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On One Method of Solving Stress Problems in
Cylindrical Co-ordinates by Means of Finite

Fourier Hankel Transforms (Part 1)

Sumio G. Nomachi

Abstract

The purpose of this paper is first to present the general solutions according to the finite Fourier
Hankel transforms of the three-dimensional stress problems concerning a cylindrical body submitted
to forces on its boundaries, Then making use of the solutions, stress problems of a hollow cylinder
having uniform pressure on its inner and outer surfaces are analyzed, and cylinders with axialsym-

metrical deformation are dealt with.

1. Introduction

Many problems in stress analysis which are of practical importance are con-
cerned with a solid of revolution. For problems of this kind it is often convenient
to use cylindrical co-ordinates. By means of Galerkin’s vector” or Love’s strain
function” described in cylindrical co-ordinates, interesting problems have been solved.
The procedure herein proposed is a kind of operator calculs. First of all we make
the integral transforms with respect to the three components of forces around an
element of solid by the kernel L. Then integrating by parts we get the integral
transforms of stresses, and after making use of Hook’s law, again integrating by
parts we can obtain the integral transforms regarding three components of the
displacement. Here if we choose an adequate function for L, we can easily find
finite Fourier Hankel transforms of the components of displacement. The inversion
theorems yield the components of displacement from which the six components of
stresses are reduced.

2. Equations of Equilibrium of Forces
and Green’s Formulas

The stresses acting on six sides of a cubic element of an elastic medium are
expressed by three normal stresses o,, 0,, and ¢, ; and three shearing stresses z,,,
%o, and z,,. Then the equations of equilibrium of forces may be written in the
well-known forms

0o, 4 0 _f_iﬁrﬂ_r_l_ Jr,.

or r r o0 e = Ko (1)
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07,0 27,4
or r
i ao'g 6729
t 00 + oz K
(2)
0T,e | Tre
or r
L @ng + aO'z — Kz,
7

where K,, K, K, denote com-
ponents of body forces in 7, 4, =
directions, respectively.

~ If we let u, v, and w be the
components of the displacement in
7, 0, and z directions, respectively ;
and let ¢,, ¢, and e, be the direct
strain, and 7y, 7.., and 7,, be the
three tangential strains respectively,
we have the relations

— ou oy v = 0w
T T E”—r_l—raﬁ’ == oz
poo— Ou ,0v U
. 700 or r

(4)

r, = ou 0w
= 0z ar ’
7 - Ov  dw
” oz 700’

By makinguse of the abo{7e, Hook’s law is expressed as

_ ou u dv ow
7= k) gl (U ) A

0022-%+(2/,5+2)<i+ ov >+2

or r 790 ’ ) (5)
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Tro —

ou v
# (5o + 5~ )
where g, 2 are the Lamé’s elastic constants.

Multiplying the left side of Eq. (1) by L which is a function differentiatable
two times with respect to 7, 8, and 2z, and integrating by parts, we have

lo, L dA, + Ve, oL dA,+ V2., L e dA,
J J J
_[f oL, L, oL,
j % < or 7

> +0,—— 15 + o5, 00 + o

oL,
9z |

AV = jKLdV (7)

where

J Sr6=z) drdfdz = {f(n‘)z) av,

L ' Uroz) didz = j flro2) dA,
JJ.r

j j Flro2) drdd = j flroz) dA., .

(rf2) dzdr — E Jlroz) dA,,

Putting herein the relations (4) and agin integrating by parts, we finally get

j[arLl}bdAr—kj[rﬁ Lr deAg-Fﬂjz'ﬂLleAz
(T oL, . L, } oL, oL,
Jaul@y—#l) 2pu— a0 o adA,,
(T, {; 9L L) v
j_v lz ror +2 J+#u dA” _
(oo ?Ly o 0L (8)
VJ_Z or + az JodAz
( &L, oL,
+ju l(2#+2)< ort r&r) ‘u< 2602 >
( *L, oL, ) j a j
+jv (et2) 55+ 2 Zaa;dw (4 Awo-d 2= dV =K LAV

Similary, Egs. (2) and (3) yield the following formulas
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b L 4 ¢
j[mLz] dA, + j [aﬂ ;J dA,+ j [f,,sz] dA.

(T oL, 6L2 oL, o5 L\
j Cpt v 700 e T (r&r 2 7t >:!odA6

9L,
—JR/; faﬁ—l-k 60] dA,

N oL, , L, oL, 1?
| (G2 ) raa} 4.
oL,

(e +2) rorod
( oL, oL, oL,

orr ror + 0z? > ot Az

oL,

—2(2p+ ) 54

}dV

oL,
2402 IdV

Q
o~ —
=

and

j [ LTcZA + j [Tﬂz I; :\:dAH—F j [UZL{dAz

o2 L 2 LT aa,

0z

ﬂﬂw s a }dA
[ < r>+/w%%+<2 +)w

-
+j,u+,1 i aLs)dV+j( + Ao 7.
J

@

0

]dA

0z 8(98 av
L

oL L, 0L,
) ’“‘< 7or b G ) H 2

:jKZLSdV,

1 g
oy 4

where each of I, and L, are a function which can be differentiated two times with

respect to 7, 8, and 2.

3. Symbolic Notations

A. TFourier Transforms and Inversion Theorem

If flx) satisfies Dirichlet’s conditions in the intervla (0, @) and if for that range

its finite sine and cosine transform are defined to he

(94)
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S, [fla)] = ffm sin i”al zdx,

Calflzll = | fla) cos Tz dx, (11)

0

where m =1,2,3, ---,

then, at each point of (0, a) at which f{x) is continuous

fla) = 2 8, flaflsin 75z,
o (1 (o v (12)
fa) = 25 [ Ay det T Colfla)-cos 2

which can be extended to functions of two or three variables.
B. Hankel Transforms and Inversion Theorems.
If f{x) satisfies Dirichlet’s condition in the interval (0, a) and if for that range
its finite Hankel transform is defined to be

LIAa] = | fla) 2.6 2) d, (13)

Jo
then, at each point of (0, @) at which f{x) is continuous

J,(x&)

2
Sflx) = 7 ; Ju[f(x>] W (14)
in which &; is a root of the transcendental equation
J(a&) =0, (15)
or
— _2_ & J, (xfz) 16
fiel =GR LA L ) el (16)
\ a
in which &, is a root of the transcendental equation
Ein{(Eia)_'_th(Eia) = 0. _ (17)

If f{x) satisfies Dirichlet’s condition in the interval (@, oo) and if for that range
its finite Hankel transform is defined as

YAl = | fla) @ Vilea) de (18)
where
Yieia) = 7 (cosvm i) — () (19)

(95)
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then, at each point of (a, co} at which f{x) is continuous

_ 2 y Y, (& x)
in which & is a root of the transcendental equation
Y,(&a) =0, (21)
or
— ¥2; &Y, [flx] Y, (&) 29
a2

in which &; is a root of the transcendental equation
&Y [(ga)+hY, (6a) =0. (23)

If f(x) satisfies Dirichlet’s condition in the interval (a, b) and if for that range its
finite Hankel transform is defined as

/] = | fla) 2 HL ) (25)

a
where

H(&x)=J&2) Y, (&;a)—J,(8:a) Y, (&) (25)

then, at each point of (a, b) at which f{x) is continuous

_ 5 28065 B/
R e o 20

in which & is a root of the transcendental equation

J(68) N(ga)—J.(eua) Y.(65) = 0, 1)
or
_ 281 HL [ fla))-H (.2
S &= 5 e e b HE e b)— v EE D) 28]

where &, is in this case a root of the transcendental equation

EH(E0)+h 1, (5,0) = 0. (29)

4. Fourier Hankel Transforms of w, v, and

Now we locate the cylindrical co-ordinates as shown in Fig. 2 and let

(96)
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L, = sin 2= f#-cos — =R,

C

nw

m:nzl; 2; 33"';

then with the abbreviations M=% N=7"F|

o c
Eq. (8) yields

for m=n=0

{[o.&] dA,.+j[ M—_] dA,+([=.R| aA.

e T
{8 v
|2 ar {wzc w.o| A+ (2 A u( LR
~|K.RaV,

for m 2 n=0

©n

T
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Jie

-+

w8 Recs—Collo), I R, dA,

-
Lol =led] da [ featied—Culie..) ar

dr

]
0

—\ C,lew,. b]I2ﬁ+2)<dR >r b-—2y R’b:bldz

dr a |

J
J

[ udt s o) B des [Cutudf2pe A(OF) —2pfee e
-,

pM S Lo, ) o de— (2 2 B 1o )

—[UH:O]JdAE j Z}T {c [, ,]—C [0, _0]} dr

(5 e
2, R
r

—(as.e1 (2L

l dAH:JC [K,] RdA,

for nxm=0
{ - Vars ("L lc e
|, (el Res=Cullo sl Roca 0+ | €T
—~C, i) R ([ (=17 i)~ [1,0..) | R
‘F[C"[“] (2uta ax —2ﬂ~] + NS, [w] RJ

IZ{XTHP‘* [C. [, ]—C. . O]J r
J f;f I ) [wz="]_[wz=:o]j dAz

FR dR\_ rnp)
+an[u]{2p+2)<dr2 = pN°R) dA.

—[S.elur AN D A, = [,k RAA,,
for m, nx0
CoCollo) ) Rees=ColCallo -l Rt | Rl (=11, (2,0,
—Cullend-d} drt | Rf(—17Culle, e = Culfendl| dr
dR

[c C,[] {(2ﬂ+z)d_~2yR}—,_¢_s C, [v]R— yNCmSn[w]R-Jb

(98)
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j (zfg} +2 R) {<~1)mcn[v,,=q,]—cn[m:o]} dr

—j ARG fw.s]— Colwsodl | dr

|
dr | J
&R dR >M MR

dr? rdr 7’

+jbcmcn[u] 2 et i) - yNzR} dr

jS C, [‘U]{y—i—l) +2 —Ii} dr

—J. C..S..[w] (‘u-{—Z)N%dr :j C,C,[K,]Rdr.

Eq. (9) yields

for n=0
j:{sm[(m»:b]R,}b—sm[m)r:,,] R,..) dz

"R[S.[(c).-1-S. [} dr

b(z,ﬁz)rﬁM{(—l)m:Fvﬂ=o} dr

2

a {
R

J.
J

—j A= R M{Cm [w,_.]J—C,. [wz=o]} dr
Hys [v ]<M—2_)+2Mcm[u]ﬁ]bdz
J

+{c. [u]M{(#H)dTR—Z(z +) }dA@

" #R  dR . R)
+|S.l0] {ﬂ (4R - W)-(@H)M Rl aa,

_ jc (K, RdA,.
for nx0
S..C.. [(T a) b]Rr A O [( rﬂ)rvl]R ~a
+jbR{( 1S, [(7s:)e=c] — Sne [(Tozz=b]J dr

w‘ a

2pr ) B {(—1r Colva )~ Culnad | dr
—_Lz7M{<—1>"cm[wz=c]—cm[wz=ol} dr
——[/JS,,LC" [v] (%. —2§> +AMC,.C, [u] l}}"
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+| et /J-Iw?M B s R M] dr

+['s.c. [v]f (4R fg ~N'R)— (2,u+2)M2—§—} dr
j C,.S, [w](p+ ) NME dr_j S, C.IK] R dr.
10) yields
m =70
j‘: (8. ] Recs— S, Roo
+j:f {S[ =S, [ 0]} dr
sl verse]
Jb c [0p_,]—C [0, o]} dr
jzﬂﬂ RNf "o, — 0. } dA,
+Jy+2 JNC, [u]I d(f)} dA,
+js [w] (CR 4R R <2ﬂ+z)N2R} dA.
- jsn [K.RdA., .
for m 0
C.S. (7,0, ]l R, .s—C.S. [zl R
+ [ Rl vrs =8, e dr
~[ecs el G- 2| aveconr]
I B (G TR (OB RGN O | P
j(zwz RNf 1 Co[w...]— C,, [, 0]} dr
[ R\
+(/z+2)j NC,.C, [u]l = <—~>Jdr
(y+z)j NMS,.C, [v]——dr—i—j .S, ['w]{ dR _ R

+ ;I;—MZ%)—@/M‘—Z)NZR} dr :j C.S.[K.R dr.
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5. Axially symmetrical Stress Distribution in
a Solid of Revolution

In this case, the components of the displacement vector and of the stress tensor
will all be independent of the angle #, and the operator 3/38 will be a null operator.
The formulas corresponding to the above are Eq. (30), Eq. (32), and Eq. (36). Eq.
(30) presents the two-dimensional axially symmetrical stress distribution, and tribu-
tion, and Egs. (32) and (36) show the three-dimensional axially symmetrical stress
distribution.

A. The Two-dimensional Stress Distribution

The stress distribution is, in this case, not only independent of the angle #
but also of the length 2, so we have

T = To = 0,

Vpey

= Uﬂ:ﬁ 2
wz:(, = Wywo»
Eq. (30) accordingly yields

(Ro—0)(0,)res—(R2a)(0,)ra

dR R
[t G —2e |, (38)
1] 2 3
+(2y+2)jau<%§~%>dr:"aKerr.

Choosing R as
R = rIl(&7) = r{Ji(&r)Yilg.a)— J (&) Y&},
in which &, is a root of the transcendental equation
Ji(&b) Yi(ga)— i (6a) Y, (&b) = 0,
then we have

Hful = == :, Cpt e

where
b
H, [«] :j u-H (&;7)rdr.

By making use of the relations

oD
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ehom[E o] HGH

@ o & (40)
“b-HPﬁ_” __H&ao
b Tl b 1 & ’
where
Hu (Ez b) = O >

the displacement is expressed by

a x b\l ab
{ b<a‘"‘x">+““<7‘“z>fﬁb7 ] (41)
o3 B Henen, 6= Hid)- & Hika). |

This result may be adopted to represent the stress distribution in a hollow cylinder
submitted to uniform pressure on the inner and outer surfaces (Fig. 3). Let p,
and p, be the uniform internal and external pressures,
then the boundary conditions are

Oplpe (2#-!—2)%2-1-27‘) =P,
; (42)
u P —
)t = (2 #+Z)T + 27>r:b =P,

When the body force is absent, that is K, =0, Eq. (42)
yields

. 2 p2
ub{kirrr(#+2)+2/x§;}+2ua%<2#+2> == aab ]

(43)

2 by _ _, &=b
?(#+2)+2/171— 22 A

1 f
2, > (2y+2)+ual

from which we have

Oy = —

The above mentioned solution is the same as the solution due to Lamé®.

B. Three-dimensional Stress Distribution

In this case, the stress distributions are independent of the angle 6, so
Tor — O H

(102)
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Vy_

o = Upo .

Eq. (32) and Eq. (36) are accordingly expressed by

Cullo) sl Rems—Cullo sl Recoct | (=10 )

—{frrt |Rtr=[ €L {2+ 9 L —20 B ]

NS, [wlR] = [ 2R 1w )~ lew | dr

+feutaiera (G5 )

_ J S, [w0] (1 + ) N_fgri dA, = jc,l [K.]RdA.

- yNzR} A,

and

S l(trarco] R — S [(zrads—al Ry | g2 S, [w ]{dR Rl]b

ANC,[u]- R] j (2p+ ) NR {(—1)Pt0,..—ww,_} dA,

+\| (p+2ANC,[u] r—<~—>}

+

dr e dr
LK Rdr .

| I

ol
J.
j S, [w]I + B 2ur )R
J.s

Letting

b
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) (45)

¢ (46)

I = [ Ao erirdr, LA = [ A Hiler) rdr,

H,(&r) = J(&n)Y)(&a)—J.(&a) Yi(&7)
H(&;7) = Jo(&7) Yi(&a)— J (& a) Yo (&i7)

in which £, is a root of the transcendental equation

H1(§zb) = O >
we find, from Eq. (45) and Eq. (46), that

(—1)*Hi[(z,2)-o]l —Hi[(z,2). =]
— 2+ D& { H(&,0)-Coltrs] — H,(8,0)-C,u [, -]}
(1) H [0, ]~ H [10,]

—H,C,[u] 2+ A&+ N}
—H,S, [w](p+ ) N& = HC, K],

(103)
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and

S [(z,e)r ) o (6:0) =8, [(z,.) - a) Ho (&)
—ANC, [u,-,) Hy(£0)+ ANC, [u, - H  (£.a)
—(2p+ A N{(—1)"Ho[w. - ] —Hi[w, ]} (48)
—H.C, [u](p+ ) NE,
—H,S, [w]p&i+(2p+ )N} = H,S,[K.].

Putting for convenience sake

Culty ] = 5 Au, Cult,-] = 5 AL
S.ul(e.e), 2] = 5~ NB,, S.[(z,.),-] = 5~ NB,
Holw,.] = - D+ D) H,[w...] = - (D—D)
HlCnh-d = 5 &EAE)  Hledd =2 &lE—F)

into Egs. (47) and (48), and solving them simultaneously, we find the Fourier Hankel
transformations regarding # and w as

HC[]= — 5 pAH b —adi )| e o+ Sl ST

c , Vo Nedp+d)
e {anHo (60)—aBLHL gl |-
Py 1y D (1) [ 2l D) N

g | DA 1)+ DI (=1 a2 ot (49)
__ & 1 _ P p——ireE e (—1ypy L 1
mNZ-FEiJ 2 lEZ(l (1) Ee(1+( 1))2y+2 N+ &

742 Nt )

p2u+2) TN EF

2 N
20+1 N°+&

HLS, [w] = — & flenHo(@b)—aA;Ho (Eia)} {
_ 2(et+d)  N& ) cf TN B A
) )+ 4 (0B Hch —aBH )

1 1 pt2 & | s (50
“NZura Nrg " plpra ey °0)

b* | w1 a1yl [N 20p+2) &N
o D=1 DU (1) g+ B e
b (1P BN (— 1) (y2+ 2) NE,
g { B (=P B (1)) o BT

. (1049
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According to the inversion theorem
w4 Hl&r) 1
= ; FARTA j Ju] dz -+ Z cos Nz-H,C, [u]J
=25 SosinNe If(f} OHS, ]+ 2 smNzL wa[}“jz‘fr ,
u and w are written as
u Z b 16,1 lHo(&b)Ao A0 O(S.La)J
H, (&) [ 1
IRIPI cosNz[b (—ALH(EH)+ - AHi(a)]
W& 2(p+A&N* 12 @ o |
lNZ"‘EZ + (2#+2) (N2+fi)zj b anHo(Szb) b BnHo(Eza)I L -
__Mﬂvfi#] 2 DA —(— 1 DL (— 1)
(#+2)N2§i _ 2 ]_«_( —(—1)
Cu+ (N +87 e+ (N +&)] c |
v 1y 1 I & ( Z)Ng, .
+ B 0 Lot e (v e
and
H\(&r) [2 f a 4, 1
= 33 sin Ne R [b | —AH(0)+ AL Hilza)]
f AN 2(p+ANEG 1, 2|
NTrr A ra  Rar vy o (P
@ el N (pt- >N$L !
b B A (NS T aer ) (VT ) o
2D (=1 D1 (—1) Y 2{p+ A NE;
2 (1) , _n]‘[_ 2ab
+ - lIQ(I (=1 + Ej(1+(—1) )“ 57 2 ZsmNz
[ 4 (A, ALy, 1 &.__BL |
A\ Zur2 <Na Nb>+ 2p+2 <Na Nb)f'
By the aid of the following formulas :
2 Hi&r) &  _ _ R{P(Nr)
; ?Ifo(szb) @3 N2+ S’zb - W ’ (53)
e a H,(&a)H, (&7) & - R§?<N7')
o {6,}* Ne & RP(Na)’

(105)
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>4y H,y(2,0) H\(&r)  Ne,  _ RPN {bR (Nb)—aRSy (Nb)}
T b e (N*+é&y {RY(ND)}
_ RO (Nb) R (Nr)—aR (Nr)}
{R (ND)}* ’
51 42 H,(¢a)H (&7)  N&;  _ RP(Nr){aRi(Na)—bR? (Naj}
7 b {0} (N*+&) {Ri? (Na)}*
_ R®(Na) {rR?(Nr)—bR} (Nr)}
{ R (Na)}? ’
where
RY(Nr) = L(Nr)K,(Na)—I,(Na) K, (Nr)*,
R (Nr) = L(Nr)K,(Na)+ I,(Na)K,(N7) ,
RP(Nr) = L(Nr)K,(Na)+ I,(Na) K, (Nr) ,
R®(Nr) = [,{(Nr) K, (Nb)—1,{Nb)K,(Nr),
R?(Nr) = L(Nr)K,(Nb)+ I,(Nb)K,(Nr),
RP(Nr) = L(Nr)K,(Nb)+ 1,(Nb) K, (Nr) .
H, (&7 N  RP(Nr 2b
5 e G e = R T
5 2a H,(&a)H, (&) N :__Rg)( Nr) 2a
Foey  NtE T RINg  @—N
4 H, (&7 : 2RP (Nr
T Phed) TR e = R
_ RP(Nr) {bR$Y (Nb)—aRP (Nb)} —RY (Nb) {rRY (Nr)— aR§ (Nr)}
(R (Nb)}?
5 da HEaHen & __ KON
{0.}* (N*+ &) NR:?(Na)
. RO(N){aRS (Na)— bR )Na)) —RP(Na) {rR (Nr)—bRS (Nr)}
{R% (Naj}?
where
R (Nr) = 1I,(Nr)K,(Na)—I,(Na) K,(Nr),
RE(Nr) = I,(Nr) K, (Nb)—1,(Nb) K,(Nr) .
Z;(1~—(~~1)") cos Nz _ ¢ [¢P(Exz)
S (1) NE 2 e
—(—=1) N* c W(g2)—T D (5,2
e L ol A

* K, (Na) and I, (Na) denote the modified Bessel functions.

(106)
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SZS(D(Eiz)] — sh Ez(c_z>$5h 54
P (&:2)f chéex1 ’

TOlR) . &ile—z)ch&zTzch(c—z)}
T (e2)f chéetl ’
(I—(=1") N g (O™ (&,2)

21y (1) Ny NS 5 Qe
(1—(=1)" N _ ¢ [PP&R)

214 (—1p) rEr T g o),

Q(D(Siz)l — ché(c—=)chéxz

0@ (52)f ch&c*l

POz _ &{zsh&(c—z)F(c—z)sh Ezz}

P@gz)f ch&ect1

e e P

a r r/) a—b

+ Z cos Nz {An IG‘1> (Nr)+ ———2# ’:'22 F® (Nr)} + A {G@)(l\fr)

P
+ ;;l J; 22 FO(Nr )} — T@%T) {Bn-F*'” (N#) + BLF® (Nr)}]
— 5 B8N [ D[ (0 e) 16— A g )
D { D trzx (92— ()~ (&) }
~E, {m—¢<‘> T e GG AR
Bl sar 97 ﬁi—m@s@(é 2) =T 52>H
w = sin Nz[—An{ 2#1 LN %(xm (Nr)— ™ (NF))
— A {m 19 (Nr)— ﬁ—?z‘ (1) — <Nr)>}
+B, { TS X“’(Nr)»—kzﬂ’(’;;i J (2 (Nr)— 1 Nr>}
+ B, {Tlﬂ 29 (Nr)— ﬂféﬁ (0 (N7 <2>(Nr)>ﬂ
+ 0 2D [ D006+ AL Poleal] +D1 {076

F‘+2 @ (= L+2d g poie N BPOE 1}
+ 2#+2P (£:2) + Tt d) (62)+ K (&Z)j ,
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where
. RS (Nr) 2 R (Nr).
o — >
COND = Rowey TN = RNy
FO(Ny)
N
 RP(NA){bR (Nb)—aR$ (Nb)} —RY (ND) {rRSY (Nr)—aRp (Nr)}
o {R®(Nb)}*? ’
F@(Nr)
N
_ RP(Nr){aR®(Na)—bR{Y(Na)} —RY (Na) {rR,?(Nr)—bR® (Nr)} -
- (RENa) ’
R§P(Nr) R (Nr) (65)
@ . 01 @ — 01
AP (Nr) = “RO(NB) 29 (Nr) RO (Na) ’
X (Nr)+ o (Nr)
N
_ RNy (bR (NB)—aRS (NB)} — R (NB) { R (Nr)—aRS (N}
- (ROTVEF ) |
19 (Nr)+ «® (Nr)
N
_ RPN {aRs (Na)—bR(Na)} — RS (Na) {rR (Nr)— bR (N7}
- (RTNa) '
So that the dilatation is expressed by
ou |, u | dw __ Zb /
R e
_2p { I 7@ |
+ G %}cos Nz lNAHX (Nr)+ NALX (Nr)J
f o ) 1
4 o +2 ;COSN% lNBJC (N7)+ NBX (]\77”)I Yy (66)

_____w~__ f‘_(l)'z _((2)_1

gt ;H(a >{siEi¢<1>(5iz>+siE;¢<2><a~z>}.

The components of the stress are now obtained as follows :

o i () A )

o
—Ao<-b~—%)}+2 cosNz[NA fz/“‘( J;) (£9(N7) + 0 (N7

(108)
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_ 2pGO(Nr) _ 2p(p+2) FO(Nr)) o 2p(pt+A) (e
Nr stz Neo TV TS0 <X (N7)
2pGONr) _ 2plpt2) FONN ) m et 2
Nr 2p+2 Nr "l 2p+2

x (10 Nr)— 0 () — L0 ) 1 ;((5:& 2 ()]

rf et @ @ _ F®(Nr) AHp+2) @ (N
—NBL £ 2(% (Nr)— o (Nr)— £ )+ pome

+ o® (Nr)>—

— gtk [DZ {%‘Jﬂ (69 )~ <a-z>}— S 50 )|

7 ©; + 2 2p+2

(Part I)

&l

f pu+2 : s 1 1 e+
Ez\m<¢()($zz) IS (%z))‘*‘ 2 +Z 925()(5; )[—i-E \2#4_2
x (#6a—U0 )+ g o) |+ me TR B,

x (D (e + Dig ) — (Eg® 62 + Eg (&z))}

2+2
=20 [ e 2) (3 L)
Ll A2

A’2a 1 co sNz ;
(e 2 3 [An{zyGO(Nr)

2ple+2) ro . 2p e 1 1 {0, o
+ 2L P — 2 Nt (N + A {2460V

g

e

_.}_

2plp+2) pening 202 @ 1 [,u+2 FO(Ny
+__—2ﬂ+2 F@ (Nr) = 4% N1 (N - Bn12 (VA

W \_pf t+2 pe
2#+2 Nr-x (Nr)j Bnl2 +2F (N7r)+ 2#

_ « Hil&n) 2p(p+2) [ W _ Z/M Die o
‘i-: 6 r [D“'{ 2u+2 <¢O(Eiz> 7 (E”'z)> 2p+2 7 (62)

/IZ‘U( +/2) 2) e _ 2/1/2 (2 ]

+

Nr 1 (Nr)

B L (e

|
J
/| 2# @ p©+ A 2 2 |
+El +z¢)(5f2)+m<¢ 6x)—T )| |

— 3, G 22 Do) + Digoles)

Eg® (fiz>+E;¢<2><siz>‘] ,

A

* 2p+2 1

f
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o A2b Al2a )
7= 2[ b—a* * a,—b, |

+ T cos Nz [Mﬁl na, (x@ (Nr)——co“’(Nr)>+NAL <x<2> (N7

2p+2 |
—o® (Nr>>} +NB, {2/;% (@ (N7)— 2 (N7} )+ 2 (Nr) }
+ NB, {% (09 (N — 22 (NP )+ 20 (Nr)” (69)
— 3 LA 208 oD, (9(60) + U0 ei2))+ 64 (976)
+ 70 )|+ aE 2+ R R GO v
A e CRLE R A I P

2= I Nisin Nz{zgﬂ—:; [ A, Fo N+ A F<Z>(Nrj +B S Gown

. y—l—l F(l)(Nr)l_*_B/ ;G(A)( )__Zﬁ%z_F(z)(Nr)}:l

2u+2 | | o o
- Z & ( 7) [2/21(/:!-2@ {DPO)(S =)+ DIP® (g2 }—i—E fQ(n (&2)

— ot 1 milQo e fo ot |

6. Annular thick Plate having unegqual
Displacement between inner and
outer fixed Boundaries

To solve the stress problem, three conditions® must
be always satisfied at each boundary belonging to the ‘
‘elastic medium under consideration. The condition that
a circumference is fixed, is denoted by the three cases

as follows : ‘
(i) w=0, w=0; £° T
) w=0, aa—jf’:o; ,
(i) «=0, %‘ =0. Fig. 4.

* Because of the axially symmetrical stress distribution, a condition among the three which denote
that a circumference is fixed: that is v=0, can be satisfied in itself. So in each condition of
the three: (i), (ii), and (iii), there is given two conditions.
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The first case denotes all the points at the boundary can not displace, and the second
denotes the well-known condition, the so called “fixed boundary”. We will choose
the condition of the first case for satisfying that the inner and outer boundaries are
fixed, and one more condition we must consider is that there act no force on both
of the surfaces 2==0 and 2=c. Ience

Upnp — 0 5 Upiqg — 0 5
(Trz)zzo = O > (Trz)z:c = O >
which yield
A, =A,=0, E, =E =0.

The difference of the deflections between inner and outer circumferences relate
to a pair of shearing forces which act along the inner and outer circumferences,
$0 u and w can be described by the boundary shear 7. Accordingly the shearing
forces per unit of length along both circumferences become 77/2ar and T72bz. If
the distributions of the shearing tractions applied to the edges are regarded as a
parabolic surface, we may assume

(c,.) _ £ 2(c—=2)
Lreir=a rac c? 2 71
(o) = 3T z(c—=z) (71)
=t T rbe ¢
Hence
_ 3T (1—(=1)")
Sn [(Trz)z:a] - n'a63 N3 H (72)
R
_ 67T (1—(—1)) . 67 (1—(=1)")
B.N = rabct N? ’ BN = ab*c* N? - (@)
‘We therefore have
o 67 (p+4) (1—(—=1),) {FPNr _ F®(Nr))
u = ; cos Nz 27 NG 2pt g | b - o
-p st p [ (¢“‘<s¢z>-¥f<“<siz>)— =)}
- Z sin Nz — b 4N4 [{b(2y+2) X()(NT) 26/,[(2‘[,!—%2)
1 I 1 2 _#—H_
< =KW+ Gy PN g ™
<w<2> =22 ()| |+ AR Do)+ S Pt

2p+2
(111
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— 6T(1—(—1) p+2 DNy D _
6, = X cos Nemm ool o <w (N7)— 29 (N7)

Ap+2) L . pta e ) — F®(Nr)
oty = +z)< @ NA =1 (N — 77 )
A{

+ Aty — B¢, [2HEED (4000 (e)

Fny

2R o ) ]_ _I_Io(fz) 2p2 DD (e
L gole) — m EREIL 2Ee Dgo (e,

g, = — Z cos Nz-0 gbc“(N 1y) {b g:il <w<”(Nr)—X<” (Nr))

Lo — 2 <w<2> (NP — 1 <Nr)> - % 1® (Nr)} (77)

% al2p+2)

g A EALaD, (016 + O )

e 2T (1 oy
Ty = %,'smNz EN G@(Nr) b(Z,u—{—Z)F (N7)

+ g T o p, 2ule D) poyey)

] (78)
5 e p+a

_lgo I
-GN + AL oy

The constant of integration D, will now be calculated from the boundary condition.
As the plate is free from any force on the surface =0 and z=c¢, then we have

Oc)omo = 0. (79)

Before the above calculation can be performed, it is better to transform the first
term in Eq. (52), as follows:
The first Term

= Zﬂ] cos Nz TN {bé‘u—{—l) <a)”(Nr) x¢ (Nr)>

1.6 . ptA @ _y® e 1
+ 1O (N7 rioEy) (w (N#)— 2 (Nr)) g Lo
with the aid of Eqgs. (66), (56), and (57)

The first term

. 6T(1—(—=1)) _H,(&7)
=~ 23l cos Ne L a {Ho(a-b)

\f p+2 4N 2N )
Jl2p+2 (N*+E&P  Nité '

+ H,(¢;a)

*. The first term

(112)
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—y BTH&) (py (e ol
N Gl ARl

s P gy~ LA 2 0]

| & 2p+i 2u+a & |’
where
&N _ €—2z2 __L_ W (e
Q(I) (ézz) — ¢<1) (Eiz)+gj‘(1) (Ezz) A
Accordingly, Eq. (80) yields
b, — 6T | H(ED—H(ea)bla (4p+32 _00) _ 1 ) g
‘ b, #{@z‘}z ( 2p+2 (&, 29(0) 2(&ic) J '

7. Numerical Example

As an example, we consider a Véry thick plate the radius of the inner and
outer portion of which are a=c and b=2¢, where ¢ denotes the thickness of the
plate. In this case we have the values of the coefficients as shown in the following
tables:

Table 1.
o v ] '$
7 ‘ Eic ‘ shé&c | ché;e
1 3.19 ‘ 121236 12.1648 <
2 631 | 274557 | 274559
3 9.44 6290.86 |  6290.86 -
4 12.58 | 145343. ‘ 145343. 1 -
Table 2. ] “
il | rO | e 1
1 092091 | 024231 ‘ 0.02077
2 0.99634 i 002309 1 0.00859
3 099984 | 000150 | 0.00441
41 099999 | 000009 ‘ 0.00266
o o T
Table 3. l ' —
] [ \ *$ © J B 7
i £2(0) OO 20)] 1/ N Z ;
! B A, R R zZh
1| 068860 | 0.03016 ‘ 0.03081 c \*“ z2c 7'; e "2
|
2 97 L 0.00882 0.00398 <
‘ ousot ‘ oot | % T ~R ;_/?
3 099831 000442 |  0.00119 N 4 -
4| 099990 | 0.00266 ‘

0.00050
— Fig. 5.
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Let the Poisson’s ratio be 0.3, then

A=15p, Aptor 17,

Hence the values of D, are calculated from Eq. (58) as follows :

Table 4.
i Esa-DiH,y (E:D) i D;H, (&:0)
1 0.04685 \ 0.00937
2 0.03275 ' 0.00330
3 0.01877 | 0.00127
4 0.01205 | 0.00060
1
5 0.00801 ! 0.00032

On the other hand the values of H,(&7)/H,(&b) are given in the following table

Table 5.
Values of Ho(§:7)/Ho(E:0)
i r=a r=(b-+4a)/5 ‘ re(2b43a)5 | r=(3b+2a)5 | r=(4b+a)s r=b
1 ~13360 | —1.0043 —0.4779 0.2148 0.7557 1.0000
2 1.4105 0.4818 —0.9203 —0.9315 0.2793 1.0000
3 —1.4100 0.3410 10000 | —0.8744 —0.3619 1.0000
4 1.4134 —1.0195 03324 | —04022 —0.6676 1.0000
5 ~13964 | 12759 —1.1812 1.1044 0.0105 1.0000

By virtue of the above results we can obtain the values of w and ¢, ; the varia-
tion of w and ¢, with » and 2=0, and the variation of ¢, with = and r=a, b

are shown in the following tables and figure.

Table 6.
The variation of w with » (2=0). Tb*Ec?

r=a r=12a r=14a ‘ r=16a r=18a r=2a
0.0214 : 0.0165 ‘ 0.0111 ‘ 0.0020 [ 0.0030 0.0000

\ | , i

The variation of a, with r (2=0). 7T7c?
r=a r=12a ‘ r=14a ‘ r=16a ‘ r=18a r=2a
| ‘ - -

—0.407 | —0.159 ‘ —0.046 % 0.024 ’ 0.122 0.245
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Table 7.

The variation of ¢, with =z. T/¢?

r \ z=0 ‘ z=¢/8 z=c/4 ‘ z=3c/4 z2="7c/8 z=c
,,,,, — — — .
a —0407 | —0.228 ‘ —0.140 0.140 0.228 | 0.407
“ 0.245 ‘ 0.136 | 0.083 —0.083 —0.136  —0245
-
“ Ry
N N
[\ Q
g
§ !
0.245 Vea "—Q_ N 0407 Tt
=R
043G Tea 9 ¥ &
NS —— N
N S
O Tz
¢ C
0.239 Ty,

Fixed Surface
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