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In a recent papérpublished in this journal, we have N—1
studied a generalized electron-pair density function (4" -1)=(Uu"), (A" (1,0= 2 (r",
0(q;a,b) defined by 4
N-1 N (A" 1+1)=2"(R"),
g(a;ab)=(4mg®) "} > > s(q-|ari+brj)) ), corresponding to Eq(2), and all the single-electrofr™),
i=1 j=i+1

1) intracule (u"), and extraculg/R") moments are generated

_ from the generalized electron-pair mome(ds) z p) -

wherea andb are real-valued parameter&(x) is the one- In the present note, we point out that there exists a rig-
dimensional Dirac delta fUnCtion, and the angular braCket%rous equa“ty for the second genera”zed e|ectron_pair mo-
() stand for the expectation value over theelectron N ments(g?), ., , which connects one- and two-electron prop-
=2) wave function¥ (xy, ... Xy) with x;=(r;,o;) being the  erties of atoms and molecules described by any exact or
combined position-spin coordinates of the electioThe  approximate wave function. The same is true in momentum
generalized electron-pair density(q;a,b) represents the gspace. An illustrative example is given for the decomposition
probability density function for the magnitudar; +br;| of  of the electronic kinetic energy into the electron-pair relative
two-electron vectoar;+br; of any pair of electrons andj  and center-of-mass motion contributions. Hartree atomic
to be g, and is normalized toN(N—1)/2, the number of ynits are used throughout.

electron pairs. It has been showthat the functiorg(q;a,b) For a particular case of= 2, a term in the summation of
smoothly connects the single-electron derfsip(r), the Eq. (3) satisfies an identity

electron-pair intraculérelative motion density > h(u), and

the electron-pair extracule (center-of-mass motion |ar;+br;|?=2a%r{+2b%r ?—|ar;— br;|?, (5)
density* d(R): wherer;=|r;|. We therefore obtain a rigorous sum rule

(0% @by (9% @ -py=2(a®+b?(9?) 1.0 (6)

(2)  for the second generalized electron-pair moméq@(ayb).
Equation(6) implies that for any values of the parametars
and b, the sum of two second momen($12>(a,b) and
<q2>(a,,b), symmetric with respect to the parametgris
equal to a constartg?); o) multiplied by 2@?+b?). Fur-
thermore,(q2>(1vo) is nothing but a single-electron property
[(N=1)/2)(r?) as shown by Eq.(4), while (% ap
+(0%)(a,—b) is & two-electron property &#0 andb#0. It

is also important that Eq6) is valid for both exact and
approximate wave functions of any atoms and molecules.

9(9;1,—1)=h(a),

N—1 1 (q
9(0;1,0= TP(Q), 0(q;1,+ 1)=§d<§

Moreover, p(r) has been fourldto be a local extremum
function ofg(q;1,b) with respect to the parametbr
If we define momentg¢q") , ) of the electron-pair den-

sity g(q;a,b) by

o Such a rigorous relation has not been reported in the litera-
<qn>(a,b)E4Wf dgo'*%g(q;a,b) ture.
0 For a special case @=b=1, Eq.(6) reads
N—1 N
:< S S |ari+brj|n>, @ (W AR)=2N-1. @
L Namely, the sum of the second intracle?) and extracule
we then find (R?) moments(the latter multiplied by #is exactly identical
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with the second single-electron moment) multiplied by (v?) (P?)
2(N—1). Using the tabulations of the numerical values of Tint:m- Tex= 7 (13
the Hartree—Fock intracule and extracule monfefitso-
gether with Hartree—Fock single-electron moment vafues,Examination of the intracule and extracule moments given in
we have numerically confirmed the validity of §d) for the  Refs. 6, 7, and 11 for the 102 atoms He through Lr shows
102 atoms He through Lr in their ground states. Siré is  that within the Hartree—Fock frameworKiy /Te,—= 1 for the
known'® to be proportional to the Langevin—Pauli diamag-first three atoms He, Li, and Be, where ordyorbitals are
netic susceptibility, Eq(7) enables us to separate the prop-occupied. For the remaining 99 atonTs,/Te>1 with no
erty into the relative and center-of-mass motion contributiongxceptions: As the atomic number increases, the ratio in-
of electron pairs. creases from unity, takes the maximum value 1.026 at the Ne
If we introduce the corresponding electron-pair densityatom, and then decreases towards the Lr atom where
g(t;a,b) and associated momen{s™) ) in momentum Tim/Text.= 1.908. The .situation is changed when the_electron
space correlation is taken into account. The correlated intracule
Nl N (v?) and extraculech2> morgents rr1eportr<]ad fﬁr the n/ine at-
— .. _ _ oms He—Ne in Refs. 13 and 14 show that the raijp/ T ey
g(t;a,b)=(4mt?) l< .21 j;rl 5(t—|api+bpj|)>, again increases from H@.897 to Ne (1.020, though the
(8) value is smaller than the corresponding Hartree—Fock one.
However, T/ Te<1 for the first four atoms He—B, and the

(t“>(a,b)z4wfxdtt“+ 29(t:a,b) extracule contribution is larger than the intracule one in these
0 atoms. The electron correlation modifies the relative signifi-
N-1 N cance of the intracule and extracule contributions to the ki-
_ 2 E lap,+bpi|" ), (9) netic energy.
=1 jSi+1 ' In summary, we have discussed that there exists an ex-

ceptional rigorous sum rule between the second one- and

exactly the same discussion as in position space results in . :
two-electron moments, which are apparently independent of

(t) @ p) (1) (a by =2(a%+b%)(t?) (1.0, (100 each other. We finally note that a two-electron “symmetric”
for the second moments?),,  in momentum space. When SUM rule
a=b=1, Eq.(10) becomes (a'2+b'z)[<q2>(a,b)+<q2>(a,_b)]

<v2>+4<P2>:2(N—1)<p2>, (11) :(a2+bz)[<q2>(a’,b’)+<q2>(a’,7b’)], (14)

where v and P are the intracule and extracule ratif re-
spectively, whilep is the single-electron radius in momen-
tum space. For the 102 atoms from He to Lr, numerical Vi ctronic mail: ko A@Mmm.mUroran-itac.
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