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On one Method for Solving Three-Dimensional
Stress Problems by Means of Finite
Fourier Transforms

Sumio Nomachi*

Abstract

The purpose of this paper is to present the general solutions of the three-
dimensional stress problems concerning a rectangular parallelepiped acted by any
forces on its boundaries. The six components of the stress and the three components
of the displacement are by virtue of the finite Fourier transforms written in the
form of the tripple trigonometrical series with respect to w, y, and z.

Introduction

By means of the three functions approach, J. C. Maxwell® had first
asserted and H. Neuber® had lately extended, or by means of Galerkin’s
vector which Galerkin® derived from the idea of Love’s strain function?®,
the general solutions were found out of the three-dimensional stress prob-
lems. It is, however, too difficult to determine these solutions to satisfy
the boundary conditions. By that reason, the three-dimensional stress
problem so far treated may mostly be connected with elastic medium
wich is infinite, semiinfinite, or bodies with axially symmetrical stress.
Only a few investigators®, the author thinks, have been dealing with
the three-dimensional stress problems in regard to the finite bodies which
have six side planes.

The procedure herein proposed is a kind of operator calculus in which
Green’s formulas, relating to the equations of equilibrium of forces, are
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168 Sumio Nomachi

used in finding out the components of the stress and the components of
the digplacement in the finite Fourier transforms,

Equations of Equilibrium of Forces
and Green’s Formulas

The stresses acting on six sides of a cubic element of an elastic me-
dium are expresses by three normal stresses o, o0,, and o¢,; and three
shearing stresses r,., r., and r,,. From the equilibrium condition applied
to a cubical element of the body, the equations of equilibrium of forces
take the well-known foorms

3T, + OTay -+ ITee =X, ( 1 )
2% 2Y 2%

OTay 4 %y 4 P Y, (2)
% oY oz

Bres 4 BTy 4 8% g (3)
3% 3Y I

where X, Y, Z denote the components of the body force per unit volume
in %, y, z directions respectively.
The stresses are related to the displacements u, v, and w

ow
gy = 2uA0) 2 43 2V 2
o 3y 5z
a0, =2 2% o @ur 2L 2 2 4
¢ 5% (@ >ay Az (4)
o, =1 2% 1% 4 @2u40) 2
3% Yy a2 J
Tay == 1<ai+ai>y
Yy  ax
aw | Aw
S— (44—**), (5)
% Ay
- :#(ﬂ+ﬂ>,
. 8% o7 J

where u, v, w, are the components of displacement in x, ¥, 2z directions
respectively ; and g, 1 are Lame’s constants,

If we multiply the left side of Eq. (1) by I, that is a function dif-
ferentiable two times with respect to z, ¥, and z; and integrate by parts,
then with the following abbreviations
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[T st adeivis - v

' cf(av,y,z)olyalz:jf(’o:,y,z‘)dAgc,
o (6)

N
s o,
i)

’ bf(x, Y, 2)dx dy = jf(x, y,2)dA,,
we find that
j('[(;xLI]g dA, + j[% L}dA, +S[fzzL1]g dA.

_jf oly , oLy oL 1 av =(xL,av
| 5z By z J

Putting hereinto the relations (4) and again integrating by parts, we finally
have

L
g Az 2y+41 Io) Toaddy ((; ° :
j[f"xLJ d -+ j[r “A/L ] dAy + j[ L ] dAz j[(zlu + Z) U o

+ pv T oL, paw 2 [ 8Ly 4y, iLf:l dA,
Yy 3T o

(7)

_j[yufﬁ + ]dA +j 0Ly (o 2y u 2 }dV
574 o a1®

e dffo 2Ly ) qy — [x1,av,
axay 3231 § J

where
aZ " 82 + 92 )
ax’ 2y 3z’

Similary, Eqgs. (2) and (3), yield the following Green’s formulas:

[l an. (fo, L dd,+ (oL A~ [[W oL

v @ur 2l g }m H o 2y PL deA
3y a2 5 3y

(8)

H/w—ag’z o 2L !dA kj ;17)~AL2+(/1+2)U—;)2L2 L qy
ez ay_l l -y
+ ([J+)‘)J{fw _aE,L +u J?%LL] dV = J YL,dV,

| syaz axay | ,

j[rzzL3]g dAm + J[%ZLSJ‘Z; dA?/ + j[OzLajg dA P ji:,uu E-LJ,
o%

+ v AL, +2u+iw T } dA, J[/zw oL, + AU ipi]adflx
a3y 22 o 2
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al 5°L
— 2y 4, +(h ALy () w 2 gy
ﬂ:gw ~ v o Jd ,u (p+A)w e
2L
4 (i) ([ BLe gy 2L ldV: ZL,dV.
(r >J P ayaz | j )

where L, and L, are each a function which can be differentiated two times
with respect to z, ¥, and 2.

Nwe Simbolic Notations

If f(x) satisfies Drichlet’s conditions in the interval (0, a) and if for
that range its finite sine and cosine transform are defined to be

S, [f(@)] = j f @) sin%xdm, (10)
C.[f @] = j f (@) cos mT zdz, (11)
then, at each point of (0, @) at which f(x) is continious,
f@ =2 08, [f@lsin " x, (12)
1 (e 2
f (@)= —jf(x) @+ = 3 C,, [f @)]-cos ™" 5, (13)
al, a =

which can be extended to functions of three variables. Suppose, for in-
stance, that f(x,y,#2) is a function of the three independent variables, z,
Y, and 2, and satisfies Drichilet’s conditions in the spacial domain (0<z<a,
O<y<b, 0<z<c); then the finite tripple Fourier transform of f(z,y,2) with
regard to sin max/a, sin nay/b, and sin raz/c, may be written in

Su8.8, [ f (@, )] = j j j (@, y, 2)sin - (14)
where
m, N, * = 1, 2’ 3’ 4,’ ...... ,
then, at eachp oint of that space at which f(x,y,2) is continious.
fang = 2RRS.SS [f @y 2)sin T asin T ysin Tp (15)
n n r C

In a similar way, the finite tripple Fourier transforms with respect
to sin mnx/a cos nmxy/b cos raz/c and cos mrx/a sin nzy/b cos raz/c, are related
with f(z,9,2) by the two inversion formulas:

1o
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F@ v 2) = 2 ¥ sin ﬂxfj"sm [f(x,y, 2] dA,
b a |

aoc m

rox j °8,.C, [ (@, , 2] dz-cos LR > j S,.C. [f (&, v, 2 dy

rac
X eOS —
z

F@ 2 = 2 sin Ty {jsn [f (@, v, 2] dA,
abe = b

+4 5 8,C.C, [ (@, v, 2)]-cos %r— y-cos 1% z} ,
n (54

e

+2N j” C..S,[f (x, y,2)] dz x cos % x+23) Sd S,C. Lf (. y,2)) dw

x 08 7%z AN C,S,.C, [f (@, y, 2]-cos T g.cos T z} )
I'ed m a ¢

Solutions of Rectangular Parallelopiped

171

(16)

(17)

If we locate the rectangular Cartesian coordinate as snown in Fig. 1.

surface tractions

(@]

Fig. 1.
and let
m. . V51 rw
L, = cos 2% g.gin 27 y-cos "z,
a ¢
. m 7 7
L, = sin 7 g-cos =" y.cos 2z,
a b c
. m . nw .
L, = sin " z.gin - ysin Tz,
a

then, with the notations

Eq. (7) becomes
arp

(18)
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for nxm=—r=290,
|8, e de— [ 8. o det [ S, da
|8 e da— N | O o )b [ o]
N (=17 fon, ) a4, [l 04, ) (s, () da, =[5, (X1 d4,
for m, n=x0, r=0,
(=1 8, [l o[ S, [0 42+ CS, (0]
= CS, e =N | (=17 [ Co 2] o= [ €. ] 2]
—uN {<~1)an C, [ty s] dz—J.:Cm [y -] dz} — {M (2ut2) JrNZy}
x J( C.,.8,, [u] de— MN (1 + z)ﬁ S,C. [v] de — j C.S.[X]dz
for », r>=0, m =0,

8.0 [0)ee d=S,C Ao (=1 | S, [0 )
— j * S, (e)ens] do— pN{CnC'T [0aei]—C.C, [vmj}
. ;,N{f—lyzj'“ C, [u,-] do— j " C. [uy -] dx} L uR {S,ZST [w,-.]

8,8, [wm]} U (N RQ)J“ S.C, [u] d = Jf S,.C.[X]de,

for m, n, r==0,
(—1)"S.C, [(02)s-] = S,C. [(02)ece] +(— 1) C,.S,, [(tn)e=o]

— O8N (1P CC [00mi]—C.C, o)
— N {<M1>ncmc,‘ [, -.]—C..C, [uH]} + 4R {(—1)"”8,18,, [0,.]
8.8, [WHJ} M {p 18,8, [w,..]—S,S. [wzﬂ]}

— @4 ) I N+ B €,8,C, ] () MN-8,,C, [v]
+(u+) ME-S,8,8, [w] = C,8,C, [X].
Proceeding as before, we write Eq. (8) as follows:

for mxn=r=20,

N E e I (O M o N (R .
| sl dy—pnt{[ o, o [ Cl, ] )
M {(— 1 )mf(vx:(g dAz——J(vx:o) dAm} — ,Ijsm [v]dA, = jsm [Y]dA,,

A7

(19)

(20)

(21)

(22)

(23)
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for m, nx0, r=20,

(-1),,5:&” [(0,),-0] de— J{Zsm [0,)y-c) d2 +8,.C [(p0)r.]
—S,Cullee J-aM {(~ 17| Culty o] de—] Cou Ly} de|
=M =17 o) de— [ Culon-d def = {22 -2 2) ]
X j S,.C. [v] de—(p: +7) MNj: C,.S. [u] dz jsc [Y]de,

for m, r>0, n=20,

8.0, 160}, -11=8uCo [ o]+ (= 17| S T(ese)s]
| Sl dy—e | C.C, [ty ] CoC [,
~ [0 € Bl dy— | o) dy) 4R S8, T, ]
—8,8, [wmj} (M ‘Rﬂ S,C. [v]dy - Jr 8.C.[¥]dy,

- for m, n, r=0,
(—1)”SmC7. [(‘71/)2/%] mC [<JJ)Z/ ]+( NY C [(TZ/Z)Z c]
—&mmjwquwcmaaﬁm%

- I
M

8,8, [, ]! L {(—1)rum . ]—S,.8, [w.]! )

10,0, [0am]— O [vani] J+ R {( 18,8, [,

M @) N ,gz«zz} S,.C,.C., [¥]—(u+3) MN-C..8,C, [1]
(g 2) NRS,S,8, [w] = 8.C.C, [Y].
Similary, Eq. (9) yields

@H;Pf( 1.8,8, [10.-.]— 8,8, [0, M,IM{( 18,8, [,_.]

1
f
S8, [w,_ "]J pNI( 18,8, [w,-, | — 8.8, ['I/Uy=0]ll
— { a4 N+ (2t 2) Rz} 8,88, [10] +(n+2) RM-C.,8,C, [1]
b (n4-2) NR-S,C.C, [v] = 8,8,8. [2].

J
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(24)

(25)

(26)

27)

Each of the three equations (22), (26) and (27) include the finite Fourier
transforms of w, v, and w, Hence, the finite Fourier transforms of u, v,

and w: -
C,S,.C.lu), S.C.C.lu), S.S.S,[w]

can, with solving HFgs. (22), (26) and (27) simultaneously, be expressed by

a3



174 Sumio Nomachi

the double finite Fourier transforms connecting with the stresses and the
displacements on the six side planes.

These double finite Fourier transforms are the boundary values to be
determined as satisfying the given boundary conditions, and apparently
the numbers of the double finite Fourier transforms are same as those
of the boundary conditions.

To avoid the complexities of further evaluations, let us introduce the
following notaions:

T = Sultaend a7 | S o) de (29)
ot = el d | Sulie)d e 29)
) =50 [0 A F 8.0, )., 30)
i R (LR Y E R (CA YN 1)
=[Sl d e ] S e d o, @2)
=] S e daE ) Sl dy 33)
i g:ﬁj} = CoS, [(zendeno] F CoSo [(ru)ono] (34)
T = 8,00, F 8. Culle, ] @5)
i =D da g om0 da., (36
7o = [ aa, w o) da, @7
ey =l eatudeT | Culude, (38)
BT .
=l a0, 1ds, (0
7 =], C b E | b d, (4
B = CuC ] F G ], u2)
7 } = C.C. [0, FC.C. [0and] s 43)
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E

E:r} SS [wl “]+SS [wx o:]
gz; } S,.S, [w,-0] F S8, [w, o],
K

Kl = S8 w1 F S8, w.].
Now, for Egs. (19) and (23), we have
ApotDyo— pNJ N {(1 + (1)) Hy + (1—(—1)9) H} ,
- ,1N2js [u] dA f,lNZj'S [u]dA, :js [X1dA,,
Byot Fy— ptMH, o — ,,M{m( 1) Joo (L —(— 1)’")J00]
— D[S, (9] A, (S, (0] A4, — [ S, [Y]dA,,
for Hgs. (21) and (25),
Ay, 4 Dop—pNT,— N {(1 (=10 Hyp o+ (L—(— 1)”)H(,;].

+ /IREW.—\ S.C,[X]dz = p(N? +R2)5 S,C. [u] dz ,
Byt Fag—pMHp, — M {(L4(= 1) Ty (L—(— 11,
+ ,JRGW»Y S, [¥]dy = p (M + By 8,0, [v]dy,

for Hgs. (20) and (24),
(L4 (—1)%) A +(L—(—1)") Ap+ DN {(1 (=1 T,
(1) T =N (L (1)) Hao + (L —(= ) H
_j C.8. [X]de — {(2,1 40 M /1N2} j C..S. [u] dz
+ MN (p +z)jzsmcn [vde
A+ (=1) Bpo+(1—(—1)) Byo+ Fpi—p M {(1 +(=1)) H

(L 1) Hia — M [ (L (= 1) ot (L (= 1) L

e, —

—j‘smcn [Y]de = {{Z‘u AN+ ,le}j“ S..C. [v] dz

+ MN (p+ W .8, [u]dz

N Qa7s>

175
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(45)

(46)

(47)

(48)

s (49)




176 Sumio Nomachi

from which

CS [ulde— L 1 p+i M 1+ 1A,
j [l ¢ | M+ N* 2,u+2 (Wz*Nz) (=17

1 g2 MN
1 g 2p+ i (M?+ N*Y

x {(1 (1)) B+ (1—(—1) B,j,w—j S,C.[Y] dz} ,

1) 1 pi o N' gy y
S..C, dg = =) — +(—1"B,,
r o] de v V M2+ N* 2442 (M +N?) | ( (=179

(A (1) B C.[Y 1 pra ]WN
(A1) B | SuCu[¥]de) == o5 PP

X {<1+<—1> Ao+ (1= (=1 )Am—J S [X] dzJ ,

0

+(1—(=1y" )Am—j ¢S, [X]dz)

for Egs. (22), (26) and (27), we have

A+ (=1 4, +A= (=D AL +A+(—=1)) D, +(1—(—=1)) I,
—pNAQ+ (=1 o, + A—=(— 1)) o} + B {1+ (1) E,.
+ A= (=) B, } —pN {1 +(=1)) K, + (1 —(—1)) H,.}
FAM AL+ (— 1)) K+ (L—(—1)y) K} —C,.8,C, [X]
= {Qu+A) M*+pN* + p R} % C,.8,C, [u] + (1 + ) MN-S,,C.C, [v]
—(u+2) MR-S,,8,S, [w],

1+(—1" B, +1~—(-1) B, +Q+(—1)) F,,—1—(—1)) F

— M {(L+ (1)) A, + (L= (=) H,, } +pR {(1+(— 1)>Gmr
(L (1) G} — oM (L (— 1P+ (L —(— 1)) T, }
+AN{1+(—IN K, ,+01—(—11 K, }—S,C,C, Y]
={2u+HN*+pM*+pk?} xS,C,C, [v]+(,u+/1)MN><C S.C. [u]
—{(p+)NR-S,S,S, [w],

- (2ﬂ_'_ Z) E {(1 + <_1) ) Ifmrz_(l_(—__l)r) K;nn} _IUZI/[ {(1 +<_1)m) E r
F(A—=(=1)") B} =M {1+ (=1 G, +A—(=1") G, }
8,88, [2] = {@p+2) B4y M+ N*) x S.8.8, [w]

(D) B-Mx C,8,C, [u]—(u+ i) NRx S,C.C. [v],

from which we find that

e V2u+i T 24+ 2 7 Il

(1) Kl 4 22(“:0 MJZXR (12 (— 1))JW+<1—<~1)">G;W}
(B 20+d) MR M+ (=10 Bt (10 B,

|7 2u+2 T 1

1+( 1M K,.

\__._z

76>
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(51)

(52)

(53)
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/l Jr“/‘; % f 1 + 1 n B 7 ’ r
— r +F (L—(—1I" B, +(1L+(—1"F ...
o e I B () B+ (L (1)

-1y (Ll Mgy
A== S0 [+ = e S -y

x A, +1—(-1"A,, +1+(-1)D,,+1—(-1)) D,,—C,S.C, [X]}

_{?1! .2_2%732 ]{,N {(1+(-1>n)H7,W+(1~—(~1>”>H;M

AL (=) T A (=1 T A ME g g g7
W, A= T+ A MR s 505,12

A N _ 2@u+id NR) i
5.C.0 L] = {211+ T  2uti T° I{(H( 1) Ko
VT _,iﬂ MNR | T o pymEr )
+(1—( 1>)Kan i T l(1+( DE,, +(1—(—1) >EwI
(R 2(u+d) NR

\'7T 2u+i  T¢

o {<1+< D7) Ay b (L (= 17) A, +(L+(=1)) D,

_ fl _ 2@+hH) N
+ (1—(—1Y) D,,,—C.,S,C, [X] T T e 1)

x l<1 HD) B+ (L—(—1)") B+ (14 (1)) F+ L+ (1)) F,

x | (1) G+ A —(=1)) G;M}

_scoryN M 2@+ MN®) (g, qp
5.G.C.1 ]f L7 20+ 2 T Jl(l+( L) o

+ (1»(4)@3’ FL (1) T+ (L (1)

A
2+ TZ T 8.88.02),
IR 20t ) ROCHNDY jy gy
8,88, [w] = — | ey o (1IN K,
s ] [m 2(//-{—2) MRZ][ 1\
=K+ = A S s g,
Gy | I N 2D NE Y (g
+{1—(=1)"E,, J+lT 2;1+/1 7 H(1+( IMG,,
1 L 77
A ()G Tz [_(1+< ") A, (1 (— 1)) 4,
(1) Do+ (L~ 17) Do = 2N [+ (1) T,
1—(—1) 7,1 —C,8,C, prl N
HI—(-1)T S|+ oy e [ B,

arn
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+ (L( 1)) By + (L4 (— 1)) Fo+ (L—(- 1)) Fp—24M
< (U1 B+ (1 (1) Hi | —8.0,0. (Y]

_J 1 p+a B S (2
T azpeen) 15y 5SS

where

T=M+N+R = <]Z;?T_>2+ <%n>2+ <’1"n‘ )2.

With the aid of the following formulas:
A1) M a0 (@8,
TR ek P

A== M 0 v — a3 (PO(a,,8),
21— T sinMo = - e P (4,8,
QW (4,8 _ Chnam(l—f)ichmnf

- ’

Q(a,,£) chra, + 1

po (a,zrg)] &y, {Eshra,, (L—&) 4 (1 —3)shra,, }
P?(q,,8)f chra,, + 1

2 2 2 2 2
M:ﬁz, T:(m“>+(%ﬂ->+<£>’ air:ﬁ_nz—!——ifrz’ E::kag,’
o o . b c b ¢ a

(58)

A—(=19 1 g g 0 (678),
21 T T o 1g®(r,8) —

TA,,,.

A—(~1y) M* L@ O, (a,8),
B (=1 17 M T o p— o 6)

AI—(=1p) 1 o ar @ (§9(,8) + (.5,
@(1 +<_1)n) e Cos MM 47’fsafw l¢(2>(dnf>+§5<2)(am5)— 2 , (59)

Tra nr

¢“>(am5)] _ shra,, (1—8&) 3= S‘h"‘ran,f

¢ (a,,&) | chra,, 1
T, )) _ way, {échna,, (L—E&) F (1— g)chr:amé}
7 (a,, &) j chra,, +1

(=17 N b (@),
21— 1>"> 7 V= ey,

Z(l ( ) N 1 2] — bs IP(D(ASWM'?) ’

=1y 1 T T ey, ;60
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QOB . ChaB, (1—n) & i,

Q” (B} chzp,,. £ 1 ’
P\l) <t9mr77>1 = nﬁm’“ {vshﬂ'ﬁmr (l _{/) i_,(l "‘7/)8]’1,7[3”“_7/}7
P (3,,,7)) rp, & 1 :
zlm- - 'ZZ?" m2 + —bi TZ; = E ’ ZV - nz 5
a’ ¢t b b
n=1, 2, 3, 4, - ,
A—(=1) L og = @ [87(B).
S T e, 5 ()

Z <l _<_1>n) {sz cO0S Ny = L J¢(1> (Bm777)_ w(l) (1877”‘77) >

= (L+(—1p) T
(1—(=11) 1
T (L+(—1p) T°

CcOos

47[1877”' l¢(2) <87717‘77) - Z}N\D (er‘)?) y
@ (DB TP (By)

Ny =

L Bo)) _ 8B, (1—2) Fshtfh.,7

b

chf,, 1

7B (L =) ch B, F 7hB,, (1—7)

D (Bo) S
OB _
F2(B,,m)]
n=1,2 3, 4,
(I—(=1n Rk

— gin Rz =

Sl (=1 T

=1 B

F4(—1) T

g, = 1

€ QYT mal) s
2 QO .0)

Ree O [PO0L0),
47rzrfnn lP(Zj(TmnC’,\) i

QO (T un?) } _ ChT (1 —O)°°F dmrffﬁ
Q® (Tmnc) chn?,, 1 ,
P(D(Tmnc l — n-rmn {(1‘“@37’&7[7%75 i PShT{T””L(l — C)}
P (7,)) . 1 |
rim:ﬁmwﬁnz, c=%, BE=12,
o b € ¢
T = 1, 2, 3, 45 """" ’

1—(—1y) 1 & (0.5,
2 ( COS Rz __ v LA
» (1 + <—_ 1)") T 2’77‘7mz l¢(1) (Tmnc) - 72'7’2 ’

Zlai(—l)r) B osRr=_ €

m(L+(=1y) 77

(I—=(=1)
2 (—1p) T

1 cos Rz =
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Kighteen unkown values A,,, A.,, B,. B.., D,.. D,., E., E. .. F._,
Fow G Gorw Hyoy Hrry oy ey Koy K., can be all determined to satisfy
the eighteen boundary conditions on the side planes. The terms involving
the unkown values whose index n, m, or 7 are zero, indicate the behaviour
in regard to the plane elasticity.

In virtue of Formulas (64)~(72), we could, for instance, investigate the
differences between the simply supported piate and the hinged plate; or
to find out suitability of Kirchhoff’s assumption for the edge reaction of the
thin plate.
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