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ON THE PERIOD OF THE IKEDA LIFT FOR U(m,m)

HIDENORI KATSURADA
MURORAN INSTITUTE OF TECHNOLOGY 27-1 MIZUMOTO MURORAN 050-8585,
JAPAN

ABSTRACT. Let K = Q(v/—D) be an imaginary quadratic field with discrimi-
nant —D, and x the Dirichlet character corresponding to the extension K/Q.
Let m = 2n or 2n + 1 with n a positive integer. Let f be a primitive form of
weight 2k + 1 and character x for (D), or a primitive form of weight 2k for
SL2(Z) according as m = 2n, or m = 2n + 1. For such an f let I,(f) be the
lift of f to the space of modular forms of weight 2k+2n and character det~*—"
for the Hermitian modular group I";(m) constructed by Ikeda. We then express
the period (Im/(f), Im(f)) of Im(f) in terms of special values of the adjoint
L-function of f and its twist by the character x. This proves the conjecture
concerning the period of the Hermitian Ikeda lift proposed by Ikeda. Period,
Hermitian Ikeda lift

1. INTRODUCTION

It is an important and interesting problem to consider the relation between the
period of an elliptic modular form and that of its lift. Here, we say that F is a lift
of an elliptic modular form f if F' or the adelization of F' is a Hecke eigenform in
the space of Siegel cusp forms or Hermitian cusp forms whose certain L-function is
expressed in terms of L-functions related to f. There are several results concerning
this problem in the Siegel modular form case (cf. [2], [19]). This type of period
relation sometimes gives rise to congruence between the lift and non-lift, and are
important also from the view point of arithmetic geometry (cf. [2], [4], [12]). In
[16], we proved a conjecture on the period of the Duke-Imamoglu-Tkeda lift (DII
lift) proposed by Tkeda [9]. As a result, in [13], we characterized prime ideals giving
congruence between the DIT lift and non-DIT lift. (See also [5].) Klosin [17] gave the
congruence between the Hermitian Maass lift and non-Hermitian Maass lift using
the period relation in [10]. In this paper we prove a result similar to [16] for the
period of the lift of an elliptic modular form to the space of Hermitian modular
forms constructed by Ikeda. This also proves Ikeda’s conjecture in [10] with some
modification.

Let K = Q(v/—D) be an imaginary quadratic field with discriminant —D, and
x the Kronecker character corresponding to the extension K/Q. Let k be a non-
negative integer. Then for a primitive form f € Ga11(LH(D), x) Ikeda [10] con-
structed a lift Is,(f) of f to the space of modular forms of weight 2k + 2n and a
character det """ for the Hermitian group I I((Q ™ of degree m. This is a generaliza-
tion of the Maass lift considered by Kojima [18], Gritsenko [6], Krieg [20], Oda [21],
and Sugano [27]. Similarly for a primitive form f € Gax(SL2(Z)) he constructed a
lift Izn41(f) of f to the space of modular forms of weight 2k + 2n and a character
det™F " for FI((Z"H). For the rest of this section, let m = 2n or m = 2n + 1. We
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then call I,,,(f) the Ikeda lift of f for U(m,m) or the Hermitian Tkeda lift of degree
m. Then our main result (Theorem 2.1) can be stated as follows:
The period (In,(f), Ln(f)) of I (f) is expressed as

L1, £, AD) T] 26, £, Ad ) LG )

=2

up to elementary factor, where L(s, f, Ad, x*~1) is the "modified twist” of the adjoint
L-function of f by x*~', and L(i,x*) is the Dirichlet L-function for x'.

This result was already obtained in the case m = 2, and was conjectured in
general case by Tkeda [10].

We note that I,,,(f) is not likely to be a theta lift except in the case m = 2,
and therefore the method in [22] cannot be applied to prove our main result. The
method we use is similar to that in the proof of the main result of [16] and to
give an explicit formula of the Dirichlet series of Rankin-Selberg type associated
to I, (f), and to compare its residue with (I,,,(f), Im(f)). We explain it more pre-
cisely. In Section 3, we consider the Dirichlet series R(s, I,,(f)) of Rankin Selberg
type associated with I,,(f). For the precise definition, see Section 3. This type
of Dirichlet series was studied by Shimura [25] for a classical Hermitian modular
form F of weight 2k + 2n. In particular we can express its residue at 2k + 2n in
terms of the period of F' (cf. Proposition 3.1). Thus to prove Theorem 2.1, we
have to get an explicit formula of R(s, I,,(f)) in terms of L(s, f, Ad, x*). To get it,
in Section 4, we reduce our computation to a computation of certain formal power
series H,, ,(d; X,Y,t) in t associated with local Siegel series similarly to [16] (cf.
Theorem 4.1).

Section 5 is devoted to the computation of them. This computation is similar
to that in [16], but we should be careful in dealing with the case where p is ram-
ified in K. After such an elaborate computation, we can get explicit formulas of
H,p p(d; X, Y, t) for all prime numbers p (cf. Theorem 5.5.4). In Section 6, by us-
ing explicit formulas for ﬁmm(d; X,Y,t), we immediately get an explicit formula of
R(s, I,(f)) (cf. Theorems 6 .1 and 6.2) and by taking the residue of it at 2k + 2n
we prove the Theorem 2.1.

We note that we can give a similar period relation for the adelic Ikeda lift, and we
can apply it to a problem concerning congruence between the adelic Tkeda lifts and
Hecke eigenforms not coming from the adelic Ikeda lifts. These will be discussed in
subsequent papers.

Notation. Let R be a commutative ring. We denote by R* and R* the
semigroup of non-zero elements of R and the unit group of R, respectively. For a
subset S of R we denote by M,,,,(S) the set of (m,n)-matrices with entries in S.
In particular put M,,(S) = My, (S). Put GL,,,(R) = {A € M,,,(R) | det A € R*},
where det A denotes the determinant of a square matrix A. Let Ky be a field, and
K a quadratic extension of Ky, or K = Ky ® Kj. In the latter case, we regard
K, as a subring of K via the diagonal embedding. We also identify M, (K) with
Mn(Ko) ® My (Ko) in this case. If K is a quadratic extension of Ky, let p be
the non-trivial automorphism of K over Ky, and if K = Ky & Ky, let p be the
automorphism of K defined by p(a,b) = (b,a) for (a,b) € Ky. We sometimes write
T instead of p(x) for € K in both cases. Let R be a subring of K. For an (m,n)-
matrix X = (2 )mxn write X = (Tij)mxn and X* = tX, and for an (m, m)-matrix
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A, we write A[X] = X*AX. Let Her,,(R) denote the set of Hermitian matrices of
degree n with entries in R, that is the subset of M, (R) consisting of matrices X
such that X* = X. Then a Hermitian matrix A of degree n with entries in K is
said to be semi-integral over R if tr(AB) € Ko N R for any B € Her, (R), where
tr denotes the trace of a matrix. We denote by I-/Iarn(R) the set of semi-integral
matrices of degree n over R.

For a subset S of M, (R) we denote by S* the subset of S consisting of non-
degenerate matrices. If S is a subset of Her,(C) with C the field of complex
numbers, we denote by ST the subset of S consisting of positive definite matrices.
The group GL,(R) acts on the set Her, (R) from the right in the following way:

GL,(R) x Her,(R) > (9, A) — g*Ag € Her,,(R).

Let G be a subgroup of GL,(R). For a G-stable subset B of Her,,(R) we denote by
B/G the set of equivalence classes of B under the action of G. We sometimes identify
B/G with a complete set of representatives of B/G. We abbreviate B/GL,,(R) as
B/ ~ if there is no fear of confusion. Two Hermitian matrices A and A’ with entries
in R are said to be G-equivalent and write A ~g A’ if there is an element X of G

such that A" = A[X]. For square matrices X and Y we write X LY = ( )O( }O/ > .

We put e(z) = exp(2my/—1x) for x € C, and for a prime number p we denote by
e, (*) the continuous additive character of Q,, such that e,(z) = e(z) for z € Z[p~?].

For a prime number p we denote by ord,(x) the additive valuation of Q, nor-
malized so that ord,(p) = 1, and put |z|, = p~°"4»(*). Moreover we denote by |2|e
the absolute value of x € C.

2. PERIOD OF THE IKEDA LIFT FOR U(m,m)

“ Z € SLy(Z) | ¢ =0mod N}, and
for a Dirichlet character ¥ mod N, we denote by 9% (Io(N), ¢) the space of modular
forms of weight [ for I'h(IN) and nebentype v, and by &;(Io(N),) its subspace
consisting of cusp forms. We simply write 9%, (I0(N),v) (resp. &;(Io(N),9)) as
M (IH(N)) (resp. as &;(IH(N))) if ¢ is the trivial character.

Throughout the paper, we fix an imaginary quadratic extension K of Q with
the discriminant —D, and denote by O the ring of integers in K. For a prime
number p put K, = K ® Q,, and O, = O ® Z,,. Then K, is a quadratic extension
of Qp or K, =2 Q, ® Qp. In the former case, for x+ € K, we denote by T the
conjugate of z over Q,. In the latter case, we identify K, with Q, ® Q,, and
for x = (z1,22) € Qp ® Qp, we put T = (x2,21). For z € K, we define the
norm Nk, /q,(7) by Nk, q,(r) = 7, and put vk, (v) = ord,(Nk,,q, (7)), and
|z|x, = [Nk, /q, (7)]p- Moreover put |z|xk,, = 77| for z € C.

For a non-degenerate Hermitian matrix or alternating matrix 7" with entries in
K, let U be the unitary group defined over Q, whose group Ur(R) of R-valued
points is given by

For a positive integer N let I'h(N) = {

Ur(R)={g € GL,(R® K) | 'gTg =T}

for any Q-algebra R, where g — ¢ denotes the automorphism of M, (R ® K)
induced by the non-trivial automorphism of K over Q. We also define the special
unitary group SUr over Q, by SUT = Ur N Rk )q(SLy), where Ry is the Weil
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restriction. In particular we write Uy, as U™ or U(m,m), where J,, = (2 ~4m).
Then
U™(Q) = {M € GLyw(K) | J[M] = Jun}.
Put
rem =™ =™ (Q) N GLayyw(0).

Let 9,, be the Hermitian upper half-space defined by

Hm =42 € M,,(C) 27\/1_71(Z — Z*) is positive definite}.

The group U™ (R) acts on $,, by
9{Z) = (AZ + B)(CZ+ D) ' for g= (A B) c U™ (R), Z € $Hn.

We also put j(g,Z) = det(CZ + D) for such Z and g. Let I be an integer. For a
subgroup I" of U (m)(Q) which is commensurable with "™ and a character 1 of
I', we denote by 2, (I, 1) the space of holomorphic modular forms of weight [ with
character ¢ for I We denote by &;(I',4) the subspace of 9 (I, 1)) consisting of
cusp forms. In particular, if ¢ is the character of I" defined by v (y) = (dety)~!
for v € I', we write My (I, 1)) as My (I, det™), and so on. Write the variable Z
on H,, as Z = X ++/—1Y with X,Y € Her,,(C). We can identify Her,,(C) with
R™ through the map X = (;;) — (24, Re(xi;), Im(z;) (i < 7)), and define a
measure dX on Her,,(C) by pulling back the standard measure on R™. Similarly
we define a measure dY on Her,,(C) in the same way as above. For two cusp forms
F and G of weight [ with respect to I'™ with character x we define the Petersson
scalar product (F,G) by

(F,G) = / F(Z)G(Z)(det Y) "?™dXdY,
rmN\fm,

where X = ZJE?, and Y = fg We call (F, F) the period of F. Similarly for two

elements f,g € &,(I5(N), ), we define the Petersson scalar product (f, g) by
(£,9) = [SLa(2) : To(N)I ™ | f(2)g(2)y'dady,
e
where $) is the complex upper half space.

Now we consider adelic modular forms. Let A be the adele ring of Q, and Ay
the non-archimedian factor of A. Let h = hx be a class number of K. Let G™) =
Resg/qQ(GLn), and G(™(A) be the adelization of G™). Moreover put C(™ =
[I, GLn(Op). Let U™ (A) be the adelization of U™). We define the compact
subgroup IC(()m) of U™ (A}) by U™ (A) N [, GL2m(Op), where p runs over all
rational primes. Then we have

h
U™ (a) = | u™(@Quiky™u™ (R)
i=1

with some subset {71, ...,y } of U™ (A ;). We can take 7; as

[t 0
Vi = 0 trfl )
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where {t;}_ | = {(t; )}l is a certain subset of G™ (A}) such that ¢; = 1, and
h
G™(A) = |_| G Q)G (R)C™.
i=1
Put I'; = U™ (Q)Mv; Koy, '™ (R). Then for an element (F, ..., Fj,) € @?:1 Moy (I, det ™),
we define (Fy, ..., F},)f by
(Fiy ey F)F(9) = Fi(a(i))j(x,1) "> (det 2)!
for g = wy;xk withu € U™ (Q), z € U™ (R), k € Ko. We denote by M (U™ (Q)\U'™ (A), det ™)
the space of automorphic forms obtained in this way. We also put
SaU™(QN\U™ (A), det™") = {(FL, ... Fn)* | Fi € Sa(I},det ™)},
We can define the Hecke operators which act on the space
Mo (U™ (Q)\U™ (A), det ™). For the precise definition of them, see [10].
Let Her,, (O) be the set of semi-integral Hermitian matrices over O of degree m
as in the Notation. We note that A € Her,, (K) belongs to Her,,(O) if and only if

its diagonal components are rational integers and v/—DA € M,,(O).

For a non-degenerate Hermitian matrix B with entries in K, of degree m, put
v(B) = (—=D)™/?l det B. Let ﬁ&m(op) be the set of semi-integral matrices over O,
of degree m as in the Notation. We put &, = 1, —1, or 0 according as K, = Q, ®
Q,, K, is an unramified quadratic extension of Q,, or K, is a ramified quadratic

extension of Q. For T' € ﬁ&m((%)x we define the local Siegel series by, (T, s) by
bp(T,s) = Z ep(tr(TR))p_ordp(up(R))s7
ReHer, (K,)/Her, (Op)
where p1,(R) = [ROI* + O : Om]1/2,
Remark. In [14], we defined p,(R) as py(R) = [RO,' + O : O] However, it

should be defined as above.
We remark that there exists a unique polynomial F, (7T, X) in X such that

[(m—1)/2] /) |
bP(Ta 8) = FP(Tapis) H (]- - pzlis) H (1 — fppzlilfs)
1=0 i=1

(cf. Shimura [24]). We then define a Laurent polynomial F,(T, X) as
Fy(T,X) = X o %0 F (1, p~m x7?).
We remark that we have
Fy(T, XYY = (=D, (1)), F,(T, X)  if m is even,
E,(T,{,,X*l) :f'p(T,X) if m is even and p 1 D,
and B B
F (T, X Y)Y =F,(T,X) if misodd
(cf. [10]). Here (a,b), is the Hilbert symbol of a,b € Q.. Hence we have
Fy(T, X) = (=D, y(B))y - X OO By (T, p=" X %),
Now we put

ﬁe\rm(O);" ={T € Her,,(K)" | t; ,Tt; € ﬁe\l‘m(op) for any p}.
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Let k£ be a non-negative integer. First let m = 2n be a positive even integer and
let

f(z)= ) a(N)e(Nz)

NE

1

iiﬁ

be a primitive form in 62k+1(F o(D), x). For a prime number p not dividing D let
a, € C such that a, + x(p)a, " =p ka( ), and for p | D put oy, = p~*a(p). We
note that a; # 0 even if p|D. Then for the Kronecker character y we define Hecke’s
L-function L(s, f, x*) twisted by x* as

L(s, £,x") = [ {0 = app™* *x(p)") (1 — o, '~ x(p) 1)}

ptD
% Hp|D(]' - Olppferk)* if ¢ is even
Hp|D(]' Oflpferk) if 4 is odd.

In particular, if i is even, we sometimes write L(s, f, x") as L(s, f) as usual. More-
over we define a Fourier series

L(A)(2)= > anpnDe(tx(T2)),
TeHer,, (O)+

where
ar,, (1) |kHF (T, a,

Next let m = 2n + 1 be a positive odd mteger and let

o

1) =3 a(N)e(N=)

N=1
be a primitive form in So(SL2(Z)). For a prime number p let o, € C such that
oy + a;l = p~#*+1/24(p). Then we define Hecke’s L-function L(s, f, x*) twisted by
Xt as
L(s, f.x")
= [{@ = app™* ™ 2x(p)) (1 — o ' p T 2 ()}
P

In particular, if  is even we write L(s, f, x%) as L(s, f) as usual. We define a Fourier
series

L1 (f)(2) = Z ary, () (De(tr(TZ)),

T€@2n+1 (O)+

where
k 1/2 _
ary () (T) =y / HF (T,a;1).

Remark. In [10], Ikeda defined F,(T, X) as
Fy(T, X) = X" O (T, p~™ X —2),

and we define it by replacing X with X! in this paper. This change does not
affect the results.
Then Tkeda [10] showed the following:
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Let m = 2n or 2n + 1. Let f be a primitive form in Saopi1(Io(D),x) or in
Gak(SLa(Z)) according as m = 2n or m = 2n+ 1. Then I,,(f)(Z) is an element
Of 62k+2n(1j(m),detikin).

To state our main result, put
Ir(s) =7 %1 (s/2)
and
Fc(s) =Tr(s)I'r(s+1).
We note that
Te(s) =2(27) °T(s).
For an integer i let L(s,x?) = ((s) or L(s, x) according as i is even or odd, where

¢(s) and L(s,x) are Riemann’s zeta function, and Dirichlet L-function for x, re-
spectively, and put

K(s,xi) =Tc(s)L(s, X").
For a primitive form f in Ga11(L0(D), x), we define the adjoint L-function L(s, f, Ad)
and its twist L(s, f, Ad, x) by x as

s, f, Ad) H{ (1= a2x(P)p )1 — o, x()p ") (1 —p )} [ —p~
p|D

and

L(s, f,Ad, x) = H{ (1—aZp™)(1 —a,2p~*)(1 — x(p)p~)} "

X H{(l —app ) (1 —a,*p ")}

p|D
For a primitive form f in S (SLa(Z)), we define the adjoint L-function L(s, f, Ad)
and its twist L(s f, Ad, x) by x as

s, f, Ad) H{ 1—a2 ) —ap2 H1—p N},

and

L(s, f,Ad, x) = [[{(1 = apx(p)p™*) (1 — o, x(p)p~*) (1 = x(p)p~*)} .

Let f be a primitive form in Sopy1(Io(D),x) or in So,(SLa(Z)) according as
m = 2n or m = 2n + 1. We then put

i _ (s, f,Ad) if ¢ is even
L(SafaACLX)_{ L(S,f,ACLX) lelSOdd

Moreover put

A(s, f, Ad, x") = Te(s)Te(s +1— 1)L(s, f, Ad,x"),

where | = 2k +1 or [ = 2k according as f € Gax+1(Lo(D), x) or f € Sor(SL2(Z)).
Let @ p be the set of prime divisors of D. For each prime ¢ € Qp, put Dy = q°rda(D)
We define a Dirichlet character x, by

- {x(a’) if (a,q) =1
0 if gla ’
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where a’ is an integer such that
a’=amod D; andda’ =1mod DD;".

For a subset @ of @p put xq = [[,cq Xq and X = [0, 4z Xq- Here we make
the convention that yg = 1 and X/Q = x if Q) is the empty set. Let

o0
> (N

1

N=
be a primitive form in Sagy1(Io(D), x). Then there exists a primitive form
oo

Z Cro(N
N=1
such that
¢fo(p) = xq(p)cs(p) for p & Q
and

cro(P) = Xg(p)es(p) for p € Q.
Then our main result in this paper is:

Theorem 2.1. (1) Let m = 2n be a positive even integer. For a primitive form f
in Gapy1(Io(D), x), we have

<12n(f)7 IQn(f)>
2n n
_ 274nk74n274n+2D2nk+5n273n/271/2,’7n(f)HX(L £, Ad, Xz‘ﬂ)HK(i’Xi),
where -
m(f) =Y xo((=1)".

QCQp
fo=r

(2) Let m = 2n+1 be a positive odd integer. For a primitive form f in Sor(SLa(Z)),
we have

(Tons1(f), L2nt1(f))

2n+1 2n+1
_ 2—2(2n+1)k—4n2—ﬁnD2nk+5n2+5n/2 H K(i, 1, Ad’xvﬁ—l) H /N\(i,xi).

i=1

Remark. In [10] Tkeda showed that I,,(f) is identically zero if and only if m =
2n and 7,(f) = 0. Therefore the above theorem remains valid even if I,,(f) is
identically zero.

This type of result was conjectured by Ikeda [10]. When m = 2, by using the
result of Sugano [27], Tkeda [10] has been already proved that

(I(f), B(f)) = m ()2 D*BR(2)A(L, £, Ad)A(2, £, Ad, X).
His conjecture holds true up to a power of D. In fact, he conjectured that integer
powers of D should appear on the right-hand sides of the above formulas. However,
half-integer powers of D appear in some cases as shown in the above theorem.

Now put _
AG, f, Ad, X" 1)
(f, )

L(i, f,Ad,x'"") =
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fori=1,...m
L (20, x*') = A(24, ™),
and
L(2 + 1,y ) = 1~X(21 + 17X2i+1)D2i+1/2
for an integer i > 1. We note that

L 2R (L 4+g7Y) i f € Sapr (T0(D), x)
L(1, f,Ad) = { 92k ap if fe Gap(SLa(Z)).

Hence we obtain the following:

Theorem 2.2. Let the notation be as above. Then we have

() In(H) _ .4 ﬁL(zg £y Ad, X" L(i, x)
=2

(f, Him
mn(F) D2 ] (L) i m = 2n
D2nk+4n2+n if m=2n + 17

where By, 1 is an integer depending on n and k.

It is well known that L(i,x?) is a rational number for any positive integer i.
Moreover L(i, f, Ad, x*~!) is an algebraic number and belongs to the Hecke field
Q(f) for i = 2,....,k" where k' = 2k or 2k — 1 according as if m is even or odd (cf.
Shimura [24], [25]). Thus we have

Theorem 2.3. In addition to the above notation and the assumption, suppose that

(D). In(F) .
(S,

m < 2k or m < 2k — 1 according as m is even or odd. Then

algebraic, and in particular it belongs to Q(f).

3. RANKIN-SELBERG CONVOLUTION PRODUCT

To prove Theorem 2.1, we rewrite it in terms of the residue of the Rankin-Selberg
convolution product of I,,(f). Let

F(z)= Z ap(A)e(tr(Az)

A€Her,, (0)+

be an element of So; (1™ det ™). We then define the Rankin-Selberg series R(s, F)
for F by
A A
R(S,F) — Z CLF( )CLF( )

e (det A)se* (A)’
A€Her,,, (O)  /SL,(0)

where €*(A) = #({g € SLm(O) | g"Ag = A}).

Proposition 3.1. Put
22lm+m—1 HZZ2 L(i, Xz'+1)

Rm == m— . ; m . .
Dm(m—1)/2 Hi:Ol L2m —i,x) [[12; Te(@)Tc(2l —i+1)
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Let F € Sy ('™  det™Y). Then R(s, F) is holomorphic in s for Re(s) > 2I. More-
over it can be continued to a meromorphic function on the whole s-plane, and has
a simple pole at s = 21 with the residue R, (F, F).

Proof. The assertion can be proved by a careful analysis of the proof of [[25], Propo-
sition 22.2]. However, for the convenience of the readers we here give an outline of

the proof. We define another Rankin-Selberg series E(s, F) for F by

_ ap(A)ap(A)

F = 1 . ANe 7 AN

R(37 ) - : +: (det A)SG(A)a
A€Her,,, (O)  /GL.,, (O)

where e(A) = #({g € GL,,(0) | g*Ag = A}). Remark that

R(s, F) = #(O")R(s, F).
We define the non-holomorphic Eisenstein series E(Z, s) for I'™) by
E(Zs)=(detY)" Y |i(M,Z)[7*,
Mer{m\rm

where I3, —{( 0 D

179 of [25], we obtain

) el (m)}. Then by using the same argument as in Page

R(s, F) = !
’ #(O*)vol(Her,, (C) /Her, (O))T', (s)(47)—ms

X / F(Z)F(Z)E(Z,5 — 2l + m)(det Y)?~2™dXdy,
T\ §,,

where vol(Her,,(C)/Her,,(0)) is the volume of Her,,(C)/Her,,(O) with respect to
the measure dX, and

m—1

Lp(s) = 7mm=1/2 H (s —1i).
i=0

By [[24],Theorem 19.7], E(Z, s—2l4+m) is holomorphic in s for Re(s) > 2. Moreover
it has a meromorphic continuation to the whole s-plane, and has a simple pole at
s = 2l with the residue of the following form:

2 T, L(i, )
vol(Her,, (C)/Her,,(O) TT1y " L(2m — i, x?)

am L, (m)~!

‘We note that
vol(Her,, (C)/Her,,(0)) = gm(1-m)/2 pm(m—1)/4

Thus we prove the assertion. O
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4. REDUCTION TO LOCAL COMPUTATIONS

To prove our main result, we give an explicit formula for R(s, I,,(f)). To do this,
we reduce the problem to local computations. Let K, and O, be as in Notation.
Then K, is a quadratic extension of Q, or K, = Q, ® Q,. In the former case let
O,, be the ring of integers in K, and f,, the exponent of the conductor of K,,/Q,. If
K, is ramified over Q,, put e, = f, — 92, where d ,, is Kronecker’s delta. If K, is
unramified over Qp, put e, = 0. In the latter case, put O, = Z,&Z,, and e, = f), =

0. Moreover put Her,,,(O,) = p» Her,, (O,). We note that I/-I\e/rm(Op) = Her,,(0,) if
K, is not ramified over Q,. Let K be an imaginary quadratic extension of Q with
the discriminant —D. We then put D = [], , p®, and Her,,(O) = DHery,(O).
Now let m and [ be positive integers such that m > [. Then for an integer a and
A € Her,,,(0,), B € Her;(O,) put

Aa(A, B) ={X € Mypu(Oy)/p"Mmu(Op) | AX] - B € p“ﬁ\é}l((ﬂp)},
and

B.(A, B) = {X € A,(A, B) | ranko jpo, X = 1}.

Suppose that A and B are non-degenerate. Then the number pa(72ml+12)#Aa(A, B)
is independent of a if a is sufficiently large. Hence we define the local density
ap(A, B) representing B by A as

ap(A, B) = lim p*2mH+ 44 (A, B).

a— o0

Similarly we can define the primitive local density (,(A, B) as

Bp(A,B) = lim p*2m+IUB (A, B)

a—r 00

if A is non-degenerate. We remark that the primitive local density 8,(A, B) can be
defined even if B is not non-degenerate. In particular we write a,(A) = (4, A).
Let U; be the unitary group defined in Section 1. Namely let

U, = {u S RK/Q(GLl) | uu = 1}.
For an element T € Her,,(O)), let
Upr = {det X | X € Up(K,) N GLym(0,))}.
Then (j;/,T is a subgroup of Uy ;, of finite index. We then put
lpr = [U1p : Upr)]. We also put

(1+pH~t if K,/Q, is unramified
Up = (1_1771)71 if Kp:QpEBQp
21 if K,/Q, is ramified.

For a subset 7 of O, put
Her,, (T) = Her,,,(Op) N My, (T),
and for a subset S of @, put
Her,,(S,T) ={A € Her,,,(T) | det A € S},
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and }/I\e/rm(S,T) = Her,,,(S,7) N Ijlgrm((’)p). In particular if S consists of a single
element d we write Her,,(S,T) as Her,,(d,T), and so on. For d € Z-o we also
define the set Her,,(d, O)" in a similar way. For each T € Her,,(O,)* put

FOT, X) = F,(p~* T, X)
and
F")NT, X) = Fy(p~* T, X).
We remark that
(0 _ —ord,(det T’ epm—fp[m/2 0 —m v2
FEO(T, X) = X—ordpdetT) xepm=Tplm/2 pO)( p=m x2),
For d € Z,; put
(0 —1\ (0 _
3 FV (A, X HE" (A, Y1)

Amap(d, X,Y) =
#l ) uplp, ac,(A)

AeHer,, (d,0,)/SLm(0,)

An explicit formula for Ay, ,(p’do, X,Y") will be given in the next section for dy € /2
and 7 > 0.
Theorem 4.1. Let f be a primitive form in Sopy1(Io(D), x) or in Sax(SLa(Z))
according as m = 2n or 2n + 1. For such an f and a positive integer dy put
am(f; dO) = H )\m,p(d07 Oép,ap)7
P

where o, is the Satake p-parameter of f. Moreover put

fmeD = Dms—2k+lo)+(2k—lo)[m/2]—m(m+1)/4—1/2

m
X2—(:Dm(s—2k—2n)—m+1 H FC (Z),
i=2
where lg = 0 or 1 according as m is even or odd, and cp = 1 or 0 according as 2
divides D or not. Then for Re(s) >> 0, we have

R(S, Im(f)) = MUm,k,D Z am(f§ dO)das+2k+2n'
do=1

Proof. We note that R(s, I,,(f)) can be rewritten as
Z aIm(f)(f)_lT)aIm(f)(ﬁ_lT)

R(s,In(f)) = D™ (T (det T)®

TeHer,, (O)* /S Ly (O)

For T € ITI\eer(O)+ the Fourier coefficient alm(f)(ﬁ’lT) of I,(f) is uniquely de-
termined by the genus to which T belongs, and can be expressed as
lar,, () (DT = (DI™/AD=™ det T)* 1o T EO(T, ) E(T @5).
P

Thus the assertion follows from [[14], Corollary to Proposition 3.2 and Proposition
3.3]. (See also the proof of [[14], Theorem 3.4].) O
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5. FORMAL POWER SERIES ASSOCIATED WITH LOCAL SIEGEL SERIES

Let K, be a quadratic extension of Q,, and @ = w, and 7 = m, be prime
elements of K, and Q,, respectively. If K, is unramified over Q,,, we take w =7 =
p. If K, is ramified over Q,, we take 7 so that 7 = Nk q,(@). Let K, = Q,®©Q,.
Then put @ = 7 = p. For dy € Z, put

I:Im,,p(d(h X7 Y7 t) = Z A:(n,p(pidOa X7 Y)tl7
i=0
where for d € Z)* we define Xy, (p'do, X,Y') as

7(0) —1\ 7(0) -1
. Fp (A, X )F (A Y )
A p(d, X,Y) = § P P )

A€Her,, (dNK, /q, (0}),0p) /G Lm(O,)
‘We note that

Ao p(d, X,Y) = o (A)

A€Hery, (dNg, /g, (03),0p) /G Ly (Op)
In Proposition 5.5.1 we will show that we have
Ap(d, X, Y) = upAp p(d, X,Y)

for d € Z and therefore
A~ > . .
Hy o (do, X, Y, 1) =y Y A p(p'do, X, Y)E
=0
We also define H,, ,,(do, X, Y,t) as

Hyp(do, X, Y, 1) = N5, (7w do, X, YT,
=0

We note that H,, ,(do, X,Y,t) = ﬁm,p(do, X,Y,t) it K, is unramified over Q, or
K, =Q, ®Q,, but it is not necessarily the case if K, is ramified over Q,. In this
section, we give explicit formulas of H,, ,(do, X,Y,t) for all prime numbers p (cf.
Theorems 5.5.2 and 5.5.3), and therefore explicit formulas for ﬁnl,p(d07 X,Y,t) (cf.
Theorem 5.5.4).

From now on we fix a prime number p. Throughout this section we simply write
ord, as ord and so on if the prime number p is clear from the context. We also
write vi, as v. We also simply write ﬁ&m,p instead of }Te/rm(Op), and so on.
For a GL,(Op)-stable subset B of Her,,(K,) we simply write ),z instead of
ZTGB/GLm(O,,) if there is no fear of confusion.

5.1. Preliminaries.

Let m be a positive integer. For a non-negative integer ¢ < m let

1y O
Dos =610 (15 ) 6Lal0)),
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and for W € D, ;, put I, (W) = (—1)'p!=D/2 where a = 2 or 1 according as
K, is unramified over Q, or not. Let K, = Q, ® Q. Then for a pair ¢ = (i1, i2) of
non-negative integers such that iq,i5 < m, let

17n—i1 0 lm—ig 0
u=atnion (e 0 V(T 0 )}t

and for W € D,,; put I, (W) = (—1)Fizpit(a=1)/24i2(2=1)/2 n either case
K, is a quadratic extension of Q,, or K, = Q, & Q,, we put II,(W) = 0 for
W e M, (07) \UiZo Poni-
For non-degenerate Hermitian matrices S and T' of degree m, we put
) — T —m?e s
aP(S7TaZ) —eh_rgloop AE(S’Tvz)v
where

Ac(S,T;i) = {X € My, (0p) /0 My (Op) € Ae(S,T) | X € Dy}

For two elements A, A" € Her,,(0)) we simply write A ~g, (0,) A" as A ~ A’
if there is no fear of confusion. For a variables U and ¢ put

m

U, =[1=a"7"0),  bml(a) = (0:Q)m-

i1
We note that ¢,,(q) = H;—Zl(l — qi). Moreover for a prime number p put
¢?) if K,/Q, is unramified
2

G (
dmp(@) =1 Pm(a)® HK,=Q,®Q,
ém(q) if K,/Q, is ramified

Lemma 5.1.1. (1) Let Q(S,T) = {w € M,,(0,) | Sjw] ~ T}, and Q(S,T;i) =
Q(S,T) N Dyyi. Then we have

Oép(S, T) _ #(Q(S, T)/GLm(Op))pfm(ord(detT)ford(detS))’
ap(T)
and _
aP(S7 T7Z) _ #(9(57 T;i)/GLm(Op))pfm(ord(detT)ford(det S))
ap(T)

(2) Let (S, T) = {w € My (0,) | S ~ Tw=']}, and Q(S, T;i) = Q(S, T)NDyp.si-
Then we have

o(ST) _ Q
%w),#@uxmmwﬂ»
and (s )
ap (S, T4 . P -4
‘;ﬁﬁ*_#mh“%ﬂm&n))
o, (S,T) a,(S,T)

Proof. The assertions for =27 and =2-7%5* have been proved in [[14], Lemma

4.1.3). The assertions for 2210 5nq 2T oqn also be proved in a similar
ap(T) ap(S)

way. ([l
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We define a reduced matrix. A non-degenerate square matrix W = (d;;)mxm
with entries in Z,, is said to be reduced if d;; = p® with e; a non-negative integer,
d;; is a non-negative integer such that d;; < p® —1 for ¢ < j, and d;; = 0 for 7 > j.
Let K, = Q, @ Q,. Then an element W = (Wy, Wa) of M,,(O,)* with W1, W, €
M, (Z,)* is said to be reduced if Wi and W5 are reduced. Let K, be an unramified
quadratic extension of Q,, and 6 be an element of O, such that O, = Z, + Z,0.
Then a non-degenerate square matrix W = (di;j)mxm with entries in O, is said
to be reduced if d;; = p* with e; a non-negative integer, d;; = dgjl-) + dg-)e with
dl(»Jl»), dg?) non-negative integers such that dz(-jl.)7 dg) <p%—1fori < j,and d;; = 0 for
i > j. Let K, be a ramified quadratic extension of Q,, and @ be a prime element of
K. Then a non-degenerate square matrix W = (d;;)m xm with entries in O, is said
to be reduced if d;; = w® with e; a non-negative integer, d;; = dl(-jl-) + dg)w with

dl(»;), dl(.jz») non-negative integers such that dgjl-) < pllestD/2l 10 < dg) < ples/A -1
for ¢ < j, and d;; = 0 for ¢ > j. In any case, we can take the set of all reduced

matrices as a complete set of representatives of GL,, (Op)\M,,(Op)*. Let m be an
integer. For B € Her,,(O,) put
Q(B) = {W € GL,(K,) N M,,(0,) | BIW™'] € Her,,(0,)}.
Moreover put Q(B,i) = Q(B) N Dp.i- Let » < m, and 4, ,,, be the mapping from
GL,(K,) into GL,,(K,) defined by ;. ,,(W) = 1., LW.
For a subset T of O, we put
Her,,,(T)y = {A = (a;;) € Her,,(T) | ai; € 7%, }.
From now on put
Her,, (Op)1 if p=2and f, =3,
Her,, «(O,) = ¢ Herp,(wOp)1 if p=2and f, =2
Her,,(Op) otherwise,
where w is a prime element of K. Moreover put i, = 0, or 1 according as p = 2
and f = 2, or not. Suppose that K,/Q, is unramified or K, = Q, ® Q,. Then
an element B of Her,,(O,) can be expressed as B ~GL,(0,) lrLpBs with some

integer r and By € Hery,—, . (O,). Suppose that K,/Q, is ramified. For an even
positive integer r define ©, by

r/2

0 w 0 wh
o (o % )i ( =)

where % is the conjugate of @ over Q,. Then an element B of Ijlam(Op) is expressed
as B ~gr,.(0,) O L7 By with some even integer r and By € Her,, ;. .(0,). For
these results, see Jacobowitz [11].

Lemma 5.1.2.
(1) Suppose that K, is unramified over Q, or K, = Q, ® Q,. Let B €
Hery,—ny (Op). Then m_pn, m induces a bijection from GLm_no(Op)\ﬁ(pBl) to
G L (O)\Q(1, LpBy), which will be also denoted by Yy —ny.m-
(2) Suppose that K, is ramified over Q, and that ng is even. Let By € Herp,—p, (O,).
Then W —ny.m induces a bijection from GLm,nO(Op)\ﬁ(wiP By) toGLy, ((91,)\@(@”O L7t By),
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which will be also denoted by VYu—ny m. Here ip is the integer defined above.
(3) The assertions remain valid if we replace Q(B) with Q(B, i).

Proof. The assertions (1) and (2) are due to [[14], Lemma 4.1.4]. We prove (3).
Assume that K, is unramified over Q, or K, = Q, ® Q,. Clearly ¢,_n,m is
injective. To prove the surjectivity, take a representative W of an element of
GLp(0p)\Q(1,,,LBy). Without loss of generality we may assume that W is a re-
duced matrix with diagonal elements p” (0 < r < 1). Since we have (1,,, L B1)[W 1] €
ﬁ_e\r;(Op), we have W = 18’” T/g with W, € Q(Bl,i). This proves the as-
1
sertion. Similarly the assertion holds in the case K, is ramified over Q,.
O

5.2. Formal power series of Andrianov type.

For an element T € ﬁ&m(op), we define a polynomial C:‘p(T, X,t)in X and ¢
by

(T, X, 1) Z > IL,(W)t @t W) O (Pl =1 X).
i=0 WEG Ly, (Op)\Din.i
We also define a polynomial G, (T, X) in X by

X)=) Yo () W, (W) EO(TW ], X).
i=0 WEGLy, (Op)\Dm,:

Moreover for an element T' € ITI\e}mJ, we define a polynomial B,(T,t) in ¢ by

D oy o
;U( ) )_ GP(T,tQ) ’

where 77 =1 or &p according as j is even or odd. We note that

p
ép(T, X, 1) _ X—ord(det T))(e,]m—fp[m/Q]C;p(T7 Xp_m).

Now we recall several results in [[14]].

Lemma 5.2.1. [[14], Corollary to Lemma 4.2.2] (1) Suppose that K, is unramified
over Q, or K, = Q,®Q,. Let T =1,,_, LpBy with By € Her,.(O,). Then we have
r—1

Gp(T,Y) = H(l - (fpp)mﬂy)-

i=0

(2) Suppose that K, is ramified over Q. Let T = O,,,_, L7 By with B; € Her, .(Op).
Suppose that m — r is even. Then

[r=2)/2] .
Gp(T, Y) _ H (1 7p22+2[(m+1)/2]Y).
1=0

Lemma 5.2.2. [[14], Lemma 4.2.3] Let B € ITI\e_}m(Op). Then we have

EO(B.X)= 3 GBI X)X e,
W EG L (0p)\Q(B)
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Corollary. [[14], Corollary to Lemma 4.2.3] Let B € Her,, (Op). Then we have

!
77(0) _ yepm—fplm/2] —ord(det B) aP(B ) B)
F, (B,X)=X - E X 7@1)(3/)
B’e€Her,, (0p)/GLpy (Op)

XGP(B/’pmeQ)Xord(dct B)—ord(det B’).

By Lemma 5.2.1, we easily obtain:

Lemma 5.2.3. (1) Suppose that K, is unramified over Q, or K, = Q, ® Q,. Let
T =1,,—,1pBy with By € Her,.(O,). Then we have

m—1

B,(T,0) = T[ (1~ (&n)" ).

(2) Suppose that K, is ramified over Qp. Let T = ©,,_, Lp» By with By €
Her, .(Op). Then
[(m—2)/2]
B,(T,t) = H (1 — pit2lim+1)/2ly2y,
i=[(r=1)/2)+1

For a non-degenerate semi-integral matrix 1" over O, of degree n, put
S, (T, X,t) = > FEO(T[W], X)ev(det W),
WEMm(0p)* /G L (Op)

This type of formal power series was first introduced by Andrianov [A] to study
the standard L-functions of Siegel modular forms of integral weight. Thus we call
it the formal power series of Andrianov type. (See also [3], [15]). The following
proposition can easily be proved by (1) of Lemma 5.1.1.

Proposition 5.2.4. Let T € ﬁe?m(op). Then we have

F"(B,X)a,(T, B)
Z ap(B)

tord(dct B) _ tord(dct T) Sp(T, X,pimt).

BeHer,, (0,)

Put K™ = IC(()m)L{(m)(R). Let H(U™ (A), K™)) be the Hecke ring associated
with the Hecke pair (U™ (A), K™). Then H(U™ (A), K'™) acts on
Moy U™ (Q)\U™ (A), det ™) as in [10]. We call an element F of
Mo (U™ (Q)\U™ (A),det™") a Hecke eigenform if it is a common eigenfunction
of all Hecke operators T in H (U™ (A), ™). Then for each element

-1

7 € GLiyn(A)N]], M (Oy), let Ap(r) be the eigenvalue of Kcim) ( TO 7’0* > Kcim)
with respect to F, and define a Dirichlet series ¥(s, F') by

(s, F) = Z Ar(r)| detr|y,
TEIC(m)\(GLm(A)ﬁHp M., (0p)) /K ™)
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where |detr[a = [, |detry|k, for r = (rp) € GLn,(A) N[, My (Op). Then there
exists an Euler product Z(s, F') such that

s, F) = [[L2s—i+1.x")Z(s, F).
i=1
We then put
L(s,Fyst)=Z(s+m—1/2,F),

and call it the standard L-function of F' in the sense of Shimura. We note that
our standard L-function coincides with that in [10] up to Euler factors at ramified
primes.

Now we define the Eisenstein series on 2™ (A) and consider its standard L-

function in the sense of Shimura. Let P be the maximal parabolic subgroup of
U™ defined by

P(R)={y=(§}) eu™™(R)}
for any Q-algebra R. erte an element g = (g,) € U™ (A) as

(p)p<oc = ((aop ZZ >>p<oo (Kp)p<oo

f2(g) = [ [ | det(dpdy)|, " 5(goe, 1) 2 (det goo)".
p

Let [ be a integer such that [ > m. We then define the normalized Eisenstein series
as

By () =2 [[LG -2 Y. fa().
i=1 YEP(@QWUM(Q)
Put

e (Z)=2"T[ LG - 20,7
j=1

x [ Idet(t: ) det(E; )L, > (det ¢)'i(g, 2)~%

P ge(NP(Q\ I
fori=1,..., h, where (t;,) be the element of G(™) (A ) defined in Section 2. Then
Egn) is written as

1) 2) h
By = (€51 Extr -+ Exn)-
Now put
Lo p(X, 1)
H{(1 —pMFEELX22) (] — 2Tl X 22—l if K,/Q, is unramified

= T p /2R x 2 (1 = 2R R i K, = Qe Q,

H{(l —p_m/2+i_1/2Xt)(1 — p_m/%‘i_l/zX_lt)}_1 if K,,/Q, is ramified.
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Proposition 5.2.5. Egl") is a Hecke eigenform in My (U™ (Q)\U'™ (A), det ™),
and its standard L-function L(s, Egln), st) in the sense of Shimura is given by

L(s, Y, st) = [ L™+, 07%),
P

Proof. The assertion is more or less well known (cf. [[10], Proposition 13.5]). But
for the sake of completeness, we here give an outline of the proof. For each prime

number p let ICl(jm) = Un(Qp) N GL2p,(0p). Moreover, for each n € U, (Q,) we

write n = (Z" Z”) with a,, by, ¢, and d,, € M,,(K,). First assume that K, is a
n Oy

field. Then for any u € Uy, (Qp), we can write the coset IC,(,m)uICI()m) as
(m)jcm) — | | xctm) (@0 b
KimMuk§m = | |k (0 dn) ,
n

where d,, is an upper triangular matrix whose diagonal components are we . mem (D)
with e1(n),...,en(n) € Z. Then, by a simple computation we have

B G uicim) = 37 g e em @i,
n

where ¢ = p? or p according as K,/Q, is unramified or ramified. We note that
g Herm)ttem(n) — HZZl(q_iq_l'*'i)ei("). Thus, by [[24], (16.1.3)], [[25], Theorem
19.8] and [[25], 20.6], we can prove that the Euler factor of E(S,Egln),st) at p is
Cmyp(p*”m/?,p’s). Next assume that K, = Q, ® Q. Then, by [[25], p. 163], for

any u € Un (Q,), we can write the coset K™ ukcl™ as

(m m) _ m a b
K )UIng )_|_|;C}(7 )<On dZ)’
n

where d,, is a pair of upper triangular matrices whose diagonal components are

per M pem (D with e (1), ..., em(n) € Z and pem+1 (D pe2m) with e, 1(n), . .., e2m(n) €

Z, respectively. Then, by a simple computation we have

Egl”)vcl()mmlcz()m) — Zp—l(el(n)+~~+ezm(n))Eg7l”)_
n
We note that p—l(€1(77)+"'+62m(71)) = H;zl(p—ip—l‘i‘i)ei(’?) (p—ip—l+i)em+7:(n)_ Thus,
by [[25], p. 163], [[25], Theorem 19.8] and [[25], 20.6], we can also prove that the

Euler factor of £(s, Egln), st) at p is Ly p(p~!T™/2,p~%). This completes the proof.
([l

For an element z = (z,) € A put ea(z) = (o) [ [, o €p(—7p). We also denote
by HER,, the algebraic group defined over Q such that HER,,,(S) = Her,,, (SQ@ K)
for any Q-algebra S. Then for any u € G,,(A) and s € HER,,(A) we have the
following Fourier expansion:

(m) ((u(u) "'\ _ Tot 1) (m) (. *
E,, ((0 (W)t )) = (det u det u) TGHZ " ¢y (Tiu)e(vV—1tr(u*Tu))ea (tr(As)),
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where cgl") (T;u) is a complex number depending only on Egl"),T, (Up)p<oo and
(uu*)oo (cf. [[24], Proposition 18.3). Here we have cgln) (T;u) # 0 only if T is
semi-positive definite. _ _
Remark. For any T’ € Her,,(K)™, the T-th Fourier coefficient ) (T) of 50

2l,m 2l,m

is equal to ¢\ (T, (t; ) (cf. [[25], (20.9F)]), and it is given by

—m m/2 75 % —l+m
Amh/(T)‘l /2 H | dEt(ti,p) K’{ Fp(ti,thi,pvp l+ /2)a
p

(Z)

where A,, = (—1)™ or 1 according as m = 2n or m = 2n + 1 (cf. [9], pages 1134-
1135). We notice that A,, appears in the above formula because the definition of

F,(*,X) is a slightly different from that in [9] as remarked in Section 2. In general,
for any T’ € Her,,(K)" and u = (u,) € G(™) (A ;) we have

m —-m m/2 1 * —l4+m
e (T ) = Ay (D)2 [ T | det up |3/ >, (uf Ty, p~772).
P
This can be proved in the same way as above.
Theorem 5.2.6. Let T be an element of Her,, (O,)*. Then we have

Sy(T, X, t) = By (T, p™?1)G (T, X, t) Lo (X, p™/>~1/21).

Proof. Take an element Te I-’I\cjrm((’))+ such that T ~GLn(0,) T Then we have
S,(T, X,t) = S,(T, X, t)

and
By(T,p~™?t)G,(T, X, t) = B,(T,p~"™/*t)G,(T, X, 1).

Write Sp(f7 X,t) and BP(T, gf’"ﬂt)ézg(T“7 X, ) Lo (X, p™/271/2t) as

Sp(T, X, ) =Y ri(X)t,
1=0
and -
By(T,p~™*1)Gp(T, X, 1) Lo p (X, p™/27121) =3 si(X)E'.
=0

Then r;(X) and s;(X) are polynomials in X and X ~!. For a positive integer [ and

—

A € Her,,,(O)*, put

D, (s, A, Eé,ln)) _ Z |detW|;(Tc§’l”) (A, W)p—svicp (det W),
WEMp(0p)* /GLm(0y)
and
Gotm(4,5) = > I, (W)el (A, W H)p~ s (et W),
WEGLm (Op)\Mm(0p)*

where for V€ M,,(K,)* we denote by V= (V,) the element of G(™ (A ) such
that V, =V and V, = 1,, for any ¢ # p. Then by Proposition 5.2.5 and by using
the same argument as in the proof of [[25], Theorem 20.7], we obtain

D, (s +m/2, 5_1f, Egln))
= Gom(D7'T, 5+ m/2)By(T,p=*"™/2) Ly p (p~ /2, pm/271/275)
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for any positive integer [ > m. By the above remark, for any A € Her,,(K)" and
Ve Mp(Kp)* we have

cé}”)(A, ‘7) =d(l,m; A)| det V|?£2ﬁp(V*AV, pHm2y
where d(l,m; A) = Ay (A 10, Fy(A,q~"*™/2). Hence we have

Dy(s +m/2, DT, BY) = d(l,m: D™ 1) S, (T, p~ /2, p7),
and B L o
G2l,m(D_1T7 s+m/2) =d(l,m; D_lT)Gp(T7P_l+m/2ap_s)>
and therefore o B
d(l,m; D7T)S,(T,p~'*™/2 p=*)
= d(l,m; D' T)By(T, p~* ™) G (T, p~ ™2 p=*) Loy (p~ /2 pm/2=1/2 %)
for any positive integer { > m. We note that d(I, m; IND_ITV) # 0 for [ > m. Hence
we have

Sp(f,pfl+m/2’ t) _ Bp(f’pfm/Qt)ép(f’p7l+m/2’ t)ﬁmyp(p7l+m/2’pm/271/2t)

for any integer [ > m. This implies that r;(p~+™/2) = s,(p~+™/2) for infinitely
many positive integers I. Hence we have r;(X) = s;(X). O

Now by Theorem 5.2.6, we can rewrite H,, ,,(do, X, Y, t) in terms of G,(B’,Y), B, (T, t)
and Gp(T, X, t) in the following way: For dy € Z, put

Fnp(do) = | J Hery (w'do Nk, 1, (O3), Oy),
1=0

and define a formal power series R,,(do, X,Y,t) in t by

GP(B/a X7p7th)
ap(B’)

Ry (do, X,Y,t) = Y

B'€Fm p(do)

% (tyfl)ord(det B')BP(B/’ pffirrL/Zyvt)C:p(BI7 pfmy2)'

Theorem 5.2.7. We have

Hpp(do, X, Y, t) = Yorm=lem2IR (do, X, Y, ) Lo (X, tY p~™/271/2)
for do € 2.
Proof. We note that Hy, ,(do, X,Y,t) can be written as

(0 (0
tord(detB)Fp( )(BaX)FP( )(BaY)

Hypp(do, X, Y 0) = ) o (B)
P

BEFm,p(do)
Hence by Corollary to Lemma 5.2.2, we have
. =(0
Z to d(det B)Fp( )(B, X)

H,, ,(do, X, Y, t) = Yerm—Tfelm/2]
,P( 0y Ay Ly ) ? ? Oép(B)

BeFm,p(do)

% Z y —ord(det B )Gp(Blv p/imYQ)Oép(B/, B) Yord(dct B)—ord(det B) ]
= ap(B’)
B’eHer, (Op)
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Let B,B’ € }EW(OP), and suppose that a,(B’, B) # 0. Then we note that B €
Fmp(do) if and only if B" € F,, ,(do). Hence by Proposition 5.2.4 and Theorem
5.2.6 we have

Gp (B/, p—my2)y—20rd(det B’)

y-eemtblm/A g (dy, X, Y, ) =
,p( 0, Ay Ly ) Z Olp(B/)
B'€Fm,p(do)
F” (B, X)ay(B', B) |+ ora
s ’ tY)er (det B)
) ; ap(B) ()
BeHer,, (0Op)
G (B'.p~mYy?2 Y—20rd(detB/) ,
— Z P( P ) / (ty)ord(detB )Sp(B/7X, tYp—m)
Z ap(B’)
B’'€Fm,p(do)
_ Z GP(B/7 )faBZi)th) (tyfl)ord(det B’)
«
B'€F . p(do) P

XBp(B',p~ Y )G (B, p™ Y ?) Lo p (X, Y p~/2712),

5.3. Formal power series of modified Koecher-Maass type.

Let r be a positive integer, and do € Z;. We then define a formal power series
P.(dy, X,t) in t by

ﬁTEO)(B’X) ord(det B

Pr(do, X, t) = Z Wt (det B)

BeF, p(do)
This type of formal power series appears in an explicit formula of the Koecher-
Maass series associated with the Siegel Eisenstein series and the Tkeda lift (cf. [7],
[8]). Thus we call this the formal power series of Koecher-Maass type. To prove
Theorems 5.5.1 and 5.5.2, the main results of Section 5, we define a formal power
series Jgr(do, X,Y,t)int by

5 G,(B, X, tY p
P.(do, X,Y,t) = Z P(aéy’))(ty—l)ord(dem )
B'€F,p(do) P

The relation between ﬁ’r(do, X,Y,t) and P.(dp, X,t) will be given in the following
proposition:

Proposition 5.3.1.
(1) Suppose that K, is unramified over Q,. Then
Po(do, X, Y, t) = P,(do, X,tY 1) ﬁ(1 — a2,
i=1
(2) Suppose that K, = Q, & Qp. Then
Py(do, X, Y, t) = Py(do, X, tY ) f[(l L I

i=1
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(3) Suppose that K, is ramified over Q. Then

P,(do, X, Y, t) = P.(do, X, tY 1) H(l 2yl

i=1

Proof. First suppose that K, is a quadratic extension of Q,,. For each non-negative
integer ¢ < r put

EBW1, X)
P.i(dy, X, t) = E E p ) tord(detB)'
sl 1) = ap(B)
BeF, p(do) WeGL(Op)\Dr,i
Then by (2) of Lemma 5.1.1 we have

7(0) (s / .

1 Fy/ (B, X)a,(B', B;i)

P, ;(do, X,t) = E S E p J p\2 > P25 t) jord(det B)
,Z( 0y Ay ) B) ap(B/)

= ap =
BeF, p(do) B’c€Her,(0Op)

Let B,B’ € ﬁ\e/rr(@p), and suppose that «a,(B’,B;i) # 0. Then we note that
B € F,,(do) if and only if B’ € F, ,(dp). Thus by (1) of Lemma 5.1.1 we have

Pr,i(dOaX7 t)

= Z M Z tord(det B) M
ap(B’) ap(B)

B'€F, p(do) BeHer,(0,)

7(0) ( s
F B, X ord(det B’ e
S B BN e )y p, L 1GLL(0,) 15,
p= ap(B)

B/G}'T,p(do)

where e = 2 or 1 according as K,,/Q, is unramified or ramified. By using the same
argument as in the proof of Lemma 3.2.18 of Andrianov [1], we have

ér(p°)

D,./GL.(0,)) = ————F——.
#( s / ( P)) ¢i(pe)¢r—i(pe)
Hence we have
Pr,i(d07Xa t)
ﬁZSO) (Bl?X) ord(det B’) ¢7’(pe) —r\ei
= R —
) 5o i) )
or(p°)

=— "2 __P.(dy, X, t)(tp™").
®i(p®)pr—i(p©) (do, X, )(tp77)
Then we have

Pr(do, X, Y,t) =Y (=1)'p" V2 (Y ) Py (do, X, 1Y ).
=0
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Hence we have

T

~ L o ) (b,,,(pe) 1
P.(dy, X,Y,t) = -1 zpz(z+1)e/2 pe( T 1)t2€ % P.(dy, X, tY
(do, X,¥,8) = 3 (1) ( S ooy )
_ Pr(doa X, tyfl) H(l _ t26p6(77’71+i)).
i=1
Next suppose that K, = Q, © Q,. For a pair ¢ = (i1,42) of non-negative integers
such that i1,79 < r, put

ﬁ(O) (B W_l 7X) OT' e
Praldo, X,1) =Y > R
BEF, (do) WEGL(Op)\ Dy P

Then by using the same argument as above we can prove that
¢r (p) ¢r (p) —r\i1+7
Pr,i do, X, t) = P.(dy, X, t tp Tyiitiz
o X = G o) 60— ) O

Hence we have

Pr(dOa Xv Y7 t)
— Z Z(71)i1+2’2pi1(i1+1)/2+i2(i2+1)/2(pf’l‘fth)i1+i2
11=019=0
¢ (p) ¢ (p)

P, (dg, X, tY 1)

" G0 (D) br—ir (D) 61 (D)o ()

= P(do, X,tY ) [ (1 = 277712,
=1

This proves the assertion.

Now we consider a partial series of ﬁr(do, X,Y,t). For dy € Z;, we put
Qr(dO) Xa K t)
B 3 G,(x» B, X, 1Y)
a ap(m'r BY)

(tY_l )ord(det 7P B) )

B'en~2 F, p(do)NHer,. . (Op)
To consider the relation between ﬁr(do, X,Y,t) and Q,(do, X,Y,t), and to express
R, (do, X, Y, t) in terms of P,(dy, X, Y, t), we provide some more preliminary results.

Let X be a variable. First suppose that K, is unramified over Q, or K, =

Q, ®Q,. Put £, = /=1 or 1 according as K, is unramified over Q, or not. Let
H,, = Hp,(-, X) be a function on Her,,(0,)* with values in C[X, X '] satisfying
the following condition:

Hy(Lyop LpB, X) = £(n=mlorddet®B) f (pB, €77 X) for any B € Her,(O,).
Let dy € Z;,. Then we put

Hy, (1 LpB, X) ford(det(pB))
ap(lm—rLpB) '

Q(dO,H"L,’/‘,X,t) = Z

Bep—1F, p(do)NHer,(Op)
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Next suppose that K, is ramified over Q,. Let H,, = H,,(-,X) be a function on
Her,,,(O,)* with values in C[X, X ~!] satisfying the following condition:

H, (Op—rLn'» B, X) = H,(r» B, X) for any B € Her,,(0,) if m — r is even.

Let dp € Z;, and m — r be even. Then we put

Hn(Om—r L7 B, X) ades(r
J Hm X f) = m m—r . £0r (det(w*? B))
Q( 0, T ’ ) o Z ap(@m_rJ_ﬂ'ZPB)
Ben™ P Fp p(do)NHery, . (Op)

Then we have the following (cf. [[14], Proposition 4.2.4]).

Proposition 5.3.2.
(1) Suppose that K, is unramified over Q, or K, = Q,®Qyp. Then for any dy € Z,
and a non-negative integer r we have
Qdo, Hy, 1, &5 " X, § 1)
¢m—r(€pp71)

(2) Suppose that K, is ramified over Q. Then for any dy € Z;, and a non-negative
integer r such that m — r is even, we have

Q(d07 H’ma r, Xa t) =

Q(d07 Hra T, Xa t)

Q(do,Hm,T,X,t) = — :
¢(m7r)/2<p 2)

Now to apply Proposition 5.3.2 to the formal power series R,,(dgy, X,Y,t) and
Q. (do, X, Y, t) we give the following lemma.
Lemma 5.3.3. Let m be an integer.
(1) Suppose that K, is unramified over Q, or K, = Qp, ® Q,. Then for any integer
such that r < m, and B’ € Her,(O,) we have

(Lo LpB', X, t) = G, (pB, & "X, 7' 78).

(2) Suppose that K, is ramified over Q. Then for any non-negative integer r such
that m — r is even, and B’ € Her, ,(Op), we have

Gp(Op_r LB’ X, t) = G, (x'* B', X, t).
Proof. By Lemma 5.2.1 (1), we have
Gp(17n—TJ—pB/7X) = Gp(pB/aé.;)niTpmirX)
for B" € Her,.(O,). Hence by Corollary to Lemma 5.2.2 we have
(0 _ F(m—r)ord(det(pB’)) (0 Fm—r
EO (Lyn—y LpB', X) = - nerd@et®ED EO (pB’, 777 X)

for B’ € Her,(O,). Thus the assertion (1) follows from (3) of Lemma 5.1.2. The
assertion (2) can be proved in a similar way. O

Let R, (do, X, Y, t) be the formal power series defined at the beginning of Section
5. We express R,,(do, X,Y,t) in terms of Q,(do, X,Y,1).
Theorem 5.3.4. Let dy € Zj,
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(1) Suppose that K,, is unramified over Q,. Then
m r—1 2 m—1 m —2m-+ivy 242
(1 — (-1 'Y 1—(—1)™(— Y-t
oy .-y = $= T2 0= CUP R VAT 0 () (p) )
Gm—r(—p~ )
X Qr(d07£;n_rX7p_m/2Y7 é;rL—Tp—m/Zt).
(2) Suppose that K, = Q, ® Qp. Then
m Hf:&(l _ piyz) Hﬁi—l(l _ p—2m+iyzt2)
Ry (do, X, Y, 1) = i= i=r
(e =2 Gm—r(p™1)
X Qr(do, X, p~™2Y, pm " 2t).
Throughout (1) and (2), we understand that Qo(do, X,Y,t) = 1.

(3) Suppose that K, is ramified over Q. Let i, = 0, or 1 according as p = 2 and
f2 =2, or not as defined in Section 5.1.

(3.1) Let m be odd. Then

(mZI/Q (1 . p2i+1y2) Hgm 3)/2( p72m+2i+ly2t2)

T

do, X, Y, 1)
Bon(do Pim—2r—1)/2(p72)

% (tY )(m 2r— 1)ip/2Q2T+1((—1)(m_2r_1)/2d0,X7p_m/2Y,p_m/2t).

(3.2) Let m be even. Then

m/2 i m —2m42i
Z e ) ) L Oy it )

D(m—2r)/2(P7?)
% (tY )(’H'L 27)ip/2Q2T((_1)(7n—27')/2d07X’p—m/QKp—nL/Qt).

Here, for u € Z; we understand that Qo(u, X,Y,t) =1 or 0 according as
u € Nk, /q,(O,) or not.

Ron(do, X, Y1)

Proof. First suppose that K, is unramified over Q, or K, = Q, ® Q,. Let B be
an element of Her, (Op). Then we note that 1,,_,.LpB belongs to fm,p(do) if and
only if B € p~F,,(do) N I/fe/rT(C’)p). Thus the assertions (1) and (2) follow from
Lemmas 5.2.1, 5.2.3, and 5.3.3, and Proposition 5.3.2.

Next suppose that K, is ramified over Q,. Let B be an element of I?e/rr(Op). Let
m—r be even. Then we note that ©,,_, L% B belongs to .}N'm’p(do) ifand only if B €
7= F, »((—=1)™=")/2dg)NHer, . (O,). Moreover we note that ord(det(0,, _, L7'» B)) =
(m — 1)i,/2 + ord(det(n’» B)). Thus the assertion (3) can be proved similarly to

above.
O

Now to rewrite the above theorem, first we express ]Sm(dO,X ,Y 1) in terms of
Qr(do, X, Y, t).
Proposition 5.3.5. Let dy € Zj,.
(1) Suppose that K, is unramified over Qp, or K, = Q, ® Qp. Then

_ ) ) m 1
Pp(do, &' XY, ') = ) —F——~
o XG0 =2 G e

(2) Suppose that K, is ramified over Q.

Qr(do, &5 X, Y, E0t).
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(2.1) Let m be odd. Then

o~ 1
tY_l (l—m)’Lp/QPm _ m— 1)/2d ,X Y t
( ) (( ) 0 Z (b(m 2r—1)/2(p72)

(tY N Qorgr ((—1) do, X, Y t).
(2.2) Let m be even. Then

m/2
(Y=Y =mw/2p, ((=1)™2dy, X, Y, t)
Z “ O(m—2r)/2(P Dlm—ary/2(p~2)

><( )T Q2 ((<1)do, X, Y ).

Proof. The assertion can be proved in the same argument as in the proof of Theorem
5.3.4. O

Corollary. Let dy be an element of Zy.
(1) Suppose that K, is unramified over Q, or K, = Q, ® Q,. Then

) A r (m—m?)/2 _
Qr(d07§;X7 Y,§;t) - Z ( )Qbff(é;)p )

m=0

Here we understand that f’o(do,X, Y,t)=1.
(2) Suppose that K, is ramified over Q. Then

(dO,ST mX, Y§T ).

" (_1)m m—m?

(Y1) " Qo (—1)do, X, Y 1) = Y L

D By
—2
m=0 ¢m(p )

and

T

l)rimd()v Xa }/7 t)v

2
Y—l —Tip 1\ XY _ E (_1)mp7n " Y—l (m—'r‘)’ipﬁ _1\r—m XY
(t ) QQ’I‘(( 1) d07 ) ;t) - (t ) 27‘72771(( 1) d07 9 7t>

bm(p~2)

Here, for u € Zj, we understand that ]SO(U,X,Y,t) =1 or 0 according as u €
Nk, /q,(Oy) or not.

m=0

Proof. We can prove the assertions by induction on r (cf. [[16], Corollary 5.1.2]).
(I

The following lemma follows from [[8], Lemma 3.4].

Lemma 5.3.6. Let [ be a positive integer. Then we have the following identity on
the three variables q,U and Q :

l

[[a-vtQe !

l
B ¢l(q
B an:O d)l—m(

Theorem 5.3.7. Let the notation be as in Theorem 5.3.5.

l—m

—z+1 H qu 1 1)mq(m—m2)/2.
=1

P i:l
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(1) Suppose that K,, is unramified over Q, or K, = Q, & Q,. Then

3

R, (do, X, Y, 1) :Z f Y2 m= lPl(do gm lXp m/2ygm l m/2t)
1=
I (- <5pp>-l-m-it2> T125(1— € (Ep)'Y2)
bm—1(Epp~t) '

X

(2) Suppose that K, is ramified over Q,.
(2.1) Let m be odd. Then

(m—1)/2
Rm(do, XY, t) — Z (ty—l)(m—Ql—l)zp/2P2l+l((_1)(m—2l—1)/2d0’ X,p_m/2Y,p_m/2t)
=0
(p2l+1y2)(m72171)/2 Hé;é(l _ p2i+ly2) Hggle—n/z(l _ p,gl,m,gi,ltg)

X
¢(m—21—1)/2 (p72)

(2.2) Let m be even. Then

m/2
m(d07 X, }/’ t) — z:(tyvf1)(m72l)1p/21:)2l((_1)(77172l)/2do7 X’pfm/2}/’p7m/2t)
1=0
y (p2ly2)(m—2l)/2 Hi;é(l — p?iY?) HEZ(”W(l _ p—2l—m—21’t2).
¢(m721)/2(10_2)

Proof. (1) By Theorem 5.3.4 and Corollary to Proposition 5.3.5, we have

Ry (do, X, Yt)
— i i= O fm(gpp)ZYQ) Hm " 1(1 — (6 p) m+i+7"p—my2t2)
d’m—r((ﬁpP) )
)i=%)/2 ‘ -
X Z §§pp J J) Pr J(do,fm T+JX7p*m/2Y7 gngrJerfm/Qt)
=i D.

Py(do, €1~ X, p~m/2Y, £ pm 2

it 1

3

71( 1) (&p) V=912 [0 (- g &p) Y I, 7 (1= () pmy2e?)
b 0 (&P ") Pm—j—1(&pp~") .

X
<.
Il
o

Then the assertion (1) follows from Lemma 5.3.6.
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(2) Let m be odd. Then, again by Theorem 5.3.4 and Corollary to Proposition
5.3.9,

Rm(d07Xa}/’t)

(m—1)/2 Htol(l — p2itly2) H(_Tofl)/%rfl(l — p2m2it2rtly242)

r .2
o (ty—l)(m—l)ip/QZ (=1)7p~) (1Y

Aim—2r—1y/2(p72)

= ¢
(O R S R )
 (m-1)2 o
= (tY—1>(m—1)zp/2 Z (tY_l)_“pPQlJrl((—1)(m_1_2l)/2d0,X,Y_m/2Kp_m/2t)
1=0

(m-1)/2-1 I+j—1 i m—1)/2—1—j—1 oo .

S i IR QY [ VTR p ey
= ¢i(p~ )¢ (m-1)/2—j—1(p™?)

Hence the assertion (2.1) follows from Lemma 5.3.6. The assertion (2.2) can be
proved in the same manner as above. (I

By Proposition 5.3.1 we obtain:
Corollary. (1) Suppose that K, is unramified over Q, or K, = Q, & Q,. Then

m

Rm(d07X, }/, t) = H(l _ p—2'm,(§pp)i_1t2)

i=1

T (1= & (&p) 12 [T 0 (1 — €7(&p) Y2

) .

X Y (Y )™ Pi(do, XL G Y )
=0

Gm—1(Epp~1)
Here we understand that Py(dg, X,t) = 1.
(2) Suppose that K, is ramified over Q.
(2.1) Let m be odd. Then
(m+1)/2 ‘
Rp(do, X,Y,t) = [[ (1—p2m+* 72
i=1
(m—1)/2 .
> Z (ty—l)(m—2l—l)1p/2p2l+l((_1)(m—2l—1)/2d0’X’ tY_l)
1=0

X

(p21+1Y2)(m*2l*1)/2 Hi;é( p21+1yz) Hz 1(1 _ p72l72+2i7mt2)
P(m—21-1)/2(p72) '
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(2.2) Let m be even. Then

m/2
Ry, (do, X, K t) = H (1 _ p*2m+2i72t2)
=1
m/2
x S (=i 2y (1) =2 2y, X 1y
=0

(p2ly2)(m72l)/2 Hi;(l)(l _ p2iy2) Hl (1- p72l71+2i7mt2)

i=1

X
Bim—21)/2(P7?)

Here, for uw € Z; we understand that Po(u,X,t) = 1 or 0 according as u €
Nk, /q,(Oy) or not.

5.4. Explicit formulas of formal power series of Koecher-Maass type.

In this section we review explicit formulas for Py, (doy, X, t).
Theorem 5.4.1. [[14], Theorem 4.3.1] Let m be even, and dy € Z;,.
(1) Suppose that K, is unramified over Qp. Then

1
Fnldo, X.1) = G T (0~ Hp) ) (L Hp) X1

(2) Suppose that K, = Q, ® Q. Then

1
Pl X0 = G o I (i X)0 — ip X 1)’

(3) Suppose that K, is ramified over Q. Let Xk, be the character of Q,, defined
by xk,(a) = (=D, a) for a € Q;. Then

tmip/Q

P (do, X, t) = m

. 1 ) Xk, ((—1)™/2do)
172 (1 — tp= 21 X) (1 — tp=2iX 1) JI7(1— tp=2iX)(1 — tp=2i+1X 1)

Theorem 5.4.2. [[14], Theorem 4.3.2] Let m be odd, and dy € Z,.
(1) Suppose that K, is unramified over Qp. Then

1
Fnldo, X, 1) = G T (A 4 1 p) ) (L T Hp) X1

(2) Suppose that K, = Q, ® Q. Then

1
om(p~ DI (1 —tp~ X)(1 —tp~?X 1)’
(3) Suppose that K, is ramified over Q. Then

P, (do, X,t) =

HmA1)iy /2462,

20(m—1)/2(0~2) T V2 (1 = tp=2 1 X) (1 — tp=2i+1 X 1)

P, (do, X, t) =
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5.5. Explicit formulas of formal power series of Rankin-Selberg type.

We give an explicit formula for H,,(d, X,Y,t). First we remark the following.
Proposition 5.5.1. Let d € Z). Then we have

Np(d X)Y) = uphp p(d, X, Y).

Proof. This can be proved in the same way as [[14], Proposition 4.3.7] O

It is well known that #(Z;/Ng,,q,(O;)) = 2 if K,,/Q, is ramified. Hence we can
take a complete set N, of representatlves of Z;/Nk,/q,(O;) so that NV}, = {1,&0}
with xk, (o) = —1.

Theorem 5.5.2. Let m = 2n be even, and dy € Z,.
(1) Suppose that K, is unramified over Qp. Then

_ p—4n(_p)i—lt2)
¢2n(_p_1)
1

H?gl(l 4 (—p) 2t 1XY ) (1 — (—p)—2rHi-1 XY —1¢)
1
X .
[T, (1= (—p) 7 X Y1+ (—p) 2o X1y )
(2) Suppose that K, = Qp & Qp. Then

2n
Hoy(do, X, Y, t) = [T

X

2n —4n, i—142
2n (1 _ t
Ho(do, X, ¥, 1) = izt 1 P )

¢2n(p_1)
< 1
H?Zl(l _ p—2n+i—1XYt)(1 _ p—2n+i—1xy—1t)
1

X .
H?L(l — p2nti-l X -1Y¢)(1 — p-2nti-lX -1y —1¢)
(3) Suppose that K, is ramified over Q,. Forl=0,1 put

1) n
HY(X,Y,t) = Y Xk, ((—1)"d) Han (d, X, Y, 1).
deN,

Then we have
1
Hap (do, X, Y1) = 5 (L) (X, Y,8) 4 i, ((<1)"do) H (X, Y, 1),

and

i n 1-— —4dn 2’i*2t2
H2(91)(X7 Y, t) =t" [, A—p~"p )

¢n(p72)
>< 1
[T, (1 —p 20 t2i-1XY¢t)(1 — p~2nt2i-1X -1y ~1¢)
1
X

H?:1(1 — p A2 X 1Y) (1 — p2nt2i-2 XY~ 1t) )
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and
CTT (1 — pdng2i—242
HY (X, Y, 1) = oo im0 =P P70
bn(p=2)
1
7_1 1 —p2n+2i—-1 X -1Y¢)(]1 — p—2nt+2i—-1 XY —1¢
=1 p p

1
X - - .
H?:l(l _ p—2n+2z—2XYt)(1 _ p—2n+21—2X—1Y—1t)}

X

Proof. First we prove (1). By Theorems 5.4.1and 5.4.2, we have
Pl(d07£;)nilX7 g;)nilX) = P)l(dOa X’ t)

if [ is even, and

Pi(d , Am—lX7 Am—lX _ 1
1(do. & &) G (—p~ ) TT_ 1 (1 — t(—p) " X) (L + t(—p)~iX 1)

if [ is odd. Hence, by Corollary to Theorem 5.3.7, R, (do, X, Y, t) can be expressed
as

Ry, (do, X, Y, 1)
_ [ (L= p~*"(-p) "' )S(X, Y1)
G [T (1= (=) 2+ XY =) (L #(—p) 21 X 1Y 1)

where S(X,Y,t) is a polynomial in t of degree at most 4n. Then by Theorem 5.2.8,
we have

Hon(do, X, Y, t)

_ Hle(l _p_4n(_p)i_1t2)S(X7 Y7 t)
Oan(—0) [T (1 — (=) 2 H XY 1) (1 4 o(—p) 241X 1Y)
1
X .
Hf;(l — 2p—Ant2i-2 X2Y2)(] — 2p—dn+2i-2 X —2y2)
Recall that we have the following functional equation

H2n(dO7X7Y_1aﬁ) = HQn(d07X7 _Kt)

Hence the reduced denominator of the rational function Ha,(do, X,Y =1 t) in ¢ is
at most

[0 = t(=p) 2 XY ) (14 #(—p) 201Xy

X (L H(—p) 2 XY ) (1= o(—p) 2 X)),

and therefore we have

2n () —2n—iy2
Ha,(do, X, Y, t) = CH1_1(1¢2 ((_1;)) t2)
1

X
[E2L (1 t(p) XY (14 t(—p) X 1Y 1)
1
X
H?Zl(l +t(—p)~2Hi-1XY)(1 — t(—p)~2nHi-1 X 1Y)
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with some constant c. We easily see that we have ¢ = 1. This proves the assertion
(1). Similarly the assertions (2) and (3) can be proved. O

Similarly to Theorem 5.5.2, we have

Theorem 5.5.3. Let m =2n+ 1 be odd, and dy € Z;,.
(1) Suppose that K, is unramified over Q,. Then

[ p 2y 12)
H2 1 do,X Y t) = =
ol ) ban+1(=p~t)
1

X
[ (L () 2 XYL+ (p) 22Xy )
1
>< .
Hfgl(l 4 (—p)~20Hi—2X 1Y t)(1 4 (—p)~2nti-2X -1y ~1¢)
2) Suppose that K, = Q, ® Q,. Then
P P P

H21L—1i-1(1 _p74n72pi71t2)
Hop o1 (do, X, Y, 1) = 1A=
2 +1( 0 ) (Z)Zn-‘rl(p_l)
1

X 2n+1 A .
Hi:l (]‘ - p72n+172XYt)(]_ 7p*2n+172XY,1t)
1
X ST —2n4i—2 y —1 SRS
[ (1 = p2nti2X 1Y) (1 — p=2nti-2X —1Y —1p)
(3) Suppose that K, is ramified over Q. Then

_ Hn:rll(l _ p—4n—2p2i—2t2)
H?n 1(dQ,X,Kt) _ t(n+1)2p+52p i=
* 20, (p~2)
1
X _ p—2n+2i—3 _ p—2n42i—3 Y -1y —1
ILZ A-p XYt)(1-p X-1y-1t)

1
(1 _ p*2”+2i*3X*1Yt)(1 _ p*2"+2i*3XY*1t) :

X

By using the same argument as in the proof of [[14],Theorem 4.3.6 and its corol-
lary] we obtain the following:

Theorem 5.5.4. Let dy € Z,.
(1) Suppose that K, is unramified over Q, or that K, = Q, ® Q,. Then
Hm<d07X7Kt> = Hm<d07X7Kt>
for any m > 0.
(2) Suppose that K, is ramified over Q.
(2.1) Forl=0,1 put
Hi) (XY, ) = D7 xi ( o (d, X, Y, 1),
deN,
Then we have

N 1 -
Ho(do, X, Y, 8) = 5 (Hy) (X, Y, 0) + X, ((-1)"do) Hy,) (X, 1)),
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and

HY) (X, Y1) = HY) (X, Y1),
and
H) (X, Y1) = H)) (XY, xxk, (0)8).
(2.2) We have
Hopy1(do, X, Y, t) = Hopiq(do, X, Y, 1)

6. PROOF OF THE MAIN THEOREM

Theorem 6.1. Let k and n be positive integers. Let f be a primitive form in
Goir1(Io(D),x). For a subset Q of Qp and a Dirichlet character n = x*~! with a
positive integer i put

M(s, f,Ad,n, xq)

={JI @ = ex()'xa@Pr~)1 -, *x(0) xa @)™ ) 1 = X" (P)xa@)p*)?
PE€Q

¢ TL 0 = a2 o= (0)=) (1 — 4z ()X (P~ ) (L = XN P2},
PeER
where for ¢ = xq or ¢ = xg we make the convention ¥ (p)x’(p) = ¥ (p) or 0
according as j is even or odd. Then, we have
R(s, Ion(f)) = pnstn®—n/2-1/29-2n+1
2n 2n—1
< [TAGX) [T L(2s — 4k —i,x") ™
=2 i=0
2n

X Z XQ((_l)n) H M(S —2k—2n+ i7 f7 Ad> Xi_lu XQ)
QCQp i=1

Proof. The assertion can be proved by using Theorems 4.1, 5.5.2 and 5.5.4 similarly
o [[14], Theorem 2.3].
O

Theorem 6.2. Let k and n be positive integers. Given a primitive form f €
G2k (SLa(Z)). Then, we have

R(S, I2n+1(f)) = Dns+n2+3n/2+1/2272n

2n+1 2n
< [T AGox) [ L(2s — 4k —i+2,x) 7"
i=2 i=0
2n+1
X H L(s — 2k —2n+i, f,Ad, x* ") L(s — 2k — 2n + i, x"1).
i=1
Proof. The assertion follows directly from Theorems 4.1 and 5.5.3. O

Lemma 6.3. Let f be a primitive form in Sapy1(Io(D), x). Suppose that fo = f
for Q C Qp. Then for a positive integer i we have

M(s, f,Ad, x""" xq) = L(s, f, Ad, X" )L(s, X' ).
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Proof. For a prime number p let M, (s) and L,(s) be the p-Euler factor of M (s, f, Ad, x*™*, xq)
and L(s, f, Ad, x*~1)L(s, x'7!), respectively. We have M,(s) = L,(s) if p &€ Q and
Xq(p) = 1. By the assumption we have
xq(P)er(p) = ¢r(p)-

Since f is a primitive form, we have ¢y (p) # 0 for p|D. Hence we have M, (s) = Ly(s)
if p ¢ Q and p|D. Suppose p { D and xq(p) = —1. Then c¢f(p) = 0 and hence
ap + x(p)a, ' = 0. Then by a simple computation we have

My(s) = (L—p~>)7%
Similarly we have

Ly(s) = (L—p~>)7%
Suppose that p € Q. Then |a,| = |cf(p)| = 1, and x5 (p)ef(p) = cf(p). Hence ay, is
a real number or a purely imaginary number according as X/Q (p) =1 or —1. Hence
X’Q(p)oz?) = Xo (p)oz;2 =1, and

My (s) = Ly(s)-
This completes the assertion. (I

Proposition 6.4. (1) Let f be a primitive form in Gaopy1(Io(D),x), and Q
be a subset of Qp. Then for a positive integer i > 2 the Euler product M (s +
i—1,f,Ad,x"", xq) is holomorphic at s = 1. Moreover M(s, f,Ad,1,xq) has
a non-zero residue at s = 1 if and only if f = fo. In this case the residue of
M(s, f,Ad,1,xq) at s =1 is L(1, f, Ad).

(2) Let f be a primitive form in Ga1(SL2(Z)) and x be a primitive quadratic
odd character. Then for a positive integer i > 2 the Fuler product L(s + i —
L f,Ad, X"V L(s +1i — 1,x*"1) is holomorphic at s = 1, and L(s, f,Ad,1)L(s, 1)
has a simple pole at s = 1 with the residue L(1, f, Ad).

Proof. (1) Clearly M(s+i— 1, f,Ad,x""!, x¢) is holomorphic at s = 1 if i > 2.

To prove the latter half of the assertion, let R(s, fo ® f,) be the tensor product
L-function of fg and f,, where

Fo(2) =) erlele(er).
hWe note that cy(e) = x(e)cg(n) and cs, () = xo(e)es(n) if (e, D) = 1. Hence we

M (87 f7 Ada 17 XQ)
MS’f"A'd?]'?X :Rs7f ®f X L )
( Q) ( Q P) g Rp(87fQ ® fp)
where M, (s, f,Ad, 1, xq) and R, (s, fo®f,) are the p-Euler factors of M (s, f, Ad, 1, xq)
and R(s, fo ® f,), respectively. We note [] My(s,£Ad Lixa) g holomorphic and

plD " Ry(s,fQ®fp)
nonzero at s = 1. Hence we have

Ress:lM(57 [, Ad 1, XQ) = C(fQ7 f)
with ¢ a nonzero complex numbers (cf. [[23], p. 788] and [[26], p. 831]). Hence
M(s, f,Ad, 1, xq) has a non-zero residue at s = 1 if and only if (f, fo) # 0. Since
f and fg are primitive forms, this is equivalent to say that f = fg. In this case,
we have

M(Sa fa Ada ]-7 XQ) = L(S, fv Ad)C(S),



BADENORI KATSURADA MURORAN INSTITUTE OF TECHNOLOGY 27-1 MIZUMOTO MURORAN 050-8585, JAPAN

and hence the last assertion holds.
(2) The assertion can easily be proved.

Proof of Theorem 2.1.
(1) By Theorem 6.1 and Lemma 6.3, we have

2n 2n—1
R(s, I (f)) = Dot =n/2=1 297200 TTR G ) T L(25 — 4k — i, x') !
=1 =0

2n
X ANm (f) HL(s — 2k —2n+i, f,Ad, \'" "N L(s — 2k — 2n +i,x'"71)
i=1

2n
+ > xe((=D)™) [ M(s — 2k = 2n + i, £, Ad, X", x@)}-
QEQD =1

fo#f

By (1) of Lemma 6.4, the term

2n—1 2n
IT Z(2s — 4k —ix*) " [ M(2s — 2k +4, £, Ad, X", xq)
=0 =1

is holomorphic at s = 2k + 2n if fg # f. On the other hand, the term

2n—1 2n
IT L@s—4k—ix) ' [[ L(s — 2k — 2n +1i, £, Ad, X' ") L(s — 2k — 2n +i,x' ")

i=0 =1
has a simple pole at s = 2k 4 2n with the residue

2n—1

2n 2n
IT an—ix) " T] LG, £, Ad ) T LG XY
i=0 1=2

i=1
Hence R(s, I, (f)) has a simple at s = 2k + 2n with the residue
Dn(2k+2n)+n2—77,/2—1/22—2n+1

2n 2n—1 2n 2n
< (F) [TAG ) T LCan — i) 7 ] LG, £, Ad XY T LG X,
i=2 i=0 i=1 =2
Thus the assertion can be proved by comparing the above result with Proposition
3.1.
(2) The assertion holds if m = 1. In the case m > 3, the assertion can be proved
by Theorem 6.2, (2) of Lemma 6.4, and Proposition 3.1 in the same manner as
above.
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