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Fundamental Viewpoints in the Theory

of A Priori Measure

Yoshio Kinokuniya*

Abstract

The present author has decided to establish his theory of a priori ineasure
basing on four principal hypotheses. The important characteristics will be ob-
served in the ascertion of null measure for any set, the power of which is really
less than that of continuum and the complete exclusion of non-measurable sets.
Some remarks on a study of the occupation of a point are made in supplement.

1. Imtroduction. In several previous memoirs, in introducing a measure of
point called posni-dimension, so as to define a measure of a set of points cal-
led a priovi measure, 1 have intended to study the relative structure between
the theory of sets and the theory of integral. Recently I had the good fortune
to find some important conditions to make the set-theorogical aspect very
simple, so that in this paper remarks may be made about a new system of hy-
potheses, establishing the foundation of our theory of a priori measure and
giving a new light on the theory of sets.

We restrict our investigations within the Euclidian space of finite dimen-
sion. As for the set of real numbers, the points P, of which the abscissa is
%, is supposed to possess an infinitesimal space called the occupation of P,

(x—=0, x+0)=((x)) a,n
and the point-dimension of P,
tho
is considered as the measure of ((x)); i.e. we posit them in the relation
s =M (2)). (1,2)
With m we will indicate an a priori measure; as has been stated several
times in the previous memoirs, measure of a set is given by the formula

mM)= & up
PeM

i1p being the point-dimension of the point P.
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22 Yoshio Kinokuniya

When the point-dimensions are uniformly equial for each poiat of the space,
it is said they make a norm.l sysiem of point-dimeansicn, When a space E, is
put in biunivoquiely continuous correspondeace with the space E for which a
normal system of point-dimension p is given, aad if the relation

§a(P) =P (P
0<A(P)<Coo 1
( o desigaates the transformed polnt-dimension in the space E; by this cor-
respondence) is satisfied for each point P ia E, it is said that . makes a »e-
gular system in E;; in other words, the occupatioa of P,(P)(the corresponding
point in E, to the point P in E) is changed in its size by the measure pro-
portion A(P) to be compared with the original occupatlion of P, These are the
facts I stated already in the previous memoirs of mine; in this paper some

structural proprieties of an occupation of point shall be investigated, too.

2. Fundamental System of Hypotheses. The following system of hypotheses
gives many coaveniences, if we adopt it to provide for the sets considered;
so, I have decided to take it as the {uadamzntal base to establish the theory
of a priori measure. It comsists of four hypotheses devided into two groups

The sets are taken in a finite-dimensional Euclidian space.

I. UNDER A NORMAL SYSTEM OF POINT-DIMENSION
I,1) A set M is maasurable a priovi wita respect fo a sovmal system u when
and only when the mzasure is given by ihe formula:
m( M) =1 (M)

W(M) ¢s the inversion number of M, which has been defined to indicate the
number of the points contained in M. Wien M is S-measurable M is measurable
a priori too and m(M) is equal to the S-measur: of M.

1.2) On denoting wiih <y the cardinal of the infinite set M; (i=1,2), if
Y <y

it is destined thai

1 A(P) may not be necessarily continuous of P in spite of continuity of the correspondence
betwesn the points in E and E, ’
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Fundamental Viewpoints in the Theory of A Friori Measure 213

m(M,)/m(M:)=0
with respect to a novmal system, whether M is measurable a priovi or nof.
II. FOR THE GENERAL CASE OF DIMENSION SYSTEM
I1,1) If boti of M. and M. be measurable a priovi, the Seis
M,+M,
are measurable a priori, too.
IL 2) If for any sei measurable a priovi ¥ contained in tie given sei M, ihe
relation
m(F) =0

be observed, ithen ii must be that the set M is a priori measurable and

m(M)=0.

As a measure we mean a non-negative vaiue for any case, s that it may be
direct from I,1) that m(M) is an additive function of a set; i.e. when M, and

M. are a priori measurable and M;(M.=0, we have m(M,+M.,) =m(M,)+m(M.).

1,2) may be induced from I,1), but I put it up here in regard to its import-
ance. Whea 1lim m(M.)=# is found on a certain structure, by which the ele-
k

ments of limMi=M are distinguished within the2 limit of enumerability, we
will say that the inversion number n(M) is determined and M is measurable
a priori. Then the following results are directly obtained.
When the sets M, DM, D - DM, DM;,, D are all measurable a priori, it is
casily seen that the product of them '
[ee]
M= H M,
=1
is measurable a priori too and
m(M)=1im m(M.).
k-»co

As for the sets M, cM, <+ My < My, <+ measurable apriori, if m(M,) are

uniformly bounded above, it is proved that the reunion

(219)



214 Yoshio Kinokuniya

BI:ZMI\',
k=1
is measurable and
(M) =lim m(Ms).
k>0

To induce II,1) from the standpoint of I,1) will be impossible with no aux-
iliary assumptions.

I1,2) is important specially in point that it leads us to the exclusion of non-
measurable set. Under a normal system of point-dimension, it is remarka-
ble that if the condition of II, 2) be satisfied, for any sequence of inversion
numbers

. e
(n pbeing the supposed inversion number for M) we shall have

nlﬂzﬁeﬁb:“' :O'

3. On Null Measure Assertion. When the cardinal of the set N is really less

than that of continuum, N is measvrable a priovi and

m(N) =0,

This proposition is Null Measure Asseriion, but to tell the truth, it needs
some conditions to be effectively consistent. When the space considered is
provided with a normal system of point-dimension, we see the assertion is
valid, on account of the hypothesis I,2), since as is well known there exists a
set of continuum power of which the measure is observed as zero in the sense
of C-measurability. In this szction I will show that the assertion is consistent
with respect to a regular system of point-dimension.

If N be a sel of points in the space E, of which the cardinal is really less
than that of continuum and E be provided with a regular system of point-di-

measion; then it is direct that for any pair of points ¥, ¢’ ¢ E we have
e .
0 < w00, (3,1

Besides, we may suppose with no loss of generality that E is the linear space
of real numbers (—o0, ), and N is bounded; i.e.

N c(a,b)=1, (—oo <a <b <o),

(214)



Fundamental Viewpoints in the Theory of A Priori Measure 215

If £ is a point In N, on acccunt of (3,1) a positive integer #» exists for any

point x¢X—N, such that

Let this number # be denoted as #n(x, £), and let the set of the points
x (¢ I-N) for which n(x.£)=Fk be denoted as X(& k) (k=1,2,3,---).

Then we have

oo
STX(ER)=1—N @2
k=1
oo
because if not so, there exists a point xc I-N—>'X (£, k) such as
k=1
‘J,Lﬂ,__o or oo ;
HE

this is contradictory to (3,1).
As the power of the set I—N is apparently equal to that of continuum,
there exists a set
X (& w0
the power of which is equal to that of continuum. Then, on account of the
definition of X(E, ¢), we have

B K (E ol (X E )

On the other hand, there exists at least one point £ ¢ N, for which

- m(N)
n(N)

because m(N)= & ,e. Therefore, supposing the point & satisfies the inequality
LN

(3:3)

LE

(2,3) in advance, we have

.4( ol - 1\> 1 f - .} 1 (,)
ka(g,h ))4/,»—7,c n{X(E, /.,)J LN
By 1.2) we see directly

- m{XCE 0y
Ny

so that we may have:

b — a>m {X(E ))>oomN)> 0,
that means

(215)



216 Yoshio Kinokuniya

m(N)=0. Q.E.D.

Since what is mentioned above is verified by using the symbols m(N) or
m{X(E, «)}, it seems we may not assert the result for the general case where
the sets N or X(E,r) may not be always posited as measurable from the first.
But, as a matter of fact, the verifying composition mentioneéd ahove can be
held unchanged on symbolical formalism, so that we may admit the result

gained ahove to be valid generally.

4, Exclusion of Non-measurability. When the notion of inversion number was
introduced in a previous memoir of mine, I thought in private I could set
measurability to be equivaleat to conceivability of a set by means of this
notion. But I have changed my mind recently when [ found I could help the
absurdity of measurability by excluding nor-measurabilily by means of the
hypothesis II,2).

About a sequence of measurable sets ;

B, B, C.s. TB.CBys ©--- CM,

if the set M is bounded 2 and the space in which M is given is provided

with a normal system of point-dimension, m(M) may not bhe larger than a
certain finite number; so that we may not find the disjoint measurable sets
L. © M—B. such as
ML) > &> 0

for an infinite number of k. for any positive number & fixed. Using this fact,
we do not find it difficult to prove:

Proposrrion : For any bounded sei in a Euclidian space of jiniie dimen-
sion provided wiih « novmal system of poini-dimension. inere can be found «
sequence of a priori measurable seis B ©B, C+»¢ TB CBut -+ &M 50

ihat the set

M- B. (4,1)

2 Under the general system of point-dimension a bounded sei may bz defined as a set which
is contained in a certain a priori measurable set.

(216)



Fandamental Viewpoints i the Theory of A Priori Measure 217

may contain no subset which {s measuvadble a priovi with « posiiive measure;
0

i.e. for any a priovi measurable set ¥ contuined in M—>" B we have ~ (F)=0.
k=1

Then, on acount of II,2)we see directly that the set (4,1) is of null measure;

and consequently we conclude that the set M=3B;+(M—2B,) is measurable a

priori, since ¥ B is measurable a priori as verified in the section 2. Thus it

is observed that non-measurability is excluded from our concepiion of a set.

on our course of study based on the four hypotheses I,1)---1I, 2),

‘Tt is interesting that the denial of non-measurability by means of the hy-
pothesis II,2) is very similar to that of any other parallel lines than the equi-

distant one by the hypothesis of Euclidian parallelism.

Moreover, we may find any univoque real function F(P) to be measurable
in our sense, when we take an application '
vp (PeM, M being a bounded set)
to indicate the general system of point-dimension; because, then the function

of a set

Y(M)=S o
is promiszd to satisfy the axioms (II,1> and (II.2) as the representation of
the a priori measure of M with respect to the system vp and consequently
the set of the points for which
y—E< fF(PY)<y+¢
should be measurable a priori, on condition that the support of f(P)is a bound-
ed set. Those being so, we have:
PROPOSITION : [ {he funciion of a set
7M=& yr (=0)

be gensrally regarded as a priovi measuve, and if lhe real function f(P) is
b;ozmdzd tn module and has iis support to be a bounded set with respeci fo ihe

system e, then Lhe iniegval

TSP, M= & F(P) vs

exists in the sense of ihe genevalized Lebesgue composition with respect 1o 7.

217



218 Yoshio Kinokuriiyd

The demonstration is direct. As the sets
Mo,:(f)=(P; v, <fPI)<ym) O M
(Pni2=ys-+E) are all a priori measurable as stated above, both of fhe sums
2yuy M, e (f)) =/
S yun V(Ma, e (f)) =7
exist and tend monotonely to the same limit J, which must be the value to be
represented in the form

J=8 fP) vp= v(f(P), M) Q.E.D.

5. Law of Absorption. Our theory of a priori measure is not only the de-
velopment reduced from the fundamental system of hypotheses I,1)---1I,2),
but it contains many delicate ideas which seem very natural to our intuition.
Among them the notion of occupation of a point is a specially difficult one.

By the occupation

() = (x—0,x+0) G.D
the author means that ((x)) contains all the possible spacing regarded as ly-

ing between the limiting points ¥x—0 and x40, and he has asserted that

~ N 0 0]
pe=m(x—-0, x +0)=2m{x— 2, X+ —2—) (5,2)
=om(x+ 0 x-+0).

Such are of the new categories that have never appeared in any classical books,

but are considerred very efficient to establish the conception of continuum,

The point
X+ A€ (>0, 1>1>0)
is distinct from the point x, because there is observed the distance A& be-
tween them; but, when we take the limiting process &-»>0 the limiting point
x4+ A0
should be regarded as belonging to the occupation (5,1), whereas the posi-
tion x + A0 itself may not be regarded as overlapping exactly with the posi-
tion x. Thus the notion of occupation ((x))is seen to be different essentially
from that of position. The law mentioned above [ say., x4+ }\0:*((;\5)) 1 is

called Law of Absorption.

(218



frundamental Viewpoints in the Theory of A Priori Measure 219

In fact it seems very natural that on the process
2 - x
generlly we should have
lim 2 e((%)), » (5:3)

whereas, to conform to the calculating process (5,2) it must be gxactly
0 -
x —|—~2' e((x)) but x+2+0 (%)
on the definition (5,1). To remove such a contradiction it may be reasonable

if we consider that the designation x 4+ %— or ¥+ 2+0 may notl indicate the

simple limiting process of the types
P +§ or x428 (&-0),
but they may suggest some structural relation of the occupations ((x))
=(x—20, x+2.0), (x— g x+0) or (x——g—~, x+2.0) etc. to the formula
I1=(01D= & ((x)).
xel
If we accept this distinction, it will be to indicate the fact (5.3) by the term
"law of absorption” generally.

6. Resilience. On the study of continuum, it has been an important remark
that aay point ¥ e(—o0,o) has no contiguous point. G. Cantor posited to
take the three points x—0, ¥ and x + 0 as the same to indicate the position of
the point P., but it is well known in the theories of iIntegral aad real func-
tions, to distinguish these three is necessary in some cases. The source of the
discussions on well-ordered sets too, may be understood to have lain in the
absurdity of contiguity of the real numbers.

The first observation of the contiguous state of the real numbers has been
made with respect to the law of absorption from our point of view, and then
an inversion of this law is posited to make the notion of resilienmce; in other
words, we elucidate the absurd contiguity of the real numbers to be caused
by the resilience of each point. An occupation may be considered as dwelling
in its exransive state only when it is considered to have some mechanical

propriety - -- say, resilience.

(219)
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On the elementary plane geometry, we learned a famous casuistic process,

to verify any length larger than the proper length of a line segment 1, to be
possibly adoptable as the measure of 1, by using auxiliary lines parallel to
each side of a triangle of which 1 is the base. From our standpoint of view,
this is not a mere paradox, but it may be valid when we bestow each point
of 1 with two directions of resilience parallel to each sides of the triangle.
’ In the general Euclidian space of finite dimersion, each point is consider-
ed to have its resilience expansive in the directions of the coordinate-axes so
that the aggregative structure of the space may be observed to make a con-
tinuum very naturally.

Besides the notion of resilience we shail have ancther inversion of the law
of absorption, which is found to be needed when the absorbed limiting point
is considered to be separated from inward the occupation, on moving along
the inverse prosess of the limiting given in the first. Such is a phenomenon
to be observed in mechanical historicity; we study it for instance on the

observation of the histories of distribution and call it Law of Dissoluiion.

You will perfectly understand the ideas described in this parer if you will
refer to the foilowing works by the same author,

i ) On Continwum, Mem. Muroran Univ. Eng., Vol. I, No.3 (1952 ;

ii) A Course of Radonian Calculus (1953 (this hooklet will be obtained at
Maruzen, Sapporo Japan);

111) A Symthetic Light on the Disiribuiions and their Siochasticiiy, Mem,
Muroran Univ. Eng. Vol.I, No,5 (1854).

Mathematical Seminar in the Muroran Univ. Eng., Hokkaido

(Received April 6, 1955)
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