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Abstract. Zooming reasoning systems is a mechanism for reasoning using granular computing. The key concept of the
zooming reasoning system is focus, which represents sentences we use in the current step of reasoning. Murai et al. has
proposed a three-valued valuation based on focus. On the other hand, the authors have proposed another concept of granularity,
called visibility, and constructed a four-valued truth valuation based on visibility and focus. However, our formulation of the
four-valued valuation causes some difficulties to extend to all non-modal sentences. In this paper, we explore and refine
connections between granular reasoning and semantics of four-valued logic. In particular, we refine the four-valued semantics
based on visibility and focus, and demonstrate some properties of the four-valued semantics.

Keywords: Granular reasoning, four-valued logic, zooming reasoning system, focus, visibility
PACS: 02.10.Ab Logic and set theory

1 INTRODUCTION

Granular computingbased on rough set theory (Pawlak [13, 14]) has been widely studied as a new paradigm of
computing (for example, see [6, 15]). In particular, Murai et al. has propgeatlilar reasoningas a mechanism

for reasoning using granular computing [7], and developed a framework of granular reasoning, called a zooming
reasoning system [8, 9, 10]. The key concept of the zooming reasoning sy$temgsvhich represents sentences we

use in the current step of reasoning. The focus provides "granularized" possible worlds, and a three-valued valuation
that assigns the truth value "true" or "false" to atomic sentences that appear in the focus, and assigns the truth value
"unknown" to other atomic sentences. Murai et al. have also provided methods of controtie§tbe of granularity

and illustrated that such control of the degree of granularity represents reasoning steps. Moreover, deduction, non-
monotonic reasoning, and abduction are also illustrated by control of the degree of granularity [11, 12].

On the other hand, the authors have proposed another concept of granularityyisatigity [5]. Visibility is an
analogy of the term about vision that means the range of vision, which introduces the concept of "range" of sentences
we consider. Visibility separates all atomic sentences into "visible" atomic sentences, that is, atomic sentences we
consider, and "invisible" atomic sentences which are out of consideration. Combining visibility and focus, the authors
have constructed a four-valued valuation with the following four values: true, false, unknown and undefined. Using
the four-valued valuation, all atomic sentences are separated in the following three gnuigiisie sentences, that
is, atomic sentences with the truth value "undefinediscurely visiblesentences with the truth value "unknown",
andclearly visiblesentences with the truth value "true" or "false". However, our formulation had some difficulties to
extend the four-valued valuation to all non-modal sentences.

In this paper, to overcome the difficulties of extending four-valued valuations, we refine connections between
granular reasoning and semantics of four-valued logic. In particular, we refine the formulation of visibility and focus
by further granularization to granularized possible worlds. We also reconstruct the four-valued valuation, which is
extended to all non-modal sentences. Moreover, we discuss semantic characterization of visibility and focus.

CP839, Computing Anticipatory Systems: CASYS 05 — Seventh International Conference,
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2 BACKGROUNDS

2.1 Kripke-Style Models

Let &2 be a set of (at most countably infinite) atomic sentences. We construct a langfjag#’) for modal
logic from &2 using logical symbols (the truth constant)] (the falsity constant);» (negation) A (conjunction),v
(disjunction),— (material implication), and two modal operatarg(necessity) and> (possibility) by the following
rules(Dpe Z =pe L (2), (Qpe Lu(P)=-peLu(2), () p.ac Lu(Z) = (pAQ),(pVa),(p—0) €
L (D), (D) pe L (P)=0Op,<Cpe L (Z). Asentence is calledon-modalf the sentence does not contain any
modal operators.

A Kripke models a triple.#Z = (W, R, v), whereW is a non-empty set of possible worldis a binary relation ok,
andv is a valuation that assigns either the truth valteue) orf (false) to every atomic sentengec &2 at every world
w e W. We define#,w = p < v(p,w) =t. The relation= is naturally extended to every sentenze %4, (¥)
by the usual way. For any sentenge .4, (), we define théruth setof pin .# as|p|| ={weW | .Z,w [ p}.

2.2 Zooming Reasoning Systems

Zooming reasoning systemsovide reasoning processes using reconstruction of models by generating equivalent
classes of possible worlds [9, 10]. Such construction operations are zabetng in & ouf8].

Zooming reasoning systems are formalized as follows:.iet= (W,R,v) be a Kripke model, andZ (%) be a
propositional language generated fra#h by usual way similar to constructing;, (). Suppose we consider a set
I of non-modal sentences that illustrates the set of sentences we need to use the current reasoning sté€pisThe set
called afocal pointor afocus We define the set’r of atomic sentences that appear in the current reasoning step
by r = #NSull"), where Suli") is the union of the sets of subsentences of each sentericelsing &7r, an
equivalence relatioRr overW, called amagreement relationis defined by

xR.—ygv(p,x) =v(p,y) forallp e Zr. 1)

The agreement relatioRr induces the quotient st ey Rr. Each elemenir. € Wr is a granule of possible
worlds under”, and called ayranularized possible worldHereafter, we denote a granularized wanik- by X. We
also construct a truth valuatiof for granularized possible worlds. The valuati@ghbecomes the following three-

valued one: B
Ur 1 2 x W — 214 {0}, 2)

The three-valued valuatiof is defined by

{t}, ifv(p,w)=tforallweX,
Vr(p,X) = {f}, ifv(p,w)="fforallweX, 3)
{t,f}, otherwise

Now we have gyranularized model

M Bk ). @)

of .# with respect td". The three-valued semantic consequence relatigris partially definedMr, W Esp Lt
Vr (p,X) = {t}, and extended by the usual way.
When we move to the next step in some reasoning process, we need to reconstruct the granularized possible worlds
and the granularized model. LEte the current focus, anfiibe the focus in the next step.
1. WhenZr O P, we need further granularization, which is represented by a mapping

OF W — W, (5)
o8 () L' tw e W | v(p,w) = v(p,x) for all p € P, andx € K}, (6)

and called &Zooming out fronf to A.
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2. WhenZ?r C &5, we need the inverse operation of granularization. we represent this operation by a mapping
L (%) €T € Wa [ V(p,x) = V(p,y) forall p € Zr, x € Xandy € §}, ®

and called @Zooming in froni™ to A.
3. If Zr and &2, are not nested each other, the movement ffolm A is represented by combination of "zooming in &
out", that is, a zooming in from to I UA first, and next, a zooming out fromuUA to A.

2.3 Visibility: Another Concept of Granularization

Visibility is a term about vision that means the range of vision. Visibility divides objects we can see into two types
primitively: objects inside of the range of vision, that is, currently visible objects, and outside objects, that is, currently
invisible objects. Moreover, combining the visibility and the focus, visible objects are further divided into two types.

If an object is in the range of vision but out of focus, it looks obscurely, and we can look the object clearly only if it is
in the focal point.

The authors have introduced the concept of visibility to granular reasoning as an another concept of granularization,
and have proposed a four-valued valuation based on the visibility and focus [b]Hesh set of non-modal sentences
considered in the current step of reasoning. Usingre define thevisibility relative tol". Moreover, we redefine the
the concept of the focus, and proposedftiisrelative tol". The definitions of the visibilitw's(I") and focus~c(I")
relative tol" are as follows:

vs(r) €' 2 nsubr) = 7, 9)
Fe(l) d:ef{p € Z |eitherl Fporl F —p}. (10)

Note that we havéc(l") CVgI) for anyT . .
To characterize the semantic meaning of visibility and focus, we also construct a granularized#fggebased
on the focusc(I") relative tol". First, if we haveFc(I") # 0, we define the agreement relati® ) by (1), and

construct the set of granularized possible WO\M@(U. On the other hand, Fc(I') = 0, we definef\/,:c(r) def {W}.
Next, we construct a valuatiofyr) in the granularized mode¥/rr) as the following four-valued valuation:

Trery © P x Wgry — 2100 (11)
Actually, the four-valued valuatiofr is defined by

{t}, if peVyl)andv(p,x)=tforallxeWw,

dot {f}, if peVHl)andv(p,x)="forallxew,

Vee(r) (p, W) = th if pe V) butv(p,x) =t for somex € W (12)
1 andv(p,y) = f for somey € W,
0, ifpgvyl).

An atomic sentence is clearly visibleat the granularized possible worfdif and only if eithergr (p, W) = {t} or
Wyr)(p,W) = {f}. On the other hand is obscurely visibléf and only if % (p, W) = {t,f}. Moreoverp is invisible
if and only if &g (p, W) = 0.

3 VISIBILITY AND FOCUS: REVISED

In this section, we revise our formulation of visibility and focus. We have proposed visibility as another concept of
granular reasoning, and formulated the four-valued valuaiig, based on visibility and focus [5], however, our
formulation had some difficulties to extefgr to all non-modal sentences. In the definitionvgfr) by (12), we

have used the visibility/S(T") to check whether an atomic sentencis visible. If we extend/¢r) to all non-modal
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sentences, we need to check, for any non-modal sengnebetherp is visible. However, it is determined by the
truth valueVecr (p, W). Therefore, it becomes a circular argument.

Our main idea to overcome these difficulties is to consteggtivalence classes of granularized possible wablgds
the following two steps:

1. Using visibility, we construct granularized possible worlds to divide all non-modal sentences into "visible" ones
and "invisible" ones.

2. Using focus, we construct equivalence classes of granularized possible worlds to divide all "visible "sentences
into "clearly visible" ones and "obscurely visible" ones.

3.1 Part 1: Granularized Possible Worlds Based on Visibility

We formulate a set of granularized possible worlds based on visibility and a three-valued valuation to determine
whether each non-modal sentence is visible.

LetT be a set of non-modal sentences considered in the current step of reasoning. Wandefine the visibility
VgI") and focusc(I") relative tol” by (9) and (10), respectively. We construct the agreement relR{igp, based on
the visibility VS(I") as follows:

xRy <2 v(p,X) = V(p,y), ¥p € VS(T). (13)

The agreement relatioR g induces the set of granularized possible wokigE'w Rygr)- We also construct a

truth valuationi,qr) for granularized possible worlde2' [X]RVSm eW.The valuationi,qry becomes the following

three-valued one: _
gy : 2 xW — 200\ {{t,f}}. (14)

The three-valued valuatiofyr is defined by:

{t}, ifv(p,x)=tforallxew,
g (p,W) £18 {f), if v(p,x) = ffor all x € W, (15)
0, otherwise
Hereafter, we use the following notatiork2" {t} andF gef {f}, respectively. We call that an atomic sentepds
visibleatw if and only if eitherli,qr) (p, W) = T or &g (p, W) = F. Otherwise, we call that is invisibleatw. By this
definition, for anyp € VS(I), it is clear thaip is visible at all\W € W.

The three-valued valuatioi,yr) is extended to all non-modal sentences by truth assignments of connectives
(negation)A (conjunction),v (disjunction) and— (implication) illustrated in Table 1. We denote the extended three-
valued valuation by the same notati@pr. Similar to the case of atomic sentences, for any non-modal sengence
we callpis visible atw if and only if eitherdgr(p, W) = T or W (p, W) = F. Otherwise, we call thap is invisible
atw. Hence, if bothp andq are visible, it is clear thatp, pAq, pV gandp — g are also visible.

These truth assignments are direct extensions of two-valued truth assignments by simply adding the third truth
value 0, and may look unnatural. By these truth assignments, we intend to extend the concept of visibility to all
non-modal sentences. The visibil¥g(I") relative tol is the set ofall atomic sentences that we consider at the
current reasoning step, thus, the set of all non-modal sentences that we can consider at the current step becomes the
sublanguageZ (VS(I")), that is, the subset of’(?) that are generated fro's(I") by usual way. It is easy to check
that, for any sentencp € .Z(VS(I')), there is some&V € W such thatp is visible atw. These facts indicate that the
definition of &) (p, W) and truth assignments illustrated in Table 1 are well-defined, and they capture some of the
important properties of visibility.

3.2 Part 2: Equivalence Classes of Granularized Possible Worlds Based on Focus
As we mentioned at the first of this section, using focus, we intend to divide all "visible "sentences into "clearly
visible" ones and "obscurely visible" ones. To illustrate this intention, we formulate a set of equivalence classes

of granularized possible worlds, and a four-valued valuation to determine whether each visible sentence is "clearly
visible".
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TABLE 1. Truth tables of the three-valued valuation

Negation—p ConjunctionpAq DisjunctionpVvq Implicationp — q
el 30 F T pYo F T pJo FoT
0 0 0O |0 0 0O 0O |0 0 0 O |0 0 0
F T F |0 F F Flo F T Flo T T
T F T 0O F T T 0O T T T O F T

Using the focud=c(I") relative tol", we construct an agreement relatiRg, ) over theset of granularized possible
worldsW. If Fc(T") # 0, we define the agreement relatiBg ) as follows:

% Recr) § <5 s (P, %) = g (p.9). ¥ € Fe(T). (16)
Note that, becauséc(I") C VYI), eachp € Fc(I") has eithefygr)(p, W) = T or Wgr)(p, W) = F at eachwe W. The
agreement relatioRe¢r) overW induce the quotient set of granularized possible wond&E" W Ree(r)- We treat
each equivalence clags™' [WRre, as a unit of consideration as if eagtwere a "possible world". On the other hand,

if Fc(I") = 0, we can not construct the agreement relation. In this case, we u%ﬁ%qvv}.
We consider a valuation functioi for equivalence classes of granularized possible worlds as the following
four-valued one:

Urery 0 P xW — 2{TF), (17)
The valuatiorvecry is defined by:
{Th Wyr)(p,X) =T forall Xe w,
o {F},  Wyr)(p,X) =FforallXew,
~ A~ € ~ ~ ~ o~
Ueor) () €' 7 gy W) (pX) =T for somexew (18)
© 7 andVgr)(p,Y) = F for someye w,
0, otherwise

We call that an atomic sentenpes clearly visibleat an equivalence class of granularized possible wavldsand
only if either Ve (p,W) = {T} or Ve¢ry (p, W) = {F}. On the other hand is obscurely visibleat w if and only if
Vee(ry (p,W) = {T,F}. Otherwisep is invisible atw.
Similar to the case of the three-valued valuatigq), the four-valued valuatioRg.r is extended to all non-
modal sentences by truth assignments illustrated in Table 2. We denote the extended four-valued valuation by the
same notatiogyry. Similar to the three-valued case, for any clearly visible sentepcasd g, it is obvious that

=p, pPAQ, pVgandp — qare also clearly visible. Note that there is at least one equivAaIencethkaS& such that
Vee(ry(P,W) = {T} for all pe I'. Moreover, it is easy to check théir) (p,W) =0 atallWwe W <= Ve (p,W) =0
at allW € W, that is,p is invisible at allW € W if and only if p is invisible at allw e W.
We denotep = qif and only if Vee(r) (P, W) = Veg(r) (0, W) at allw € W. Itis easy to check thakgr satisfies some
two-valued tautologies.
Proposition 1 For any non-modal sentencpg,r € .2(%), the four-valued valuationr validates the following
properties:
- All associative and commutative laws farandyv.
« pA(QVT) =(pAQ)V(PAT), pV(gAT)=(pVa)A(pVr) (Distributive laws).
cp=p. p—qg=-pVva.
« =(pAQ) =-pV—q, ~(pVQ) =-pA—qg(De Morgan's laws).
+ p— q=—-q— —p (Contraposition).
« (pAQ) —r=p— (g—r) (Exportation).
The proof of Proposition 1 is in Appendix.

Note that, however, not all two-valued tautologies are satisfiegthy,."For example, for any invisible sentenpe
and obscurely visible sentengeexclusive middle is not satisfied:;r (pV —p,W) = 0 andvr¢r (qV —~q,W) = {T,F}

for all W € W.
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TABLE 2. Truth tables of the four-valued valuation

Negation—p DisjunctionpVv q
p | -p e (T} (T
{IQ:)} {'?} 0 0 0 0 0
F} |0 {F T} {T,F
{T} {F} ET% 0 }T{ }T% {{T}}
{T,F} | {T,F} {T,F} |0 {T,F} (T} {T,F}
ConjunctionpAq Implicationp — q
pdle B 1 (R e (R (T} (1F
0 0 0 0 0 0 0 0 0 0
{F} |0 {F} {F} {F} {F} |0 {T}p AT} (T}
{T} |0 {F} (T} AT.F} {1} |0 {F} (T} {T,F}
{T.F} |0 {F} {T.F} {T.F} {T.,Fy 0 {T,F} (T} {T.,F}

Now we have dour-valued granularized model

M EOW - ) (19)

of .# with respect tovs(I") and Fc(I"). Moreover, the four-valued semantic consequence relatigns partially
defined and extended by the usual way as folloWisi =4 p means that the sentenpés true at the equivalence class
W in the model#;:

MWap < Veery (P, W) = {T}, Vp € &,
MWEs-p <= Veqr)(p.W) = {F},
M, W=a pAG <= Teor)(P,W) = {T} and Vee(r) (0, W) = {T},
MW pva <= Vo) (P W) = {T} or Yegr) (0, W) = {T},
MWlap—q <= Vegr)(d,W) = {T} whenevervecr)(p,W) = {T}.

For any subseh of non modal sentences, we dena@W EaAif /Z/\W 4 p for all p € A. We define the set of

equivalence class¢§x||4 = {W eW| MW =4 A}, and called théruth setof A. If MW |:4 A holds for allw e W, we
denote# b4A Inthe casé\ = {p} we abbreviateZ F4 p, and called thap is valid in.# . Moreover, if.#, W= A

|mpI|es//,w Fapforalwe W, we denote///,A =4 p, and called thah concludes p in/ . Similar to the classical
propositional logic, the semantic version of tieduction theoreris satisfied.

Proposition 2 If pis clearly visible at aliv € W, then
M AU{PY Faq < M DE4p— G
The proof of Proposition 2 is in Appendix.

Example 1 Let & = {p,q,r} be a set of atomic sentences, arl= (W, R v) be a Kripke model with the following
eight possible worlds:

wi ={p,q,r}, W2={p,q}, Ws={p,r}, ws={p},
ws={q,r}, We={q}, wr={r}, ws=0.

We define the truth value of each atomic sentemee?? at each worldv € W by v(p,w) =t <= p € w. By this truth
assignment, for example, all atomic sentences are trwe. &n the other hand, all atomic sentences are falsg.at
Suppose we have the following set of non-modal sentences considered in the current step of rdasofing:—
q}. Hence, we have the visibilitys(I") = {p,q}, and focud~c(I") = {q} relative tol", respectively:
Constructing the agreement relatiBpyr) by (13), we have the following four granularized possible worlds:

Wi = {wg,Wo}, W3 = {Wa, Wy}, Ws = {Ws,We}, W7 = {W7,Wg}.
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Each atomic sentence has the following three-valued truth value:

Veery (P, Wa) =T, Veerry(q,Wh) = Vee(r)(r,Wi) = 0,
Veery (P, Wa) =T, Vee(ry(q,Ws) = F Vee(ry (r,W3) =0,
Veer) (P, Ws) = F, - Vee(ry(a,Ws) =T, Vig(r)(r,Ws) = 0,
Veery (P, W) = F, - Veery(q,W7) = F, Ve (r,W7) =0

These truth values indicate thaandq are visible, whiler is invisible.
Next, we construct the agreement relati ) overW, and get the following two equivalence classes:

W1 = {W1,Ws} = {{w1, Wy}, {Ws,We} }, W3 = {W3,Wr} = {{ws,wa}, {w7,wg}}.
By (18), each atomic sentence has the following four-valued truth value:

Vee(r) (P, W1) = {T,F}, Ve (@, Wa) = {T}, V() (r, W) = 0.
Veery (P, Wa) = {T,F},  Viegr)(a,W3) = {F}, Ve (r,W3) = 0.

This means thaq is clearly visible, bup is obscurely visible. Similar to the three-valued casis, invisible. Four-
valued truth values of any non-modal sentences are calculated based on Table 2. For example, the truth-vatue of
iS: Vee(ry (p — 4, W1) = {T} andVeery (p — q,W3) = {T, F}. Thus, all non-modal sentencedirre true, that is, clearly
visible, atw;.

4 DISCUSSION

As illustrated in Example 1, our revised framework of four-valued valuation avoids the circular argument mentioned in
Section 3, which overcome the difficulties of the previous formulation about extension of four-valued valuation. How-
ever, our four-valued valuation is quite different to Belnap’s four-valued logics based on bilattices [1, 2]. Comparison
our valuation and other four-valued semantics is a future work.

Murai et al.'s formulation of focus is included into our formulation as a special case. Their formulation corresponds

to the case that, ignoring (9) and (10), we defiisd") % % andrc(l") = def Zr, thatis, all atomic sentences are visible,
and all atomic sentences which appear iare clearly visible.

If we regard the seff as the currenknowledge basabout the current worldv, our intention about visibility and
focus becomes more clear. We illustrate this by using example 1. Suppdsaiexel” = {q,p — q} that represents
our beliefs aboutv. The meaning of "we believe" is that we believe that all sentencediare true. Thus, constructing
W andvegr) by the visibility V(") and focus-c(I"), we have a "model¥; aboutw, which illustrates thad is "true”,
andp is "unknown". Inl", we just considep andq, and do not know the existence an other atomic senteniterefore
r should be "undefined" at the model.

Moreover, if we observe the world, and get new information about the world, it cause some chahgendf
reconstructioW andVir). This connects tbelief changdfor example, see [3, 4]) armboming in & outoperations
[8, 9, 10, 11], which is a future work.

5 CONCLUSION
In this paper, we refined our previous formulation of visibility and focus [5] by further granularization to granularized
possible worlds. We also reformulated the four-valued valuation based on visibility and focus, and it was extended to
all non-modal sentences. These results overcome the difficulties of the previous formulation about extension of four-
valued valuation. More refinement of the proposed framework and explore of connections with, for example, belief
change and zooming in & out operations discussed in the previous section are future works.
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APPENDIX

Proofs

Proposition 1 For any non-modal sentencpgy,r € £ (%), the four-valued valuatiofi-. ) validates the following
properties:

- All associative and commutative laws farandy.

s pA(QVT)=(pAQ)V(PAT), pV(gAr)=(pVa)A(pVr) (Distributive laws).
cTPp=p,p—q=-pva

« =(pAQg)=-pV—Qq,~(pVQ) = -pA—d(De Morgan’s laws).

+ p— g= —q— —p (Contraposition).

« (pAQ) —r =p— (q—r) (Exportation).

Proof.

We show that the distributive lap A (qVr) = (pVg) A (pVr) is satisfied by checkinGeer(pA (qVr), W)
=Vee(r)((PAQ) V (pAT), W) for each case thakr (pA (qVr),w) =T, F, {T,F} and0, respectively. Other properties
are proved similarly. By the truth tables of the four-valued valuations illustrated in TABLE 2, each case is proved as
follows:

Ve (PA(QVI),W) =T <= Veery(p,W) =T, andVeery(qVr,w) =T

Vee(r) (P, W) =T, and, eithefeyr) (g, W) =T or Vegr (r,W) = T

either Geq(r)(P.W) = T, andVe - (g, W) = T),

or (Veg(r) (P, W) = T, andVey(r) (r,w) = T)

—
—
< Veer)((PAQ)V (PAT),W) =T.
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<= eitherVeer)(p,W) = F or Veery (QV I, W) = F
<= eitherVger(p,W) = F, or, bothVe¢r) (0, W) = F andVe¢r) (r,W) = F
<= bothVeyr)(pAQ,W) = F andVeer)(pAT,W) = F
Vie(r ((pAQ) (PAT), W) =F.
V,:C(D(p/\(q\/r),vT/) ={T,F} = elther
1. Vee(ry (P, W) = T, andVe¢ry (Vv r, W) = {T,F}, or
2. Veg(r ( ,W) = {T,F}, andVeer(qVr,w) =T, or
3. Vrg(r ( W) ={T,F}, andVeyr) (qVvr,w) = {T,F}
In the case of 1. «<— VFC( )(p,vT/) T, and either
q,wW)=F andveqr) (r,W) = {T,F}, or
q,w) ={T,F} andv,:c< (r,W) =F, or
q, A) = {TvF} andVFC (r,W) {TaF}
PAQ,W) =F andVigr (p/\rw) {T,F}, or
pAQqwW) ={T,F} andV,:C(r)(p/\ r,w)=F,or
Vie(r) (PAQ,W) = {T,F} andVee(r) (PAT, W) = {T,F}
ch y((PAG)V (pAT), W) = {T,F}.
Vee(r )( W) = {T,F}, and eithefger(d, W) = T Or Veg(r) (r,W) =T
e|therv,:c y(PAQ,W) = {T,F} andVer)(pAT,W) =F, or
\A/Fc(l’)(p/\CLW) = F andVe¢r(pATL,W) = {T,F}, or
Vee(r) (PA QW) = {T,F} andVie(r) (PAT, W) = {T,F}
Veq(r ((pAQ) (pAT),W) = {T,F}.
Inthe case of 3. <= Ve )( w) = {T,F}, and either
3-1.Vie(r) (0, W) = F andVeq(r (r,W) =
3-2.Veg(ry (q, W) = {T,F} andVFc(r)( ,W) =F, or
3-3.Veer) (@, W) = {T,F} andvieer) (r, W) = {T,F}
— 3-1 V,:C(r (p/\q, W) = F andVeery (pAT,W) = {T,F}, or
)
)

Veery (PA(QVT),W) = F

II

/\A/\/-\/\/-\

In the case of 2.

HIIII

{T,F}, or

3-2.Very(pA QW) = {T,F} andVFC(r)(p/\r,W) =F,or
3-3.Vee(ry (PA QW) = {T,F} andVeery (pATLW) = {T,F}
Veor) ((PAQ) V (PAT), W) = {T,F}.

Thus, we haveVer)(pV (q/\ ) w) = {T, F} if and only if Veery((PAQ)V (PAT), A) = {T,F}. It is clear
that Vegry (P V (QAT ) w) = 0 if and only if Veer)((PAQ) V (PAT ),VT/) 0. Therefore Very(PA (QV ), W) =
Vie(r) ((PAG) V (PAT), W) olds

(r
n'd
)
)
)
)

II

Proposition 2 If pis clearly visible at aliv € W, then
MDU{p} F4q <= MDFsp— Q.

Proof.

(=) Assume that, for any € W, if MW =4 AU {p} holds, then,w =4 q also holds. Becausg s clearly
visible at allWw € W, we have eitheVeyr) (p,W) = T or Vg (p,W) = F for all W € W. This means that the truth set
A4 is represented by

1814 = ([1Alla N[ plla) U ([AlaN [|-plla)-
Hence, ifW € (||AllaN || p||4), we have.Z,W =4 q by the assumption, and therefor, W E4 p— q holds. On the
other hand, ifv € (HAH40 II=pll4), itis clear thatZ, W E4 p — qbecausav € ||—-p||4. Therefore, in the both cases,
we conclude thatzz, W 4 p— qfor anyw € [|A]]a.

(<=) Assume that, for anw € W, if ./, W =4 A holds, thenZ W =4 P — galso holds. Becausk € [[AU {p}|l4
satisfies bothw € ||A||4 andw € || p||4, we have boths, W Eip—q and.Z,w =4 pfor suchw € ||AU{p}||4, which
means that/Z, W =4 q holds for anyw € [|[AU{p}||a.
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