomor-
phism classes of (G, A)-sets forms a commutative unital semiring, and the monomial
Burnside ring Q(G, A) is defined to be the associated Grothendieck ring (cf. [12]).

For a (G, A)-set Y, we denote by Y/A the set of A-orbits yA := {ya | a € A},
y €Y, on Y, which is considered as a left G-set with the action of G given by

g(yA) = gyA

forallge Gandy € Y. A (G, A)-set Y is said to be simple if Y/A is a transitive
left G-set. Given a pair of (G, A)-sets Y7 and Y3, their disjoint union Y;UY3 is also
a (G, A)-set. Every (G, A)-set is a disjoint union of simple (G, A)-sets. A subset of
a (G, A)-set is said to be a (G, A)-subset if it is closed under the actions of G and
A.

Let A° be the opposite group of A. For each a € A, let a® denote the element of
A° corresponding to a. By definition, a®°b° = (ba)® for all a, b € A. We view A° as
a G-group with the action given by that of G on A, and denote by F' the semidirect
product A° x G of A° and G. Each (G, A)-set Y is viewed as a left F-set with the
action of F' given by

(a®, 9)y = (9y)a (2.1)

for all (a°,g) € F and y € Y. A (G, A)-set is simple if and only if it is a transitive
left F-set. A bijection between (G, A)-sets is an isomorphism of (G, A)-sets if and
only if it is an isomorphism of left F-sets.

Let H < G. By restriction of operators from G to H, we view A as an H-group.
A map o : H — A is called a 1-cocycle or a crossed homomorphism if

O'(hlhg) = O'(hl) th'(hQ)

for all hy, ho € H (cf. [26, I, p. 243]). We define a l-cocycle 1y : H — A by
1 (h) = €4 for all h € H, where €4 is the identity of A.

Definition 2.1 For each H < G, we denote by Z'(H, A) the set of 1-cocycles from
H to A. Let S(G,A) be the set of pairs (H,0) of H < G and o € Z'(H,A).
Given (H,o0) € S(G,A), we fix a complete set {gi1, g2,..., gn} with g1 = € of
representatives of G/H, and define a (G, A)-set (G/H), to be the cartesian product
A x (G/H) with the left action of G and the right action of A given by

9(a,g;H) = ( jlo'(gji’lgg]')ga’gj'ﬂ) and  (a,g;H)b = (ab,g;H),
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where gg; H = g H, for all g € G, a, b€ A, and j € [n], respectively.
Let (H,0) € S(G,A). Then (G/H), is a transitive left F-set. We define
Flaoy = {(a(h)°"',h) € F | h € H},

so that F(y ) is the stabilizer of (ea, H) € (G/H), in F (see [27, §2]), and make
the set F'/F(y ) of left cosets of Fip ) in F' into a (G, A)-set by defining

g((ao’T)F(H,a)) = (gaoagT)F(H,a) and ((ao’ 7ﬁ)‘F(H,U))b = ((ab)O7T)F(H,o) (22)
forallge G,be A, and (a°,r) € F.

Lemma 2.2 Let (H,0) € S(G,A). Then (G/H), ~ F/Fyq) as (G, A)-sets. In
particular, the isomorphism class of (G, A)-sets containing (G/H ), is independent
of the choice of go, ..., gn in Definition 2.1.

Proof. There exists an isomorphism F/F(y ) = (G/H), of F-sets given by

(aoag)F(H,a) = (g(GA,H))CL

for all (a°,g) € F', because F(p ) is the stabilizer of (ea, H) € (G/H), in F. Thus
we have (G/H), ~ F/F( ») as (G, A)-sets, completing the proof. O

Remark 2.3 Given a simple (G, A)-set Y and y € Y, the stabilizer F, of y in F
coincides with Fiy ,) for some (H,0) € S(G, A) (see the proof of [27, Lemma 2.1]),
and hence Y ~ F/Fy ,) as (G, A)-sets. Under the notation of Definition 2.1, we
may define (G/H), without assuming that g1 = e. In such a case, F(p ) is the
stabilizer of (o(g1) ", H) € (G/H), in F, which yields (G/H)s ~ F/F(y 4).

2B Isomorphism classes
We give a complete set of representatives of isomorphism classes of (G, A)-sets.

Definition 2.4 Let (H,0) € S(G,A). Suppose that g € G and a € A. We define
two 1-cocycles go : 9H — A and 0% : H — A by

(90)(ghg™") = %(h) and o"(h) = a""o(h)"a
for all h € H, respectively.

Let H < G, and let 0, 7 € Z'(H, A). We write 0 =4 7 if 7 = 0 for some a € A.

Lemma 2.5 Let (H,0) € S(G,A). Then go =4 g(c®) for any g € G and a € A.



Multiplicative induction and units/ Yugen Takegahara 7

Proof. We have g(c%) = (go) ™ for any g € G and a € A, completing the proof. O

The argument of the proof of Lemma 2.5 ensures that S(G, A) is a left F-set
with the action of F' given by

(ao,g)(H, U) = (gHv <gU)a)

for all (a°,g) € F and (H,0) € S(G, A).
By [27, Lemma 2.3], (H,o0) and (U, 7) are contained in the same F-orbit on
S(G,A) if and only if (G/H), ~ (G/U), as (G, A)-sets.

Lemma 2.6 Let H < G, and let o € Z'(H, A). Then ho = o®" for any h € H.
Moreover, given oo € Z1(H, A), 0o =4 o if and only if (H/H )y, ~ (H/H),.

Proof. The first assertion is shown in the proof of [27, Lemma 3.2]. Suppose that
oo € ZY(H, A). By [27, Lemma 2.3], (H/H),, ~ (H/H), if and only if there exist
some h € H and a € A such that o9 = (ho)®. Hence the second assertion follows
from the first one. This completes the proof. O

Definition 2.7 We define a subset R(G, A) of S(G, A) to be a complete set of rep-
resentatives of F-orbits on S(G, A) such that H € C(G) for any (H,0) € R(G, A).

The following proposition is [27, Proposition 2.4].

Proposition 2.8 Let Y be a simple (G,A)-set. There exists a unique element
(H,o0) of R(G, A) such that Y ~ (G/H), as (G, A)-sets.

Let H < G, and let X € H-set. We define a left action of H on the cartesian
product G x X of G and X by

h(g7 HT) = (gh_17 hﬁ?)

for all h € H and (g,2) € Gx X. Given (g,z) € Gx X, let g®x denote the H-orbit
containing (g, z). The left G-set ind% (X ) induced from X is the set of H-orbits on
G x X with the action of G given by

grez)=grex

forall g, r € Gand x € X (cf. [11, §4]). Let g € G, and set g® X = {g®x | v € X},
which is a subset of ind§(X). The left 9H-set con (X) conjugate to X is the set
g ® X with the action of 9H given by

ghgil(g ®x)=g® hz

for all h € H and =z € X, and is denoted simply by 9X.
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Definition 2.9 Let H < G, and let T be an (H, A)-set. The (G, A)-set ind% (T
induced from T is the left G-set ind%(T") with the right action of A given by

(ret)a= ret’ a

forallr € G, t €T, and a € A (cf. [27, Remark 6.2]). Let g € G. The (9H, A)-set
con; (T) conjugate to T is the left 9H-set 9T with the right action of A given by

(gotla=g®t a
forallt € T and a € A (cf. [27, Remark 6.4]), and is denoted simply by 97

Lemma 2.10 If U < H < G and 7 € ZY (U, A), then ind%((H/U);) ~ (G/U),
Y(H/U);) ~ (9H/IU)gr for each g € G, and "((H/U),) ~ (H/U), for all h € H.

Proof. The proof is straightforward. Note that the last assertion follows from the
second one and [27, Lemma 2.3]. O

Let (H,0) € S(G,A), and let T be an (H, A)-set. For each K < H, we define a
1-cocycle o|i : K — A, the restriction of o, to be the map obtained by restriction
of 0 : H— A from H to K, and define a (K, A)-set rest(T), the restriction of T,
to be the (K, A)-set T obtained by restriction of operators from H to K.

We show a Mackey decomposition formula for (G, A)-sets (cf. [27, Lemma 6.5]).

Lemma 2.11 Let H < G, and let (U,7) € S(G, A). Then

res? ((G/U)) ~ U (H/(H N U)) (gr) grop
HgUeH\G/U

where the disjoint union is taken over all (H,U)-double cosets HgU, g € G, in G.

Proof. Let {g1, g2,. .., gm} be a complete set of representatives of H\G/U. For each
i € Im], let {hi1, hia, ..., hi,} be a complete set of representatives of H/(H N %U).
Then {hi;jg; | i € [m] and j € [¢(;]} is a complete set of representatives of G/U. We
define a map I : res; ((G/U)7) = Uiem)(H/(H 0 9U)) (47 by

‘HngiU
(a, hijgiU) —> (a, hij(Hﬂ glU))
for all i € [m], j € [4], and a € A. Obviously, this map is bijective and A-

equivariant. Given h € H, ¢ € [m], and j € [(;], if hh;j = hiyh' € hijp(H N 9%0)
with b’ € H N %U, then we have h(h;jg;) = hij/gi(gi_lh’gi) € h;jrg;U and

P97 ((hijrgi) " hhiggi)) = "' 9T (g W gi) = "ot (gim) (hyy hag).

Thus I' is H-equivariant. (See also Lemma 2.2.) This completes the proof. O
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2C Tensor product

From now on, we assume that A is abelian. Hence A = A°. Following [12], we
define the tensor product Y7 ® Ys of (G, A)-sets Y7 and Y. The cartesian product
Y1 x Y; is viewed as a free right A-set with the action of A given by

(y1,y2)a = (yla_l, Yoa)

for all a € A and (y1,y2) € Y1 X Ya. For each (y1,y2) € Y7 x Y, let 41 ® y2 be the
A-orbit containing (y1,y2). We set

Yi@Ye={y1®y2 | (y1,42) € Y1 x Ya},
and make it into a (G, A)-set by defining
9 ®y2) = gy1 @ gy and  (y1 @ y2)a = y1 ® ya2a
forall g € G, a € A, and (y1,y2) € Y1 X Y. These actions are well-defined, because
9((y1b™ " @ yab)a) = g(y1b™") @ g(yeba) = (991) 707" @ g(y20) b = g((y1 @ y2)a)

forall g € G, a,be A, and (y1,y2) € Y1 x Ya. Obviously, Y1 @ Yo ~ Yo ® V7.
Lemma 2.12 Let K < H < G, and let g € G. For any (H, A)-sets T1 and T5,

resi(Ty @ Ty) ~ resti(Th) @ restE(Ty)  and IT) @ Tp) ~ 9T} @ 9ITy.
Proof. The proof is straightforward. O

Let F(G, A) be the free abelian group on the set of isomorphism classes of (G, A)-
sets. For each (G, A)-set Y, we denote by Y the isomorphism class of (G, A)-sets
containing Y. Let F(G, A)g be the subgroup of F(G, A) generated by the elements

V1UYs — Y] — Y3
for (G, A)-sets Y1 and Ya. We define multiplication on the generators of F(G, A) by
Y1 -2,=Y10Y,

for all (G, A)-sets Y7 and Y3, and extend it to F(G, A) by linearity. Then F(G, A)
is a commutative unital ring; moreover, F(G, A)g is an ideal of F(G, A).

Definition 2.13 We define a commutative unital ring Q(G, A) to be the quotient
F(G,A)/F(G, A)o, which is the ring of monomial representations of G with coeffi-
cients in A introduced by Dress [12] (see also [2]).
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When A = {es}, which is the group consisting of only the identity, Q(G, A) is
isomorphic to the Burnside ring Q(G) (see §5C).

For each (G, A)-set Y, we denote by [Y] the coset Y + F(G, A)g of F(G, A)g in
F(G, A). By [12, Proposition 1(b)] (or [27, Lemma 2.6]), [Y1] = [Y2] if and only if

Y; = Y5. Multiplication on the generators of Q(G, A) is given by
1] - [Y2] = [V1 ®@ Y7

for all (G, A)-sets Y1 and Y. The identity of Q(G, A) is [(G/G)1,]-

A Z-lattice is a finitely generated Z-free Z-module. Obviously, Q(G, A) is a Z-
lattice. The statement of the following proposition is given in [12, Proposition 1(a)]
(see also [2, Remark 2.2] and [27, Proposition 2.7]).

Proposition 2.14 The elements [(G/H),| for (H,o) € R(G, A) form a free Z-basis
of the Z-lattice (G, A).

Proof. The assertion follows from Proposition 2.8. O

We obtain a product formula of simple (G, A)-sets (see also [2, Remark 2.3]).

Lemma 2.15 Let (H,o0), (U,7) € S(G,A). Then
(G/H>U ® (G/U)T = U (G/(H N gU))J~(gT)7
HgUeH\G/U
where o - (g7) : HN 9U — A is the pointwise product of o|gnsy and (97)|gnev-

Proof. We view the tensor product (F/F (g »)) ® (F/Fy,)) of (G, A)-sets F'/Fy 5
and F/Fy ;) as a left F-set. The left F-set (F/F g q)) ® (F/Fy,)) is expressed as
a disjoint union of F-orbits. We identify each g € G with (e4,¢g) € F for shortness’
sake. For any (a,g), (b,7) € F,

(aag)_l((ayg)F(H,a) ® (bvr)F(U,T)) = (971b7 6)(F(H,U) ® g_lrF(U;r))

(see Egs. (2.1) and (2.2)), which means that there exists an F-orbit containing both
(a,9)F(r,0) @ (b,7)Fury and Fg gy @ gilrF(Uﬂ.). Let g, r € G. Suppose that

Fiaey @rFus = (a,h)(Fae) @ 9F ) = Mge) ® (a,hg) Fur

with (a,h) € F. Then h € H and r~'hg € U, which yields g € HrU. Conversely, if
g € HrU and r—'hg € U with h € H, then we have

Fioy®@rFumy = ("7(g ' W r)o(h) ™ k) (Flare) @ 9F.0)-

Consequently, both Fj o) @ rFy ;) and Fg ) ® gFy,-) are contained in the same
F-orbit if and only if ¢ € HrU. Suppose that

Fiae) @ 9F s = (a,h)(Fiae) @ 9Fw) = (a, R) F,e) @ hgFum
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with (a,h) € F. Then there exists some b € A such that

(Firo), 9Fw.) = (@, h)Fi.0))b ™, (hgFir.)b) = (b7 a, h) F 51,0y, (b, hg) Fir.r),

which yields h € H N 9U and
(0 (g7))(h) = o(h) 9 (g hg) = (a~'b)9(9 b1 =a™t.

Hence (a,h) € F(pnsv,e.(gr)). Moreover, it is easily verified that F(gnoy,q.(gr)) i
the stabilizer of F{j ,) ® gF (7). Thus it turns out that

(F/Fae) ® (F/Fur) =~ U F/Fan90.0-(g7))
HgUeH\G/U

as left F-sets. The lemma now follows from Lemma 2.2. This completes the proof.
]

For each K < H < G and g € G, there are additive maps

cond : Q(H, A) — Q(9H, A), S0 lp[T) v+ S p br[cond (T)],
restl 1 Q(H, A) — Q(K, A), S br[T) = > g bp[restl(T)], and
indf : Q(K, A) —» Q(H, A), Y. gks[S] > gkslind(9)],

where S € (K, A)-set, T' € (H, A)-set, and kg, {r € Z; these maps are called the
conjugation map, the restriction map, and the induction map, respectively. By
Lemma 2.12, conjugation maps and restriction maps are ring homomorphisms.

Proposition 2.16 The family of Z-algebras Q(H, A) for H < G, together with
conjugation, restriction, and induction maps, defines a Green functor on G.

Proof. The axioms of Green functor follow from Lemmas 2.10, 2.11, and 2.15 (cf.
[4, 1.1. Definition]). As for the Frobenius axiom, we have

resff((G/H)y) @ (K/U), ~ | U (K/CHN U)o, (en)s
KgHEK\G/H LyeUEL,\K/U

where Ly = K N 9H, and
indf (res%((G/H)o) @ (K/U);) ~ (G/H), ® ind§((K/U);)

for all K <G, (H,0) € S(G,A), and (U,7) € S(K, A), completing the proof. O



Multiplicative induction and units/ Yugen Takegahara 12

3 Multiplicative induction
3A Tensor induction

To begin with, we review the multiplicative induction J ndg : X — Mapy (G, X),
where H < G and X € H-set, given in [32, §3(a.3)] (see also [11, §4]).

Definition 3.1 Let H < G, and let 7" be an (H, A)-set. We define a left G-set
Mapy (G, T) to be the set of maps f : G — T such that f(hg) = hf(g) for all h € H
and g € G with the action of G given by

(9/)(r) = f(rg)
for all g, r € G and f € Mapy(G,T).

Remark 3.2 Under the notation of Definition 3.1, the left G-set Mapy(G,T) is
viewed as a (G, A)-set with the right action of A given by

(fa)(r) = f(r)'a

for all r € G, a € A, and f € Mapy(G,T). However, we need hardly recall
such a right action of A on Mapy (G, T) (see Definitions 3.3 and 3.5) in relation to
multiplicative induction for monomial Burnside rings (see Proposition 3.20).

Let H < G, and let T be an (H, A)-set. The tensor induced G-set T®% obtained
from T (see [8, §80C]) is isomorphic to Map (G, T') and is related to tensor induction
of modules. By modifying Map (G, T), we define tensor induction for (H, A)-sets,
and then define multiplicative induction for monomial Burnside rings in §3C.

Let Hg, g € GG, be the right coset of H in GG containing g. Given g, r € GG with
Hg # Hr and a € A, we define a relation ~ (g ,.,) on Mapy (G, T) by

f~gra) [ = f(hg)"a = f'(hg) and f(hr) = f'(hr)"a for all h € H,
and f(g") = f'(¢) for all ¢ € G — HgUHT.

Let ~ 4 be the equivalence relation on Mapy (G, T') generated by the relations ~ g ;. )

for g, 7 € G and a € A. For each f € Mapy(G,T), we denote by ]?the equivalence
class containing f with respect to the equivalence relation ~ 4.

Definition 3.3 Let H < G, and let T be an (H, A)-set. We define
Mapy (G.T) == {f | f € Mapy(G.T)},
and make it into a free right A-set by defining

f(r)’a if reH,

f(r) it reG-—H (3:1)

fa=f, with f.:G—T, era(r)—{

for all a € A and f € Mapy(G,T).
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The following lemma tells us of a suitable left action of G on the free right
A-set Mapy(G,T') defined above for an extension of the multiplicative induction
Ind¥ : X — Mapy (G, X) where X € H-set.

Lemma 3.4 Let H < G, and let T be an (H, A)-set. Then QE = ;Tf%, where f,
is given in Eq.(3.1), for allg € G, a € A, and f € Mapy(G,T).

Proof. Suppose that g € G, a € A, and f € Mapy(G,T). By definition,

flrg)™a it rge H,

(9fa)r) = { f(rg) if rgeG—H,

and
[regra it rem
(9f)a(r) = {f(?“g) it reG—-H.

Hence we may assume that g ¢ H. Observe that for any h € H,

(9fa)(h) (%) = (9f)sa(h) and (9fa)(hg™") = (9f) sa(hg™ )" (%a).

Moreover, (9fa)(r) = (9) sa(r) for allr € G—=HUHg . Thus gfs ~(cg-1,3) (9.) sa-
We now obtain g/ﬁ = E} %, completing the proof. O

Definition 3.5 (Tensor induction) Let H < G, and let T be an (H, A)-set. We
make the free right A-set Mapy (G, T) into a left G-set by defining

af =gf
for all ¢ € G and f € Mapy(G,T), so that hZanH(G,T) is a (G, A)-set. The

operation which assigns to T' the (G, A)-set Mapy (G, T) is called tensor induction
(cf. [8, §80C]), and is related to tensor induction for 1-cocycles (see §3B).

Remark 3.6 Keep the notation of Definition 3.5, and assume further that G acts
trivially on A. Then the (G, A)-sets are considered as the A-fibred G-sets defined by
Barker [2, §2], and the (G, A)-set hfa\pH(G, T) obtained from T' by tensor induction
is identified with the A-fibred G-set Ten% (T') defined by Barker [2, §9].

We present a fundamental lemma which is essential to the investigation of mul-
tiplicative induction for monomial Burnside rings.

Lemma 3.7 Let H < G, and let T be an (H, A)-set. Suppose that {g1, g2,---, gn}
with g1 = € is a complete set of representatives of G/H. Let f € Mapy(G,T), and
define f©) € Mapy (G, T) by fO(hg;') = f(hg;") a; with aj € A for all h € H

and j € [n]. Then fO) ~4 fo, where a = 9ay Pay - - - 9a,, and hence ﬁo\) = fa.
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Proof. For each integer k with 1 < k < n, we define f*) € Mapy (G, T) by

71 . .
J f(U)(hgj—l) ifj=k+1,k+2,...,n

for all h € H. In particular, f(®) = f. Obviously, f1) = fg?i,l. Let k£ be an integer
with 2 < k <n. Then '

B hgp) = fE D hge ) et and - f®(hgyt) = FE N (hgy )
for all h € H and j € [n] with j # k, and
F gy = FE D (hgr ) Mt and £ (g ) = £V ;)

for all h € H and j = 2,3,..., n. This shows that fgk ,11 ~(grt gt okarh) fk)

Hence we have f(O ~4 f,, completing the proof. O
Remark 3.8 Let H < G, and let T be an (H, A)-set. By Lemma 3.7, we have
[Map;(G, T)/A| = [Mapy (G, T/A)],

whence

Mapy (G, T)| = |T/A|'¢/H1. | A].

The following proposition, which is a generalization of [32, §3(a.13)], describes
a Mackey decomposition formula (see also [2, Lemma 9.1}).

Proposition 3.9 Let H, K < G. For each (H, A)-set T,

reSIG((MapH(Gv T)) ~ ® Map g g (K, reslggrlw o (7).

KgHEK\G/H
Proof. Let {g1, g2,..., gm} with g1 = € be a complete set of representatives of
K\G/H. For each i € [m], let {ri1, ri2,..., 7ie,} be a complete set of represen-

tatives of K/(K N 9H). Then {r;jg; | i € [m] and j € [¢;]} is a complete set of
representatives of G/H. Let i € [m]. There is a map

®; : resF (Mapy (G, T)) = Map oy (K, ves 1o, (%))
given by
Oi(f)(Thri;') = gi @ f(h(rijg) ™ )(= “h(gi ® f((ri90) 7)) € 9T
for all h € 9 KﬂH j € [¢], and f € Mapy(G,T). Given j € [¢;], we have

©i(rf)(r;) = 9 @ f((rijgi) ~'r) = 9 @ flg; ' (ri; r73)9i(rijegi) ™)
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and

(r®; (1)) (ri;") = ®a(f)(r5'r) = Dol F) (i3 rrag )iz,
where r;; (K N 9H) = rrijp (KN 9H), for all € K and f € Mapy(G,T). Thus ®;
is a K-equivariant map. We now define a K-equivariant map

m
® : resfy (Mapy (G, T)) — ® Map e ai (K, res o (97T))
=1
by

Fo®(N@b(f)® - @ Bpn(f)

for all f € Mapy (G, T). (Of course this map is well-defined; see Remark 3.10.) The
map P is also a (K, A)-equivariant map, because

— — e~ e~

(@1(f) @ 2(f) @ -+ @ Pu(f))a = P1(f)a @ P2(f) ® - @ Ppu(f)

and

€® f(rl_jl)rfjla = él(f)a(rl_jl) if i =1 and ry; € H,
©i(fa)(r;;') = { €@ f(ry}") =1 (f)a(r;) ifi=1andr; ¢ H,
9@ f((rijg)™") = ®i(f)(r")  ifi#1
for all i € [m], j € [(;], a € A, and f € Mapy (G, T). Thus it only remains for us to
show that @ is bijective. For each i € [m], choose f; € Map g ai (K, res il oy (9T)).

Given i € [m] and j € [¢;], we suppose that fz(rl_Jl) =g ®t; € 9T with t;; € T
Now define f € Mapy(G,T') by

f(h(rijgi)™") = hty; € T
for all h € H, i € [m], and j € [¢;]. Then ®(f) = i® fo® - ® fm. Thus d is
surjective, which means that it is also injective, because
—— m —_—
Mapg; (G, T)| = |T/A==1% - |A| = | Q) Map g ougr (K, res g ougr (7 T))
i=1
by Remark 3.8. We now conclude that D is bijective, completing the proof. O

Remark 3.10 In the proof of Proposition 3.9, assume that f ~((rig90) (i 1 9) "V a) f
with f, f' € Mapy(G,T) and a € A. Let u € [m] and v € [¢,]. Then we have

B (f)(Thryh) Al (u,v) = (i, ),
94t

_ —1
Cu()(Thry) = @, (f)( whryl) e i (u,) = (7, 5),
Oy (f)(Iuhr L) otherwise
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for all h € 9« K N H. This, combined with Lemma 3.7, shows that

() =Bu(f) i uFi i, B()=(Fat, and By(f) = B (Fa.

~ o~

Hence we have ®(f) = @(f’) Consequently, the map ® is well-defined.

3B Tensor induction for 1-cocycles

We introduce tensor induction for 1-cocycles, and see that it is closely allied to
tensor induction for (H, A)-sets with H < G.

Definition 3.11 Let (H,0) € S(G, A). We fix a complete set {g1, g2, ..., gn} With
g1 = € of representatives of G/H, and define a 1-cocycle 0®¢ : G — A by

n
0%%(g) = [ ¥ (95" 995).
j=1

where gg; H = gy H, for all g € G. The operation which assigns to o the 1-cocycle
0®% . G — A is called tensor induction (cf. [8, §13A]).

Remark 3.12 Keep the notation of Definition 3.11, and let hy, ho, ..., hy, € H. Then
n n
(@9 (g) =[] 9o (h; g5 9g5hs)  with a =[] %o(hy)
j=1 j=1
for all g € G (see Definition 2.4), because
900 (ht g5 ggihy) = 9o (hyt) 9o (g5 ggihy)
— gj/g(hj,)*l gj/a'(gj_,lggj) ggjo'(hj)

for all j € [n]. Hence the subset {(c®%)® | a € A} of Z!(G, A) is independent of the
choice of a complete set of representatives of G/H. Likewise, if b € A, then

(0®9)¢ = (6%)®Y with ¢= H 9ib.
j=1

Example 3.13 Let (H,0) € S(G, A). Obviously, A is a free right A-set with the
action given by the product operation on A. We make it into an (H, A)-set A()
isomorphic to (H/H), by defining

ha = o(h)"a
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for all h € H and a € A, For any K < H, resi(A(®)) = Allx) (see Lemma 2.11).
Keep the notation of Definition 3.11, and identify (H/H), with A(®). We define an
element & of Mapy (G, A@) by

5(hg; ") = o(h)

for all h € H and i € [n]. Let f € Mapy(G,A). For each j € [n], we set
1

a; = f(g;l) € A Since f(hg;') = 5’(hg;1)haj for all h € H and j € [n], it

follows from Lemma 3.7 vzith O = f that f = Ga where a = 9ay %as - - - Tay,.
Hence Mapy (G, A®)) = {5a | a € A}. Let g € G. We have

(96)(hg; ") = 6(hg; 'g) = o(hg; ' ggj) = o(h) "o(g; '9g;) = 6(hg; ) "o (g;  g9;0),

where g;H = ggy H, for all h € H and j € [n]. Thus it follows from Lemma 3.7 that
g6 = 60%%(g). Moreover, there exists an isomorphism Map (G, A©)) 5 AP of
(G, A)-sets given by R

oa—ra
for all a € A. Thus Mapy (G, (H/H),) ~ (G/G),ec.

The following proposition describes a Mackey decomposition formula.

Proposition 3.14 Let H, K < G. For each 0 € Z'(H, A),

=2 I (9™
KgHeK\G/H

Proof. By Lemma 2.10, Proposition 3.9, and Example 3.13, we have

(/K)o > Q@ (K/K),

99) | kn o &
KgHeK\G/H
which, combined with Lemma 2.15, implies that
(K/K)ge0), = (K/K) (90) ko

KgHeK\G/H

The assertion follows from this fact and Lemma 2.6. This completes the proof. O
The following lemma states basic properties of tensor induction for 1-cocycles.

Lemma 3.15 Let U < K < H, and let g € G. Then

QH

g =, (g)®H  and

(T®K)®H =4 7_®H

for allv € ZY (K, A) and 7 € Z*(U, A).
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Proof. Fix a complete set {h1, ha,..., hy} with hy = € of representatives of H/K
and a complete set {ry, ro,..., 7} with r; = € of representatives of K/U. Given
veZYK,A) and T € ZY(U, A), we have

(gv H 9y (h, hhy)

"5 ((hytg ™) Sh(ghy))

I
":lSi

<
I
—

"5 (g™ (et Iy ) g)

<
I
—

"5 (gv) (hyt ),

<.
I
—_

where hh; K = hj K, and

( ®K ®H H h/ ®K 1hhj)

7=1
m k

:HH 77 ((hyerar) " h(hyrs),
j=1li=1

where (h;lhhj)riU = ryU, for all h € H. Consequently, the assertions follow from
Remark 3.12. This completes the proof. O

3C Algebraic maps

We define a subset Q(G, A)T of Q(G, A) to be the set consisting of all elements
> wrer@a tonl(G/U)-] with {7y > 0, which is an additive semigroup. By
Lemma 2.15, (G, A)* is closed under multiplication. For each H < G, there is a
map (tensor induction) Mapy (G, —) : Q(H, A)T — Q(G, A) given by

[T + [Mapy (G, T)]

for all (H, A)-sets T (cf. [8, (80.42)]). This map is multiplicative (see Lemma 3.19).

We review the concept of algebraic maps which is due to Dress [11]. Let B be
an additive semigroup with zero element, and let E be an additive group. Given
ce Band amap f: B — E, we define a map D.f : B— E by

d— f(c+d)— f(d)

for all d € B. A map f: B — FE is said to be algebraic of degree n if n is the least
integer such that
D61D02 T Dcn+1f =0
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for all ¢1, ca,..., cny1 € B (cf. [8, §80C]). Let f : B — E be an algebraic map of
degree n, and let B be the additive group generated by the elements of B. According
to Dress [11, Proposition 1.1], there is a unique map f : B — E extending f, and
f is also algebraic of degree n (see also [8, (80.44) Theorem (Dress)]). Assume
further that B and E are commutative rings and B is closed under multiplication.
If f: B — E is multiplicative, then the unique extension f : B — FE of f to B is
also multiplicative (cf. [8, (80.47) Theorem)).

Definition 3.16 Let H < G, and let Ty, T1,..., T; be (H, A)-sets, where i is an
integer with 0 < ¢ < |G : H| + 1. We define a (G, A)-set %H(G, To, T1,...,T;)
to be the set consisting of all elements f of Map (G, ToUT U - -UT;) containing
f € Mapy (G, ToUT1U - - - UT;) such that [Im f NTy| # 0 whenever £ # 0 with the left
action of G and the right action of A given by

gf=9f and fa=f,
forall g€ G, a € A, and f € Mapy (G, To, T4, ..., T}).
Under the notation of Definition 3.16, we have

Mapy (G, Tp)  if i =0,
Mapy (G, Ty, T4, ..., T;)) = { Mapy(G,T)) ifTh =0 andi=1,
0 if i =|G: H|+ 1.

Proposition 3.17 For each H < G, the map Mapy (G, —) : Q(H, A)" — Q(G, A)
is algebraic of degree |G : H|.

This proposition is analogous to [8, (80.43) Proposition (Dress)], and is an im-
mediate consequence of the following lemma.

Lemma 3.18 Keep the notation of Definition 3.16, and assume further that i > 1.
Set @z = D[TZ} te D[Tl]MapH(G) —). Then

0,([T]) = [Mapy (G, T, T4, . .., T)).

Proof. The assertion is proved by an argument analogous to that in the proof of [8,
(80.43) Proposition (Dress)]. O

Tensor induction is multiplicative.
Lemma 3.19 For each H < G,
Mapy (G, Ty @ Tz) = Mapy (G, Th) © Mapy; (G, T)

for all (H, A)-sets T} and T.
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Proof. If f € Mapy(G,T1 ® Ty), then by Lemma 3.7, there exists a unique element
T1(f) @ Ua(f) of Mapy (G, T1) ® Mapy (G, T), where W;(f) € Mapy (G, T}) with
1 =1, 2, such that

flg) = W1(f)(g) ® ¥a(f)(g)

—_——

for all g € G. Obviously, U1 (f) ® Ua(f) = U1 (f") ® Ua(f’) whenever f ~,4 f'. We
now define a map ¥ : Mapy(G,T; ® To) — Mapy (G, T1) ® Mapy (G, Ts) by

—

s Ui (f) @ Wa(f)

for all f € Mapy(G,T1 ® Tp). Observe that this map is (G, A)-equivariant and
surjective. Moreover, by Remark 3.8,

Mapy; (G, Ty ® To)| = (IT1/A] - | To/AD'VH1 - |A] = [Mapy; (G, T1) © Mapy (G, Tz)|.
Hence U is an isomorphism of (G, A)-sets. This completes the proof. O

Combining Proposition 3.17 and Lemma 3.19 with [8, (80.47) Theorem]|, we
obtain a result analogous to [8, (80.48) Theorem (Dress)].

Proposition 3.20 For any H < G, there is a unique multiplicative map
Mapy(G,—): Q(H,A) — Q(G,A), z+— Mapy(G,x)

extending hfz;pH(G, —), called multiplicative induction or tensor induction, and this
map is algebraic of degree |G : H|.

Remark 3.21 The multiplicative induction map Mapy (G, —) : Q(H,A) — Q(G, A)
with A = {es} is introduced by Dress [11, §4].

Our concern is an explicit description of each element of ImMapy (G, —) with
H < G, and is to prove Eq.(1.1) (see also [8, (80.49) Corollary]).

Proposition 3.22 Let H < G. For any (H,A)-sets Ty and T,

n

Map; (G, [To] — [T]) = Y (~1)'[Mapy (G, To, Tv, - .., T3),
=0

wheren=1|G: H| and T =Ty = --- =T,.
Proof. We set DFT}G =0 = Mapy(G,—) : Q(H,A) — Q(G, A), and define induc-

tively Di© : Q(H, A) — Q(G, A),i=1,2,---, by Diy® = D[T](Df;]l@). From [8,
(80.45)], we know that ©([To] — [T]) = Z;ﬁo(—l)inT}e([TO])- Hence the assertion

follows from Proposition 3.17 and Lemma 3.18. This completes the proof. O
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Remark 3.23 Let (H,o0) € S(G,A). By Lemma 3.7 and Proposition 3.22, we can
describe the structure of Mapy (G, —[(H/H),]). For each X € G-set, let KP(X)
be the reduced Lefschetz invariant of the poset P(X) consisting of non-empty and
proper subsets of X, which is an element of the Burnside ring Q(G) (cf. [5, 29]).
When A = {ea}, Mapy (G, —[(H/H)1,,]) is identified with Ap/s).

There is a Mackey decomposition formula which generalizes [32, §3(G.5)] (see
also [2, Proposition 9.5]).

Proposition 3.24 Let H, K < G. For each x € Q(H, A),

res (Mapy(G,2)) = [[  Mapgra (K, resgf o o cony ().
KgHEK\G/H

Proof. By [8, (80.44) Theorem (Dress)], res% o Mapy (G, —) : Q(H, A) — Q(K, A)
is the unique map extending the algebraic map

resf oMap (G, —) = [[ = Mapgno(K, =) oresilh o o cony
KgHEK\G/H
L Q(H, At — Q(K, A),

and 5o is [[ g e g\ m MaP g o (K, —) ores L ,yocond : Q(H, A) — Q(K, A) (see
[11, Proposition 1.2] and Propositions 3.9, 3.17, and 3.20). Thus the assertion holds.
g

4 The mark homomorphism
4A The first cohomology group

Following [12, §2], we provide preliminaries of the mark homomorphism for
(G, A) which is given in §4B.

Let H < G. The set Z!(H, A) is a right A-set with the action of A given in
Definition 2.4, and is an abelian group with the product operation given by

for all o, 7 € Z'(H, A) and h € H. Obviously, the identity of Z'(H, A) is 1.
For each o € Z1(H, A), we denote by & the A-orbit {o® | a € A} containing o.
Given o, 7 € Z'(H, A) and a, b € A, it is easily seen that 0% - 70 = (o - 7)% =7 7.

Definition 4.1 For each H < G, we define

HYH,A):={c |ocZ' (H A},
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the set of A-orbits on Z!(H, A), and make it into an abelian group by defining
G T=07
for all o, 7 € Z*(H, A). (This product operation is well-defined.)

Let H < G. We denote by ZH'(H, A) the group ring of H'(H, A) over Z. Given
K < H and g € G, there are ring homomorphisms

cond, : ZHY(H,A) — ZH"(9H, A), Y tzo— > lzgo and
ceH(H,A) ceEH(H,A)

restt : ZH'(H, A) — ZH' (K, A), Y o > ok,
GeH1(H,A) GeH1(H,A)

where /5> € 7Z with 0 € Z'(H, A) (see §2B), which are called the conjugation map
and the restriction map, respectively (cf. [12, §2.2]). Obviously, the restriction map
is well-defined. Let 0 € Z'(H,A). By Lemma 2.5, we have g(c%) = go for any
a € A. Thus the conjugation map is well-defined.

Let Y be a (G, A)-set. The set of A-orbits yA, y € Y, on Y is a left G-set. For
each y € Y, we denote by G4 the stabilizer of the A-orbit yA in G, that is,

Gya ={9 € G | gy = ya for some a € A},
and define a 1-cocycle oy : Gya — A by
9y = yoy(9)
for all g € Gya. Obviously, G(yq)4 = Gya and oy, = 0 for any y €Y and a € A.
Definition 4.2 Let Y be a (G, A)-set, and let H < G. We define
v (Y):={y €Y | H<Gya},
which is viewed as an (H, A)-subset of res%(Y), and define
Vin= g X wet@) = 3 res(y) € ZHUH, A).
y€inv4 () yA€invi (Y)/A
Let Y7 and Y3 be (G, A)-sets, and let H < G. Obviously,
YiUYaly = Vilu + [Yolu.

Let (y1,y2) € Y1 x Ys. Given g € G and a € A, g(y1 ® y2) = (y1 ® y2)a if and only
if (gy1b~1, gy2b) = (y1,y2a) for some b € A. Hence we have

G(y1®y2)A =GyaNGya and oy gy, =0y, |G(y1®y2)A " Oy2 |G(y1®y2)A
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(cf. [12, §2.3]). Moreover, y; ® y2 € invi (Y7 ® Ya) if and only if y; € invy (Y1) and
y2 € inviy(Ya). This means that

1 Gya — Gya —
Milm - [Yolw = A Y resy(Ty) Yo resy (o)
y€invit (Y1) yA€inv (Y2)/A
= i Z resg(?ﬂ@yz)A(ay o )
A 1QYy2
| ’ Y1®y2€invy (Y1®Y2)
= [V1 ® Ya]m.

Given H < G, we define a ring homomorphism pZ : Q(G, A) — ZH'(H, A) by
Y] [Y]a

for all (G, A)-sets Y (cf. [12, §2.4]).
The ring homomorphisms pZ : Q(G, A) — ZH'(H, A) for H < G form the map

II & G, A) - ] zH'(H,4), =+ (pd(2))n<c
H<G H<G

(cf. [12, §2.5]), which is injective (cf. [12, Theorem 1}).

4B The ghost ring

We continue reviewing part of [12, §2.4, §2.5], and define a ring monomorphism
PG - Q(GaA) - U(G>A)¢ T = HHSG pg(x) (See Eq(42))

Definition 4.3 Let Y be a (G, A)-set, and let (H,0) € S(G, A). We define a subset
inv(g,)(Y) of Y to be the set of F( ,)-invariants in Y, so that

invg.)(Y)={yeY | hy=yo(h) forallhe H} ={y € vy (Y) | oylg = o},

and denote by A, the stabilizer {a € A | ¢ = 0%} of ¢ € Z1(H, A) in A.

Under the notation of Definition 4.3, the set inv g ,(Y) is a free right A,-set
with the action inherited from that of A on Y. For each (H, o) € S(G, A), we denote
by inv(g5)(Y)/As the set of As-orbits on inv g 4 (Y).

Lemma 4.4 Let Y be a (G, A)-set, and let H < G. Then

Yig= D> |ivme(Y)/Al 7.
geH(H,A)

Moreover, [inv( oy 40)(Y)/Ago| = |inv s 5)(Y)/As| for any o € Z'(H,A) and g € G.
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Proof. The second statement is clear. To prove the first statement, we set
. G — _
(Y/A) (i) = {yA € inviy (Y)/A | resy" (a,) = 7}

for each o € Z'(H, A), so that

Yig= > |(¥/Awuel o

ocEH!(H,A)

Hence it suffices to verify that |(Y/A) 0| = |inv s ) (Y)/As| for any o € Z*(H, A).
Let 0 € Z'(H, A). We make the set inv(Y) into a free right A,-set by restriction
of operators from A to A,. By definition,

inv(1,0)(Y) /A = {yAs € v}y (Y)/Ay | oyln = o},

where invi}(Y)/A, is the set of A,-orbits yA, := {ya | a € Ay}, y € inva(Y), on

inve (V). Let y € inv(Y), and suppose that oy = 0 = o® for some a, b € A.

Then ab™! € Ay and ya™ ' A, = yb ' A, € inv(y ,)(Y)/As. (Note that oy = 0
for any ¢ € A.) Hence there is a bijection (Y/A),0) — inv(g,4)(Y)/As given by

yA s ya tA,,
where oy |y = 0% with a € A, for all yA € (Y/A)y,»). This completes the proof. O
The following lemma is [27, Lemma 3.3].
Lemma 4.5 Let (H,0), (U,7) € S(G,A). Then
v (11,6)((G/U)7)[As| = [{gU € G/U | H < 9U and (g7)|ar =4 o }|.

Let H, U < G, and consider G/U to be a left G-set with the action of G given
by the product operation on G. Following [8, (80.5) Proposition], we define

invg(G/U) :={gU € G/U | H < JU}. (4.1)
Lemma 4.6 (a) Let H < G, and let (U,7) € S(G,A). Then

(G/U)u= D> resi ocond)(7).
gU€invy (G/U)

(b) Let K < H <G, and let (U,7) € S(H,A). Then for any r € G,
["((H/U)7)] ke = cone ([(H/U)r]k)-
If H = G, then for any r € G,

[(G/U)7] i = coni ([(G/U)r] k)
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Proof. (a) Although the assertion follows from Lemmas 4.4 and 4.5, we directly
prove it. In the proof of Lemma 4.4, if Y = (G/U)., then by Lemmas 2.5 and 2.6,

(Y/A)(,0) = {(ea, gU)A € invi(Y) /A | resf” o con, (7) = 7},
whence

(G/U)Au= > 1Y/ Amal-d= >,  resi ocond(7).

GeH1(H,A) gUeinvy (G/U)

(b) By Lemma 2.10, it suffices to prove the first assertion. We have

n'r

!
[( TH/ TU)?”T] TK = Z res 7'KU 0 COH@U(W)
hrU€vrg (TH/TU)
—1p/ _
= Z con'y o resy MU cong; 1h/’"(F)

W rUE€inv ri(TH/TU)
= conk ([(H/U)]K).

Hence the first assertion follows from Lemma 2.10. This completes the proof. O

Definition 4.7 We define

UO(G,A) =< (xg)H<c € H ZH'(H,A) | con}y(zy) =zoy forall g€ G 3,
H<LG

the ghost ring of Q(G, A), which is a subring of [[5 4 ZH'Y(H, A).

Remark 4.8 The family of Z-algebras ZH'(H, A) for H < G, together with conjuga-
tion maps and restriction maps, defines a Z-algebra restriction functor ZH!(—, A)
defined in [4, 1.1. Definition]. The rings Q(G, A) and U(G, A) are identified with
ZHY(G,A)y and ZH'(G, A)", respectively, which are obtained by the plus con-
structions ZH'(—, A) — ZH'(—,A), and ZH'(—,A) — ZH'(—, A)T; moreover,
the Green functor given in Proposition 2.16 is identified with ZH'(—, A)y (see [4]).

From Proposition 2.14 and Lemma 4.6, we know that there is an additive map
pc : QG,A) = U(G, A) given by

(GO | > resg ocon (7)
gU€invy (G/U) H<G

for all (U,7) € R(G,A) (cf. [4, 2.3.]), which is called the mark homomorphism.

Since
pc([Y]) = (Ya)u<c
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for all (G, A)-sets Y, the mark homomorphism is a ring homomorphism defined by

pc(@) = (oG (@) nza (4.2)

for all z € Q(G, A) (cf. [12, §2.5]). We write p = pg for shortness’ sake.
According to [4, (2.3a)], there is a map n: U(G, A) — Q(G, A) given by

Z Lz)0 '—>Z Z|U!M(U7H) Z Laz(GIU)o]

GeH!(H,A) H<C H<GU<H GEH(H,A)

for all £y 7 € Z with H < G and o € Z'(H, A).
We quote concise versions of [4, 2.4. Proposition] and [12, Theorem 1].

Proposition 4.9 (a) nop = [Glidg.a)- (b) pon=|Glidyg,a)-

Corollary 4.10 The mark homomorphism p is injective.

4C Invariant of tensor induction

Let H < (. By Example 3.13 and Proposition 3.14, we have

oMby (G, (H/H),) = 0 0x<c = | [ (90)lxna™™
KgHEK\G/H K<Q
- (4.3)
for all 0 € Z'(H, A). Let T be an (H, A)-set. We are interested in the description of
p([l\fa\pH (G,T)]), which naturally extends Eq.(4.3) (see Proposition 4.14). For each
K < G, the K-component [Mapy (G, T)|x of p([Mapy/(G,T)]) is also associated
with a Mackey decomposition formula (see Proposition 3.9).
Let Y be a (G, A)-set, and let K < G. By Definition 4.2,

V=g L = Y )

yEinv’é (Y) yAEinv?}.(Y)/A

Concerning this formula, we have

Yg = |il Z resiy‘q (og) = \il[ Z Ty = [resG (V). (4.4)

y€inv (V) y€invi (res (Y))

Obviously, this fact implies that p& (z) = p&(res@(z)) for any x € Q(G, A) which is
applied to the following lemma.
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Lemma 4.11 Let H, K < G. For any x € Q(H, A),

peMapy(G,2)) = [ pkMapgnoy (K resf o o confy(x))).
KgHeK\G/H

Proof. Since p&(Mapy (G,x)) = pk(res (Mapy (G, z))) for any x € Q(H, A), the
assertion follows from Proposition 3.24. This completes the proof. O

Definition 4.12 Let H < G. We define a map —®% : ZH'(H, A) — ZH'(G, A) by

®G

Z EEE — Z EEE = Z eﬁo—@ﬁ

GEH(H,A) GEH(H,A) GEH(H,A)
for all /7 € Z with o € Z*(H, A). (This map is well-defined; see Remark 3.12.)
Lemma 4.13 Let H < G, and let T be an (H, A)-set. Then
_— 1 1 N
Mapy (G, T)le = T4l Z 05 = TA] Z 00 = [T 5.
feinvA(Mapy (G,T)) teinvi (T)

Proof. Fix a complete set {g1, g2,..., gn} With g1 = € of representatives of G/H.
Let t € inv}(T). We define an element f) of Mapy (G, T) by

f(t) (9;1) =1
for all j € [n]. For any g € G and j € [n], if gjH = gg;yH, then
(9fw)(9; ") = (g5 995) foy(a;:") = (g5 9950t = fey (g5 )oe(g;  9950)-

This, combined with Lemma 3.7, shows that g f(t) = f(t)(at ) (g) for all g € G (see
Definition 3.11). Hence G = Gf A ft) € mVG(MapH(G T)), and 0 = 0, ©C.

We now define a map T : inve (T)/A — mVG(MapH(G T))/A by
L(tA) = fh A

for all ¢t € invjy (T) This map is well-defined, because, by Lemma 3.7, f(m) = f(t)b
with b = 9q%q--- 9 for any a € A. If [(t;A) = T(t2A) with ty, to € mVH(T)
then ftl) = f(t2 a for some a € A, and hence t; = t9b for some b € A. Thus T is

injective. Let f € mVG(MapH(G T)) with f € Mapy(G,T), and let g € G. Given
j € [n], we have (gf)(g; D= flg; Ya;(g) for some a;(g) € A. Set t = f(e). Then

= hf(e) = f(h) = (hf)(€) = tai(h)
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for all h € H, which yields ¢ € inviy(T). Observe now that for any j € [n],
Flg; Najlg5) = (9;)(g; 1) = fle) =t = fuylg; ).

By Lemma 3.7, we have f: f(;)a, where a = (9'a1(g1) %a2(ge) - - - 97an(gn)) ", s0
that f(tA) = fA. Thus T is bijective. The assertion now follows from the fact that

o= 0% for all t € inv{(T). This completes the proof. O
t

The following proposition generalizes the equation in [32, p. 39] (see also |2,
Lemma 9.2], [9, p. 149], and [30, p. 111, Eq.(2)]).

Proposition 4.14 Let H, K < G. For each (H, A)-set T,

Mapy (G, D= [[  [“Tlxnsn®.
KgHeK\G/H

Proof. Combining Lemma 4.13 with Lemma 4.11, we have

Mapy (G, D =[] Mapgnom (K, resih o (97))]x
KgHeK\G/H
< K
= [I lesihon(*Dxnon”
KgHeK\G/H

Hence the assertion follows from Eq.(4.4). This completes the proof. O

How about the description of p(Mapy (G, z)) for any H < G and = € Q(H, A)?
By using Eq.(1.1), we are successful in proving Eq.(1.2) (see Theorem 4.16).

Lemma 4.15 Let H < G. For any (H, A)-sets Ty and T,
pG(Mapy (G, [To] — [T)) = [Mapy (G, To)le — Mapy (G, T)lc.

Proof. We may assume that H < G. By Proposition 3.22,

Mapy; (G, [To] — [T]) = [Mapy (G, To)] + Y _ (=1)'[Mapy (G, To, T1, ..., Ty)],

=1

where n = |G : Hland T =T, = --- =T,. If i € [n] and ¢ > 2, then obviously,
Map (G, Ty, T, - .., T;)]lc = 0. Moreover, we have

inva(Mapy (G, Ty, T1)) = invé(Mapy; (G, 0,T1)) = inv (Map (G, T1)),
completing the proof. O

The following theorem, which is equivalent to Eq.(1.2), is an extension of Propo-
sition 4.14 and is a generalization of [32, §3(b.3)].



Multiplicative induction and units/ Yugen Takegahara 29

Theorem 4.16 Let H < G, and define a map jnd$ : G(H, A) — U(G, A) by

(xL)LSH — H COH%gmH($KgmH)®K

KgHeK\G/H K<G

for all (xr)r<u € O(H,A). Then the diagram
QG,A) —— (G, A)
Wb (G| [ nag

O(H. 4) —— B(H,A)

is commutative, where pg : Q(H, A) — G(H, A) is the mark homomorphism.

Proof. We prove Eq.(1.2). Let = € Q(H, A). We may assume that x = [Tp] — [T] for
some (H, A)-sets Ty and T. Let K < G. Then by Lemmas 4.11 and 4.15, we have

p¢; Mapy (G, [To] - [T1))

= JI  pRMapknom (K, [resghon (9T0)] — [reslhon (°T)]))

KgHeK\G/H
=TT {Mapsem (K, vesho (7T0))] i
KgHeK\G/H

— [N oy (S, res 7, g (7)) ¢ |

Moreover, it follows from Eq.(4.4) and Lemma 4.13 that

Pl Mapg (G 0] - 1)) = [T {*Tolkn® = [Tl ® ). (45)
KgHeK\G/H

By Lemma 4.6(b), [9T1|knom = condegr (T konm), where T) = Ty or Ty = T, for
all g € G. Hence Eq.(1.2) follows from Eq.(4.2). This completes the proof. O

Remark 4.17 Given (H,0) € S(G, A), it follows from Lemma 4.6 and Eq.(4.5) that

p(Mapy (G, ~[(H/H)o)) = [ (D) TT (go)lkna™

KgHeK\G/H k<G

(see also Eq.(4.3)). Here we return to Remark 3.23. Deducing this fact directly
from Lemma 3.7 and Proposition 3.22 requires the use of [25, (24d)] which provides
a combinatorial explanation. Let H, K < G. When A = {es}, the K-component of
p(ApG/m)) is (—1)IE\G/HI (see 29, Proposition 5.1] and [32, Lemma 3.6]).
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For each H < G, we denote by Q(H, A)* the unit group of Q(H, A), and consider
this abelian group as a Z-module. Note that the Z-module structure of Q(H, A)*
is different from that of Q(H, A).

There is a fact relative to [2, Theorem 9.6] and [32, Lemma 3.1].

Theorem 4.18 The family of Z-modules Q(H, A)* for H < G, together with con-
jugation, restriction, and multiplicative induction maps inherited from those on the
family of Z-algebras Q(H, A) for H < G defines a Mackey functor on G.

Proof. Let jndfl : Q(K, A)* — Q(H, A)* with K < H < G be the map inherited
from Mapg(H,—) : Q(K,A) — Q(H, A). By [4, 1.1. Definition|, Lemma 2.10, and
Proposition 3.24, it suffices to verify that for any U <V < H < G and g € G,

cony; o jnd{ = jndgff ocon?, and jnd{} ojndy; = jndf. (4.6)
Given H < G and g € G, we define a map con?; : O(H, A) — U(9H, A) by
(zr)k<m = (confe(Tr)) s < o

for all (xx)k<y € O(H,A). Let U <V < H <G, and let g € G. Given K < H
and (xr,)r<y € O(U, A), we have

h K 9 9K
coni]((conKth(JcKth)® )= (con( 9K) ot © corr‘]’(hﬁU(asKhﬁU))®

for all h € H and

®K
h r ®K,
H cong, H con, rap (Tx, )"
KhVEK\H/V KprUeK,\V/U
— h RK
= H con ey (T pennp )T
KhUEK\H/U

where Kj = K" NV (see Lemma 3.15). Relative to ‘jnd’ defined in Theorem 4.16,
these equations enable us to obtain the equations

con?, ojndg = jnd 31}5 ocon{, and jndg ojndg = jndg.

By Lemma 4.6(b), cony; o pg = psp o cony; and con; o py = pey o conf;. Hence

Eq.(4.6) follows from Corollary 4.10 and Theorem 4.16. This completes the proof.
(]

5 Fundamentals of monomial Burnside rings
5A The Burnside homomorphism

The discussion in this section is a special case of [28, §9] (see also [27, §3, §4]).
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For each (U, 7) € S(G, A), we set
Ng(U,7)={g€ G| U =U and con{,(T) =T7}.
By definition, the elements (xSLIU’T))HSG for (U,7) € R(G, A), where

U > con/(T) if H="U withr€G,
l‘g{ ’T) — gNG(U,T)ENG(U)/NG(U’T)
0 otherwise,

form a free Z-basis of the ghost ring O(G, A). We define
QG 4= ][] =z

(K,v)ER(G,A)

so that there exists an isomorphism r : (G, A) = (G, A) of Z-lattices given by

(Ow,r) (k) (K p)eR(G,A) F (SCg]’T))HgG

for all (U, 7) € R(G, A), where § is the Kronecker delta.

Definition 5.1 We define an additive map ¢ : Q(G, A) — Q(G, A) by

e([(G/U)-]) = (Inv(x0) ((G/U)r) [ Au ) (K ) er(,4)
for all (U, 7) € R(G, A) (see Lemma 4.5), and call it the Burnside homomorphism.

Proposition 5.2 The diagram
L
NG, A) — QG A)

U(G,A)
is commutative. In particular, the Burnside homomorphism o is injective.

Proof. The assertion follows from Lemma 4.4 and Corollary 4.10. O

Let (U,7) € R(G, A). By Lemma 2.6, N¢(U, 7) contains U. Observe that for any
(K,v) € R(G, A), the (K, v)-component of ¢([(G/U).]) is divisible by |Ng (U, 7)/U]|
(see Lemma 4.5). We define

SO = (G0 = (LU G

|N(U,7)/U| )(K,u)eR(G,A) '

Proposition 5.3 The elements y ) for (U,7) € R(G,A) form a free Z-basis of
the Z-lattice Q(G, A).

Proof. The proof is completely analogous to that of [8, (80.15) Proposition]. O
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5B The Cauchy-Frobenius homomorphism

We aim to state a fundamental theorem for the monomial Burnside ring Q(G, A)
(see Theorem 5.9).

Definition 5.4 For each (U,7) € S(G,A), let Wg(U, 7) denote the factor group
N¢(U,7)/U. We define

Obs (G, A) =[] z/We(U,7)Z,
(Ur)eR(G,A)
the obstruction group of Q(G, A).

The following fact is a corollary to Proposition 5.3.

Corollary 5.5 Q(G, A)/Imep ~ Obs (G, A).
Proof. The proof is completely analogous to that of [27, Corollary 3.8]. O

Let p be a prime, and let Z,) be the localization of Z at p. For each Z-module
M, we set My = Zgy ®z M and My = M. Let (U,7) € S(G, A). We denote by
Wa(U, 1), a Sylow p-subgroup of Wg(U, ), and set Wg (U, T)oo = W (U, 7).

Let p be a prime or the symbol co hereafter. By Proposition 2.14, the elements
[(G/H),] for (H,0) € R(G, A) form a free Z,)-basis of the Z,-lattice Q(G, A) ).

We identify Q(G, A)p) and Obs (G, A)(,y with
I 2w ad T Ze/WelnplZg),

(Kw)eR(G,A) (U)eER(G,A)

respectively. Let ¢ denote the monomorphism from Q(G, A)p) to (Z(G,A)(p)
determined by ¢. (So p(>) = ¢.) Then by Corollary 5.5, we have

G, A) ) /Ime® ~ Obs (G, A) . (5.1)

The expression ‘z mod ¢’ with z, £ € Z,) denotes the coset x + {Z,) of {Z,) in
Ly containing z. Let (U,7) € S(G,A). Given (Y(m,0))(H,0)er(G,4) € Q(G,A)(p),
Y,y denotes y g ) for a representative (H, o) € R(G, A) of the F-orbit on S(G, A)
containing (U, 7). For each g € Ng(U, 1), we set

HY(9)U, A) = {7 € H'({9)U, A4) | resf!” () = 7}

Definition 5.6 We define an additive map ® : Q(G, A)p) — Obs (G, A), by

(YK v)) (K p)eR(G,A) F Z Y((g)Uw) mod [We (U, 7)p|
gUEWG(U,T)p,
PEHT(9)U,A) (U.T)ER(G,A)
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for all (y(x ) (K p)er(c,4) € (~2(G, A)(p), and call it the Cauchy-Frobenius homomor-
phism.

Remark 5.7 (1) When p is a prime, ¥®) is independent of the choice of a Sylow p-
subgroup We(U, 7), of W (U, 7) (cf. [28, §9]). (2) When p = oo, we write ¢ = 1(>).

For each (H,0) € R(G, A), it follows from Lemma 4.5 that

vPoe® (/) = Y I mod [Wa(U, 1)yl , (5.2)
gUEWG(U,)p (U,r)ER(G,A)
where
L7 = {rH € G/H | {g)U < "H and (ro)|y =a 7}.

The following lemma, which is a special case of [28, Lemma 9.2], is a consequence
of the Cauchy-Frobenius lemma (see, e.g., [33, 2.7 Lemma]).

Lemma 5.8 Let (H,0), (U,7) € R(G,A). For any V < Ng(U,7) with U <V,

S g21=0 (mod [V/U)).
gUev/U

Proof. The proof is analogous to that of [28, Lemma 9.2], and is also analogous to
part of the proof of [27, Lemma 4.1]. O

We are now in a position to show a special case of [28, Theorem 9.4], which is a
generalization of [9, Proposition 1.3.5] and [32, Lemma 2.1].

Theorem 5.9 (Fundamental theorem) The sequence

pP) ~ P(@)
0— Q(G, A)(p) — Q(G, A)(p) — Obs (G, A)(p) — 0
of additive groups is exact.

Proof. By Proposition 5.2, ¢?) is injective. Moreover, it is easily verified that ¢®)
is surjective (see, e.g., the proof of [27, Lemma 4.3]). Using Eqgs.(5.1) and (5.2) and
Lemma 5.8, we have Imp® = Ker ), completing the proof. O

5C Idempotents of Burnside rings

The Burnside ring Q(G) of G, which is defined to be the Grothendieck ring of
G-set, is the commutative unital ring consisting of all formal Z-linear combinations
of the symbols [G/H] for H € C(G) with multiplication given by

(G/H]-[G/UI= ) [G/(HN V)] (5.3)

HgUeH\G/U
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for all H, U € C(G), where [G/(H N 9U)] = [G/K] for a conjugate K € C(G) of
HN YU in G (see, e.g., [33, 2.1]). The identity of Q(G) is [G/G].

We regard Q(G) as Q(G, A) with A = {ea}. For each X € G-set, the symbol
[X] denotes an element Y7 |[G/H;] of Q(G) if X ~ UG/ H; with H; € C(G).

Remark 5.10 The product X7 x Xy of X1, X9 € G-set is their cartesian product
with the componentwise action of G (cf. [8, §80A]). Let H, U < G, and let H\G/U
be a complete set of representatives of H\G/U. Then there exists an isomorphism

(G/H) < (G/0)S | G/HN ), (91H,gU) ~ gih(H N 7U)
geH\G/U

of G-sets, where goU = ¢1hgU with h € H and ¢ € H\G/U (see Lemma 2.15).
Hence Eq.(5.3) means that [X1] - [X2] = [X] x X3] for all X5, X, € G-set.

Definition 5.11 We define a ring homomorphism « : Q(G, A) — Q(G) by
[(G/U)7] = [G/U]

for all (U,7) € R(G, A) and define a ring homomorphism ¢ : Q(G) — Q(G, A) by
[G/U] = [(G/U)1y]

for all U € C(G).
Since a o ¢ = idg (), the Burnside ring Q(G) is identified with Im:. We define

U(G) = H Z.

HeC(G)

There exists a ring monomorphism ¢ : Q(G) — U(G) given by
[G/U] = (lnve (G/U)) reca)

forallU € C(G) (cf. [8, (80.12) Proposition]), where invy (G/U) is given by Eq.(4.1).
The ring homomorphism ¢ : ZH!(H, A) — Z with H < G given by

Z KEE — Z EE
oceH1(H,A) ceH1(H,A)

for all /7 € Z with o € Z'(H, A) is called the augmentation map of ZH!(H, A) (cf.
[21, Definition 3.2.9]).
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Definition 5.12 We define a ring homomorphism & : (G, A) — G(G) by
(zr)r<c = (e(rH))Hec(o)
for all (zg)n<a € U(G, A) and define a ring homomorphism ¢ : U(G) — U(G, A) by

(yu)mec@) = Wn)u<ac,
where Yy = yx for a conjugate K € C(G) of H in G, for all (yg)pgec(q) € O(G).

Obviously, a o v = id(g). We provide the following two lemmas.

Lemma 5.13 (a) The diagrams

G, A) —2— (G, A) UG, A) —2— (G, A)
| = wma ] [k
Q@) — (@) Q(G) — U(G)

are commutative.
(b) Let x € Q(G,A). If p(x) =t(y) for some y € U(G), then Lo a(x) = x.

Proof. The statement (a) is clear. We prove the statement (b). Since a ot = idg (),
it follows from the statement (a) that

poroalz) =Todoalr) =Todopa) = Todoily) = ily) = pla).

This, combined with Corollary 4.10, shows that ¢ o a(z) = x, completing the proof.
O

Lemma 5.14 (a) aonoio¢ = [Glidg). (b) poaonoi=|Glidyq)-

Proof. The lemma follows from Proposition 4.9 and Lemma 5.13(a). O
The rest of this section is devoted to the idempotents of Q ®z Q(G).

Definition 5.15 Given U < G, we define W (U) to be the factor group Ng(U)/U.

Let p be a prime or the symbol co. For each U < G, we denote by W (U), a
Sylow p-subgroup of W¢(U) provided p is a prime, and set W (U)o = We(U).

The elements [G/H] for H € C(G) form a free Z,)-basis of the Z,)-lattice
Q(G)(p)- We identify O(G) ) with [T yeca) Zp)- Let #®) denote the ring monomor-
phism from Q(G) ) to U(G),) determined by ¢.

We quote [9, Proposition 1.3.5] (see also [32, Lemma 2.1}).
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Proposition 5.16 Let ¥ = (vn)pec(q) € O(G) . Then T € Imo® if and only if

Z T =0 (mod [Wg(U),l),
gueWg(U)p

where gy = vk for a conjugate K € C(G) of (g)U in G, for all U € C(G).

Proof. The assertion follows from Theorem 5.9 and Lemma 5.13(a). O

By Lemma 5.14, the primitive idempotents of Q ®z Q(G) are the elements

1 - 1
er i= —=raonoi((0n x)kec(q)) = o UU E)G/U] (5.4
I We(H)] 2,
for H € C(G). This fact was shown by Gluck [14] and independently by Yoshida
[31]. Obviously, egex = dn ke for all H, K € C(G), and [G/G] =Y pecq) el
Following [33], we present the primitive idempotents of (G). Let ~, be the
equivalence relation on the set {(H) | H < G}, where (H) is the set of conjugates
of H in G, generated by

(9)U) ~p (U)
for U < G and gU € Wg(U), with g € Ng(U). We define an equivalence relation
~,p on the set S(G) of subgroups of G by

Hrp K 1= (H) ~p (K).

Let H < G. When p is a prime, we denote by OP(H) the smallest normal subgroup
of H such that H/OP(H) is a p-group (cf. [31]). Suppose that

H=H9>HgO >g® >...> g0 >

is the derived series of H (cf. [26, Chapter 2, Definition 3.11]). Then we define
O®(H) := NX,H® . The following lemma is well-known (cf. [33, p. 535]).

Lemma 5.17 Let H, U < G. Then H ~, U if and only if (OP(H)) = (OP(U)).

Proof. The ‘if’ part follows from [26, Chapter 2, Theorem 1.6]. To prove the ‘only
if’ part, we may assume that H = (g)U for some gU € W¢(U), with g € Ng(U). If
p is a prime, then U > OP(U) > OP(H), and hence OP(U) = OP(H). Suppose that
p = oo. We have U= > g > g for any ¢ > 1. If U1 = U@ for some 1,
then UG~ = H® = U®. Thus we have O (H) = O>®(U), completing the proof.
O

A subgroup H of G is said to be p-perfect if H = OP(H). For each K < G,
K ~, OP(K) by Lemma 5.17, and OP(K) is p-perfect. Let CP)(@) be a full set of
non—conjugate p-perfect subgroups of G. For each H € C (G), we define

6%)) = Z €K,

Hrop KEC(G)
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where the sum is taken over all K € C(G) such that H ~), K.
The following theorem concerns [2, Theorem 7.3] and [33, 4.12 Theorem)] (see
also [14, Lemma 2] and [31, Theorem 3.1]).

Theorem 5.18 The elements e%’) for H € CP)(G) are the primitive idempotents
of QUG)(p), and the elements ego) for H € C(®)(G) are also those of (G, A).

Proof. For any idempotent (vx)gec(a) of O(G)p), it follows from Proposition 5.16
that (zr)pecq) € Im¢® if and only if 2x = zy € {0, 1} for all pairs (K,U)
of K, U € C(G) with K ~, U. Hence the elements eg) for H € CP)(G) are the
primitive idempotents of (G)(,. Let x be an idempotent of Q(G, A). According
to [21, Corollary 7.2.4], ZH'(H, A) with H < G contains only trivial idempotents,
whence p(x) = ©(y) for some y € U(G). This, combined with Lemma 5.13(b),
shows that ¢ o a(z) = x. By this fact, we may identify x with a(x) € Q(G). Since
the map «a : Q(G,A) — Q(G) is a ring homomorphism, it follows that «(z) is an
idempotent of Q(G). Consequently, the idempotents of Q(G, A) are those of Q(G).
This completes the proof. O

There is an immediate consequence of Theorem 4.18 (see [4, 1.5. Proposition]).

Proposition 5.19 The Z-module Q(G,A)* has a structure of an Q(G)-module,
namely,

QUG) @z G, A)* = Q(G, A%, [G/H] @z x — Mapy (G, res(x)).

Moreover,
G, A = [ {51 zeG 4,
HeC()(@Q)

where 6(150)1' denotes the effect of egﬁo) on x.

6 Units of Burnside rings
6A The Yoshida criterion for the units of Burnside rings

We turn to the unit group Q(G)* of Q(G). Let U(G)* be the unit group of
U(G), and let ¢* : Q(G)* — U(G)* be the map obtained by restriction of ¢ :
Q(G) — O(G) from Q(G) to Q(G)*. Obviously, B(G)* = [[yec(e) (1), where
(=1) = {£1}, and hence Q(G)* is embedded in [ ¢y (—1). In particular, Q(G)*
is an elementary abelian 2-group with identity [G/G] (cf. [11, Proposition 3.1]).
Thus Q(G)* consists of all z € Q(G) such that ([G/G] £+ z)/2 are idempotents of
Q®z QG).
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Example 6.1 Suppose that K < G and |G : K| = 2. Then [G/K] - [G/K] =
2[G/K], and hence [G/G] — [G/K] € Q(G)*. We have ¢*(|G/G] — [G/K]) =
((=1)SHE)) ey, where ((H,K) = 1if H < K, and ((H, K) = 0 otherwise.

Remark 6.2 According to Dress [10], G is solvable if and only if 0 and [G/G] are
the only idempotents of Q(G) (see also Lemma 5.17 and Theorem 5.18). Suppose
that G is of odd order. Then by Eq.(5.4), Q(G)* consists of all x € Q(G) such
that ([G/G] £ x)/2 are idempotents of Q(G), whence |Q(G)*| is the number of
idempotents of Q(G). Consequently, we have Q(G)* = (—[G/G]) because, by Feit-
Thompson’s theorem, G is solvable (cf. [9, Proposition 1.5.1}).

Definition 6.3 Given 7 = (rn)pec(q) € O(G)* and U < G, we define a class
function 7% : Wg(U) — (—1) by

gU — $U$<9>U

for all g € Ng(U), where x4y = zf for a conjugate K € C(G) of (g)U in G.
We quote [32, Proposition 6.5] which is due to Yoshida.

Theorem 6.4 (The Yoshida criterion) The subgroup Im¢* of U(G)* consists
of all® = (zg)Hec(q) € O(G)™ such that vf; € Hom(Wg(U), (—1)) for each U < G.

Example 6.5 Let p be an odd prime, and suppose that G is a finite p-group. Let
T = (vH)pgec(q) € Im¢™. If G, < -+ <Gy < Go = G is a sequence of subgroups of

G with |G;_1 : G;| = p for all i € [r], then by Theorem 6.4, zg, = ¢, = -+ = z@,.-
Thus it follows from [26, Chapter 2, Theorem 1.9] that  is determined by z¢, and
hence = € ((—1, —1,..., —1)). Consequently, Q(G)* = (=[G/G]) (see Remark 6.2).

Definition 6.6 For each & € Im¢, ¢~ !(Z) denotes the unique element = of Q(G)
such that = ¢(z). We define a subgroup Q(G); of Q(G)* to be the product
of the subgroups ([G/K] — [G/G]) for K < G with |G : K| = 2, and define a
subgroup Q(G); of Q(G)* to be the group consisting of all z = ¢~ ((zx) gec(a))
with (zy)pec(q) € Im¢™ such that xy = 1 whenever H is cyclic.

The group Hom(G, (—1)) with pointwise product is isomorphic to the factor
group G /G2 where G5 is the intersection of all subgroups of index 2 in G

Proposition 6.7 (a) |(—[G/G]) x Q(G){| = 2/Hem(G (=Dl
(b) QG)* = (=[G/G]) x UGG UG)T ~ (~[G/G]) x Hom(G, {~1)) x AG) .

Proof. Obviously, Q(G){ is the direct product of the subgroups ([G/K]—[G/G]) for
K < G with |G : K| = 2. Thus the assertion (a) holds. We prove the assertion (b).
For each K < G with |G : K| = 2, if ¢([G/K] — [G/G]) = T = (zy)nec(a), then
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by Example 6.1 and Theorem 6.4, y(x := 7?5} € Hom(G, (—1)), Keryx) = K, and
Y(Kx)(g) = (g for all g € G. Let y € Q(G)™, and suppose that the {e}-component
of ¢(y) is L. If ¢*(y) = § = (yr) mec(c) With y( = 1, then 7{, € Hom(G, (—1)) by
Theorem 6.4, and ’yfe} (9) = y(g for all g € G. This, combined with the preceding
argument, shows that ([G/K|—[G/G]) -y € QG); with K = Kery%;}, which yields
y € QG);QUG);y. Hence QG);QG)T consists of all x € Q(G)* such that the
{e}-component of ¢(x) is 1. We now obtain

UG)* = (=[G/G)) x QAG); UG

Let Ky, Ko, ..., K, be the subgroups of index 2 in G. Then Q(G); is the direct
product of the subgroups ([G/K;| — [G/G]) for i € [n] and Hom(G, (—1)) is the
group consisting of 1 and the linear C-characters (g, for i € [n]. Define a group
epimorphism v : Q(G)§ — Hom(G, (—1)) by

m

(IG/Ki)) - [G/G]) = H’ﬂK
7j=1 7j=1
for all sequences (i1, i, ..., iy) with 1 <i; < iy < -+ < iy, < n of natural numbers.

Then it is obvious that Kery = Q(G)§ N Q(G);. Consequently, we have
Q(G)g UG){ ~Hom(G, (—1)) x UG)T,
completing the proof. O

Proposition 6.8 Let @(G) be the set of all U € C(G) such that |[Ng(U) : U] < 2.
For any T = (zu)gec(a) € Im@™, the values xy for H € C(G) are determined by

the values xy for U € G(G) In particular, |Q(G)*| < 21C@)I,

Proof. Let & = (zy)pec(q) € Im¢™, and let H < G. By Theorem 6.4, we have

L(gr)HX(go)HYH = L (g1 go)H

for all g1, g2 € Ng(H). Hence, if [Ng(H) : H| > 2, then the value 2y is determined
by the values xx with H < K < Ng(H) (cf. [7, p. 904]). This completes the proof.
a

Example 6.9 Assume that G is abelian. Then by Propositions 6.7 and 6.8, we have
1Q(G)*| = 2/Hem(G(=1)| pecause C(G) is the set of all K < G such that |G : K| < 2
(cf. [32, Lemma 7.1]). ThlS fact is due to Matsuda (cf. [18, Example 4.5]).
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6B Structure of the unit groups of Burnside rings
We continue to discuss the structure of Q(G)*.

Definition 6.10 We define a subset C(G) of C(G) to be the set consisting of all
subgroups U which satisfy the following conditions.

(i) [Ne(U): U] <2.

(ii) If L is a normal subgroup of U and if U/L is a non-trivial cyclic group, then
U/L is a cyclic 2-group and there exists a subgroup K of index 2 in Ng(L)
containing L such that

{(9)L [ g€ Na(L) - K} ={{g)L | g € Na(L) and ({9)L) = (U)}.

Proposition 6.11 Let U € C(G), and set © = ((—1)5UH)H€C(G) € O(G)*. Then
T € Im¢* if and only if U € C(G). In particular, if U € C(G), then 2ey € Q(G),
or equivalently, [G/G] — 2ey = ¢~ 1(Z) € Q(G)*.

Proof. Assume that £ € Im¢*. For any L < @G, it follows from Theorem 6.4
that the map ¥ : Wg(L) — (—1) is a linear C-character of Wg(L). Moreover, by
assumption, 7 (gU) = —1 for any g € Ng(U) — U. This means that Ker~ = U/U.
Consequently, |[Ng(U) : U| < 2. Let L be a normal subgroup of U, and suppose
that U/L is non-trivial cyclic. Set U = (r)L with r € Ng(L) — L. Then for any
g € Ng(L),v%(gL) = —1if and only if (g) L is a conjugate of (r)L in G. In particular,
rL must be a 2-element of W (L), whence U/L is a cyclic 2-group. Moreover, there
exists a subgroup K of index 2 in Ng (L) containing L such that K/L = Ker 7% and

{9)L [ g€ Na(L) - K} ={{g)L | g € Na(L) and ({9)L) = (U)}.

Thus U € C(G), as required. Conversely, if U € C(G), then by Theorem 6.4, we
have T € Im¢*, completing the proof. O

Remark 6.12 Under the hypotheses of Proposition 6.11, it follows from Eq.(5.4) that
T € Im¢* if and only if [G/G] — 2ey € Q(G)*.

Corollary 6.13 Let U € C(G), and suppose that U is non-trivial cyclic. Then U
is a Sylow 2-subgroup of G, and Ng(U) =U.

Proof. Set Z = ((=1)°V#) yea) € U(G)*. By Theorem 6.4 and Proposition 6.11,
the map ’yi} : G — (—1) is a linear C-character of G. Since U is non-trivial cyclic,

it follows that V{ES} is not the trivial character of G. If K = Ker 7?6}, then any cyclic
subgroup (g) with g € G — K is a conjugate of U in G and

K] = = ()] 2 2|Ng(U) : U]

2
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because U is a 2-group. Thus we have |[Ng(U) : U| = 1. The corollary is now a
consequence of [26, Chapter 2, Theorem 1.6]. This completes the proof. O

Let A= (A, ..o, Ajy ooy Ay Aty -2 ), where Ay > - > A > - > A, >0
and \y =0for { =m+1, m+2,---, be a partition of n € N. Such a partition is
said to be strict. We set Sy = 5(x,) X -+ X .Sy,) X+ - X 5(y,,), where each 5, ) is the
symmetric group on {EiZjJrl AN+1,.., Zizj Ai}. Let S, be the symmetric group
on [n]. Then S} is a Young subgroup of S,, associated with the strict partition A.

Proposition 6.14 For any strict partition \ of n, the set C(S,) contains a conju-
gate of the Young subgroup Sy of Sy associated with X.

Proof. We may assume that Sy € C(S,). Obviously, Ng, (Sx) = Sx. We show that
Sy € C(S,). Under the preceding notation, let A(y;) with j € [m] be the subgroup
of S(y,) consisting of all even permutations. Then the commutator subgroup of Sy
I8 Ay X oo X Agyyy X o0 XAy, Hence every normal subgroup L of Sy such
that Sy/L is non-trivial cyclic is a subgroup of index 2 in Sy. If Ng, (L) = S) for
a subgroup L of index 2 in S}, then (g)L = S) for any g € Ng, (L) — L. Thus it
suffices to verify that, if Ng, (L) # Sy for a subgroup L of index 2 in Sy, then

{{9)L | g € Ns,(L) = K} = {(9)L | g € N5, (L) and ({(g9)L) = (5))}

for a subgroup K of index 2 in Ng, (L) containing L. Let L < Sy with |Sy : L| =2
and Ng, (L) # Sx. Then A\y,,—1 =2, A\, = 1, and every permutation in L fixes both
2 € [n] and 3 € [n]. (In this case, S, ,) is the symmetric group on {2, 3}). Hence
it turns out that L = S()q) X+ X S()\j) X X S(Am72), Sy=L x S(Amfl) X S(Am)v
and Ng, (L) = L x S3. Consequently, L < L x A3 < Ng, (L), |Ng, (L) : L x Az| =2,
((9)L) # (Sx) for any g € L x A3, where As is the alternating group on [3], and the
set of conjugates of Sy in S, includes the set {(¢)L | g € Ng, (L) — (L x As3)}, as
required. We now conclude that Sy € C(S,,), completing the proof. O

Definition 6.15 For each L < G, we define a subset S(G; L) of S(G) to be the set
consisting of all subgroups U of Ng(L) which satisfy the following conditions.

(i) U/L is a non-trivial cyclic 2-group.
(ii) There exists a subgroup K of index 2 in Ng(L) containing L such that
{{9)L | g € Na(L) = K} = {(9)L | g € Na(L) and ({9)L) = (U)}.
Let ~ be the equivalence relation on the set {(H) | G > H # {e}} generated by
((9)L) ~ (L)

for L € C(G) and g € N¢ (L) such that (g)L ¢ S(G; L). We set C(G)° = C(G) —{¢},
and define an equivalence relation ~ on C(G)° by
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Proposition 6.16 If |G| > 2, then each U € C(G) forms an equivalence class
consisting of a single element with respect to the equivalence relation ~ on C(G)°.

Proof. Suppose that |G| > 2, and let U € C(G). Then U # {e} and |Ng(U) : U| < 2.
If No(U) # U, then |Ng(U) : U| = 2 and Ng(U) € S(G;U). Moreover, if L is a
normal subgroup of U and if U/L is a non-trivial cyclic group, then U € S(G; L).
Thus (U) is isolated with respect to ~. This completes the proof. O

Proposition 6.17 Suppose that y = (yu)nec(q) € Im¢™ and o~ 1(7) € QG)T.
Let U € C(G)°, and define T = (zy)nec(a) € O(G)™ by

_Jym fH=U,
TH=1 1 ifH#U or H={e}

Then T € Im¢* and ¢~ 1(7) € Q(G){.

Proof. By the definition of z, the map 'y{i} : G — (—1) is the trivial character
of G. Hence it suffices to verify that z € Im¢*. Let L € C(G)°. We show that
the map v¢ : Wg(L) — (—1) is a linear C-character of Wg(L). By Theorem 6.4,
the map 'yg : Wa(L) — (—1) is a linear C-character of Wg(L). We may assume
that 7% & {4, lwey}- (I (g)L & S(G; L) for all g € Ng(L) — L, then either
7 =qf or 4% = Lwe(r)-) Obviously, Y (L) = 1. We analysis the values 7% ({g)L)
for g € Ng(L) — L in each of the cases where L ~ U and L % U. Let r be any
element of Ng(L) — L such that (r)L € S(G; L). Then there exist a subgroup K of
index 2 in Ng(L) containing L such that for each g € Ng(L), g € Ng(L) — K if and
only if (g)L is a conjugate of (r)L in G. We define a map 3, : W (L) — (—1) to be
the linear C-character of W (L) whose kernel is K/ L.

Case 1. Assume that L ~ U. Let X = {{(r;)L | i € [¢]} be a full set of non-
conjugate subgroups of G chosen from among the subgroups (g)L for g € Ng(L)—L
with v¥(gL) # yg(gL). Then we have ((r;)L) % (L) and (r;)L € S(G;L) for all
i € [¢]. For any g € Ng(L) — L,

l
vi(9L) = =Y (gL) = 7L (gL) [ ] . (9L)
=1

if (g)L is a conjugate of some (r;)L with j € [(] in G, and

J4
Yi(gL) = 71 (9L) = 7L (9L) || Br.(9L)
i=1

otherwise. Thus we have

¢
vi =[] 8.

i=1
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Case 2. Assume that L % U. Then z;, = 1. Let Y = {(r;)L | i € [¢]} be a
full set of non-conjugate subgroups of G chosen from among the subgroups (g)L for
g € Ng(L) — L with v¥(gL) # 1. Then ((r;)L) =~ (U), whence ({r;)L) % (L) and
(ri)L € S(G; L) for all i € [¢]. By an argument analogous to that in Case 1, we have

l
1=1

We now conclude that the map 7§ : Wg(L) — (—1) is a linear C-character of
Wa(L) in either case. Consequently, 77 € Hom(Wg(L), (—1)) for any L < G. This,
combined with Theorem 6.4, shows that T € Im¢*, completing the proof. O

Corollary 6.18 Let C(G)°/ =~ be a complete set of representatives of equivalence
classes with respect to the equivalence relation ~ on C(G)°. Set

QG ={¢""2) | T = (vn)pgecic) € mo™ and g =1 if H# U or H = {e}}

for each U € C(G)°/ ~. Then

A =[] ©@G);n6))).
UeC(G)°/~

Moreover, if U € C(G) N C(G)°, then U € C(G)°/ ~ and Q(G)}; = ([G/G] — 2ev).
Proof. The assertion follows from Propositions 6.11, 6.16, and 6.17. O

7 Units of monomial Burnside rings

7A The unit groups of monomial Burnside rings

We continue assuming that A is abelian. Given a commutative unital ring R,
we denote by R* the unit group of R, and denote by R“ the group of torsion units
of R. For each H < G, since H'(H, A) is a finite abelian group, it follows from [21,
Theorem 8.3.1] that (ZH'(H, A))* is a finitely generated abelian group.

Lemma 7.1 The group U(G, A)* is a finitely generated abelian group.
Proof. Observe that O(G, A) ~ [[yec(q (ZH(H, A))Ne(H) | where

(ZH'(H, A)Ne ) = {2y € ZH'(H, A) | cony () = xp for all g € Ng(H)}.

Then we have U(G, A)* >~ [[ycc(q) Ju, where

Ji = (ZHY(H,A))* N (ZH"(H, A))Ne(H),
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Hence it suffices to verify that the groups Jg for H < G are finitely generated.
Let H < G, and assume that (ZH'(H, A))* is generated by w1,..., x5 We set

¥i = [yengm cony;(x;) for all i, and set Jg = (y1,..., yr). Obviously, Jo is a
subgroup of Jy. We have
9N (H)

for any = € Jy, so that Jy/Jy is a torsion subgroup of (ZH'(H, A))*/Jy. Since
(ZH(H, A))* /Jy is finitely generated, it follows from the fundamental theorem of
abelian groups (see, e.g., [16, I, §10, Theorem 8]) that JH/jH is a finite group. Thus
Jr is finitely generated, as desired. This completes the proof. O

Proposition 7.2 The group Q(G, A)* is a finitely generated abelian group. In
particular, Q(G, A)* is the direct product of Q(G,A)* and a free abelian group of
finite rank, and Q(G, A)¥ is a finite abelian group.

Proof. By the fundamental theorem of abelian groups, it suffices to prove the first
statement. Using Proposition 5.2 and Corollary 5.5, we have

Q®zImp=Q®z U(G,A)

This, combined with [21, Lemma 2.9.5], shows that |0(G,A)* : (Imp)*| is finite.
Moreover, by Lemma 7.1, U(G, A)* is finitely generated. Hence it follows from
[17, Corollary 2.7.1] that (Imp)* is finitely generated. By Corollary 4.10, we have
Q(G, A)* ~ (Imp)*, completing the proof. O

7B Torsion units of monomial Burnside rings

From Higman’s theorem (cf. [21, Theorem 7.1.4]), we know that for any H < G,
(ZH'(H,A))* = (-1) x HY(H,A) = {x5 | 0 € Z'(H, A)}. (7.1)

Theorem 7.3 The necessary and sufficient condition for an element T = (zu)u<a
of O(G, A)¥ to be contained in Imp is that fyg(x) € Hom(W¢(U),(-1)) forallU < G
and (e(zm)rr)a<c € Y(G, A) (see Definitions 5.12 and 6.3), where

1 — U ———
TG, A) = { G e € B(G, A oy € Z2(U, A) and og = res;;’ (o(gy0) .
for all U < G and g € Ng(U)
Proof. Let T = (x )< € U(G, A)¥. Suppose that for each H < G, o7 = e(zp)zn
with o € Z1(H, A) (see Eq.(7.1)). We first prove ‘sufficient’ part. By assumption,

cond, (o) = oy and oy = resg’)U(a(gw) for all U < G and g € Ng(U), so that

Yok NT) = (2,r) mod [We(U, 7)) .r)er(G.4)»
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where

ZU,r) = § 9UeWa(U)
0 otherwise.

For any U < G, since 'yg@) € Hom(W¢(U), (—1)), we have
1
T Y eew)eleg) € {0.1)
(Wa(U)|
guUeWe(U)

by [8, (9.21) Proposition]. Hence either z( -y = e(zv)|[Wa(U)| or 2y, = 0 for all
(U, 7) € R(G, A), which yields ¢ o s71(Z) = 0 € Obs (G, A). This, combined with
Proposition 5.2 and Theorem 5.9, shows that £ € Imp, as desired. We next prove
‘necessary’ part. Assume that p(z) = = with z € Q(G, A)“. Then a(z) € Q(G)*,
because the map a : Q(G, A) — Q(G) is a ring homomorphism. By Lemma 5.13(a)

and Theorem 6.4, %a](x) € Hom(Wg(U),(—1)) for all U < G, and
ploals) - w) = (@) n<a € B(G, A)*.

In particular, we have conf,(c77) = oy for all U < G and g € Ng(U). For each
(U,7) € R(G, A) with T = 5, the (U, 7)-component of ¢ o k™1 ((GH)n<c) is

Z 1 mod |Wg(U)|,
gUeWc(U),E:resgw(%w)

where the sum is taken over all left cosets gU, g € Ng(U), of U in Ng(U) such that
o = res§]9>U(a<g>U). Since (g)n<c € Imp, it follows from Proposition 5.2 and

Theorem 5.9 that oy = res§]9>U(U<g>U) for all U < G and g € Ng(U), as desired.
This completes the proof. O

In §4A, the ring epimorphism pg :Q(G, A) = ZHY(G, A) is given by
T ifG=U,

0 otherwise

[(G/U)] = {
for all (U,7) € R(G,A) (see Lemma 4.6(a)). Following [2, §7], we define a ring
monomorphism v : ZHY (G, A) — Q(G, A) by

X = [(G/G)y]
for all Y € Z'(G, A) (see Lemmas 2.6 and 2.15). There are group homomorphisms
v (ZHY (G, A)Y — QG,A)* and 6Y:Q(G,A)* — (ZHY (G, A))¥
inherited from v and pg, respectively (see Eq.(7.1)). Hence it turns out that
Q(G,A)* =Imv* x Kerf®” ~ (—1) x HY(G, A) x Ker 6
(cf. [2, §8]), because 0 o v* = id(z g1 (g 4))~- We continue to describe Q(G, A)“.
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Corollary 7.4 Identify the finite groups Q(G)* and H' (G, A) with the subgroups
{v(u) | we QUG)*} and {[(G/G)y] | x € ZHG, A)} of UG, A)*, respectively. Set

VG, A) =4 2 S S [UI(U, B)(GU) )
G

H<GU<H

(cH)u<c € Y(G, A)
with oq = 1g

Then
Q(G,A)Y =Q(G)* x Hl(G,A) x V(G, A).

Proof. Let z € Q(G, A)*, and suppose that p(x) = (zg)n<g. By Theorem 7.3,
pltoa(x) z) = (e(rp)rr)u<a € T(G,A). Since the map o : Q(G,A) = Q(G) is a
ring epimorphism, it follows from Proposition 4.9 and Theorem 7.3 that

1

QG A =Q(G)" x {|G|?7

(e n<c) | @Mn<c € T(C. A)} |

Moreover, p([(G/G)y]) = (res% (X)) n<c € Y(G, A) for all x € Z'(G, A), and hence
(G, A) = {p([(G/G)\]) | x € ZY(G, A)} x {(Fm)n<c € T(G, A) | o6 = 16}
The assertion now follows from Proposition 4.9. This completes the proof. O

Remark 7.5 Suppose that G is of odd order and that G acts trivially on A. Then
by Remark 6.2 and Corollary 7.4, we have

Q(G, A)* = (~[(G/G)15]) x QG 4)°%,
where Q(G, A)° is the Hall 2’-subgroup of Q(G, A)¥ (cf. [2, Proposition 8.2]).

Example 7.6 Suppose that G is nilpotent. Then by [26, Chapter 4, Theorem 2.9],
V(G,A) = ([(G/G)1,]) in Corollary 7.4, and hence

Q(G,A)* ~ Q(G)* x HY(G, A).
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