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Analysis of Commutation Curve of d-c¢ Machine
with Tandem Brush

Toshihiko Matsuda *

Abstract
This paper treats of the solution of the commutation equation, /. e. differential epuation
concerning the current in a coil short-circuited by the brush, in the case of the Tandem
Brush. By this solution, commutation curves and the values of the voltage drop between
brush and commutator segment are obtained for some representative conditions of commu-

tation in d-c machine to examine the commutating performance of the Tandem Brush.

1. Introduction

One of the most inportant limiting factors on satisfactory operation of a d-c
machine is the capability of transfering the necessary armature current through
the brush contact at the commutator without sparking and local heating of the
brushes and commutator.

The various investigations on the brush, brush holder and the contact pheno-
mena between brush and commutator, etc., therefore, have been reported by many
researchers. Nowadays quite a few d-c machines have the Tandem Brush (i. e
bisected brush). It has been known that this Tandem Brush gives us rather
satisfactory commutation.?’ 2

This paper treats of the solution of the differential equation concerning the
current in a coil short-circuited by the Tandem Brush supposing the same width
of a brush and a segment in the case of a constant contact resistance. By
numerical calculation, the short-circuit current curves and the voltage drop
curves between a commutator segment and a brush have been also presented
so that the following points may be clarified:

(1) The performance of the Tandem Brush with m=1are inferier to that of the
ordinary brush as regards the transfer of short-circuit current.

(2) In the case of the Tandem Brush with m <1, rather satisfactory commutation
may be expected as compared with the cases of both the ordinary hrush and the
Tandem Brush with m=1.

2. Commutation Equation in the Case of Tandem Brush

The differential equation concerning the current in a coil short-circuited by
the brush can be expressed by the following equation (1) by considering the
contact resistance between commutator segment and a brush as the Ohmic
resistance, so far as the coil resistance is neglected and the brush width is
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equal to the width 1. —¢ _ .1 Figl. The armature coil
of the commutator R short circuited by a
segment and the Tandem Brush.

mica thickness Component brush B

and B: have the con-
tact surface conduct-
ivities 01 and Oz,
respectively.

between the seg--
ments is assumed
to be zero:

L%—+U1~U2+ec=0 (1)

L; inductance of the short-circuited coil
i ; short circuit current in the commutated coil
v;; voltage drop between the commutator segment No.1 and the brush
v,; voltage drop between the commutator segment No.2 and the brush
ec;; commutating. emf.
; time
In this paper the following symbols are to be used:
I ; conductor current before and after commutation
Ry ; contact resistance at the surface all over the brush
T; commutating period
01; surface conductivity of a leading brush Bl
0'2; surface conductivity of a trailing brush B2

m; ratio of (2 to 01 (m= 6751)
3. Commutation Curve in Case of m=1

(1) The solution of the commutation eguation (1)

The commutation equation in case of the ordinary brush has been solved ex-
actly by J. K. Hayashi and M. Naito. ¥’

They have developed a clever method of solving the differential equation. In
case of the Tandem Brush, the commutation equation can be solved by using
their method as follows: -

By introducing the new variables x =t /T, y=i,/1I, c¢= ec/2IRs and
1/b=r= (2LI), (2IR+T), Eq. (1) can be divided into the following three
cases, according to the contact features between the segments and a brush;

1) Case of o<x<a

In this case one can obtain the following relations;

- .y WRos - N Ry
y (] — ;) _WRs ;) __Re .
Ve=(1 = i) =0 (1= i) —*55 (3)

where =x/W, W=1+a-— a,
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Analysis of Commutation Curve of d ¢ Machine with Tandem Brush 507

Substitution of Egs.(2) and (3) into Eq.(1) gives

S (k)= o (k) e W

where & = Wb,

Eq. (4) is similar to the equation obtained in the case of the ordinary brush.
Therefore, the form of the solution of Eq. (4) is the same as in the case of an
ordinary brush, namely,

s , 1 —x X » Iy
yl:1—2x+2(1—bc)(—,x)f<1fx)dx (5)
Using the relation x’= ‘; , one can rewrite the above equatlon as follows:
—1—90_X 2 (1—pc — ’
Yi=1-2-5-+-2 (1 )f L (6)

2) Case of a1<x < a2

In the case of @, <x <a;, one has the following relations:

_ . WR s
U1—(I+1)—1—_‘Tl‘ {7)
ve=(1—i) e (®)
Substitution of Egs. (7) and (8) into Eq. (1) gives
dy W W N_ (W W\
d x + by (1—a2+_aT_)“b a; 1—(12) 2bc (9)

Upon putting @« = W/ (1~ a;) + W/ ai and =W,/ ai—W (1 —az ),
one has the following equation:

Y taby=p6—2be 10
The solution of Eq. {10 is
y:e—abx[cl+<ﬁ__ L)eabx] W)
where C;is an integration constant. By introducing the initial condition of
yy =Ya1= y, |y = 4, at x = a,,theintegrationconstant C; will be decided
as follows:
Ci=Ya, e b —(13—}25)@‘”"’1 12
Substitution of Eq. (12 into Eq. (1) gives
Yo = {ga - L2 ) et (a0 (£22¢) 1

where « and (4 are the constants which can be determined by the dimensions of
the component brushes B: and B:.

3) Case of a2 <x <1

In the case of a:2<x <1 one has the following relations:

U1:(I+i)*1—v_V§/bT:(I+i)“——1R_bx,, (19
_ WRo» _ o, Ry
Ve=(1I 1)m—(1 i) (15)
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Substitution of Eq. (14 and (I5) into Eq. (1) gives

4y 1 1Y o o
7 +by(1_x,,+ ) b( ,x> 20b¢ (16)

where X’ :T( W—1+ x), b = Wb

Eq. (1§ is similar to the form of Eq. {4), therefore the solution of Eq.
(16) is similar to that of an ordinary brush, namely,

Y=1-2:+ Lxﬁ— [Co+2(1—bcf ¥ e ] )

1 —x”
where C, is an integration constant.
By introducing initial condition of Yy =Y lx=q» =Ya: at x = a,, one
can obtain the integration constant C; as follows:

W—1+az2 \¥ W— 1+a2 2 , W—1+
Com (2292 ) [y, Mmlter —W(H)c)f( x)dx}_a/u@

By substituting Eq. (8 into Eq. (17) one can obtain the solution Y =Y, in
the case of a»:< x < 1:

Y,=1— 2( *1+X)+( 1= )[ w— 1Aa2 (yaz__W—Lle}

W W—1+x T1=ar )1 W
~ 20 e fx( —1+x)b’ ] (19
w Jaz 1—x
Thus, the equations which represent the commutation curve of the Tandem
Brush are as follows:
1) Case of o< x <aq

y:lf_g_x+_2_<1vbyc)<W*x>b’x< X b dx
: W w x o W — x

2 ) Case of aicx < a,

Yn = {yal_ﬁ‘fazc } € ab(alﬁx)_k _ﬁ:?&g_c_

3) Case of ay<x <1

2 W—1+as\V
Yo =1 w—1ex) 4k Hx)b[ A

(Yar - Wolasy L 2y [X(WoLlx)iy,)
{Ya v }+W<1 bc)ﬂ22 = dx

Figs. (2)~(7) show the commutation curves of a Tandem Brush with a;=0.4,

= 0.6 and W = 0.8 in the case of T =12, 1, 2, 5, 10 and 20,
respectively. In Fig. 3, dotted lines are the commutation curves of a ordinary
brush-at r =1, W = (.8. Fig. 8 shows the relation between the comm-—
utation curve and the value of W.

(2) Evaluation of Commution in Case of the Tandem Brush with m= 1

When the value of the voltage drop between the segment No. 1 and the
brush is about 3 ~ 3.5 volts, the d-c machine may have spark between the
commutator segment and the brush. 4’ This value of the voltage drop which
is closely connected with satisfactorv commutation can be ohtained as follows:
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IRsW (1 + yn) /(1 —a), (a1<x< ayp)
IRsW (1 + yu) /(1 —x), (a<x<1)

Especially, the value of wv: at the end of commutation is important and it
becomes

Ul—IRbW(l +y.) /(W=—x), (o<x<a) }
20

Lim v1 = ~IRsw Lim % @)
Therefore, the quality of commutation can be estimated by the value of lxi~)n}
dyy  dx. Table 1 shows the values of hm dyy  dx and llm Uir
Table 1.
ralues of r/Wand ¢ | Li® ¥’'p| LI™ pir |values of L and RbT
/w>C| —» +
Lozt [Ty=c| 2w | +1 2 ReT
Vw <C| +o — o
Tt | L2 %f_,/fy ll_,jw L <RroT

From Table 1 one can understand the following relations:
1) In the case of 7/W=g¢
11m ¥ and llm Uir have the finite values for all cases of /W Sc
2) In the case of T/w<1, '
lm% ¥ and lmi Vir are—%—lc_ i.e. finite for any value of c.
Therefore, In the above two cases, one can expect satisfactory commutation.
3) In the case of "/W=1 and /W =Z ¢
h_)m ¥’ and Ilm Uiz are infinite. In these cases, commutation will be hard.
4) Whether the values of )1(1_)'11{ ¥ and 11m Uir are finite or mnot is
decided by the valus of 7/y.
The value of U1r used in Table 1, upon putting
Ur
. U = 2
is expressed as follows:

ViR =

w 1+
2 _WT (O <x Sal)
W 1+ yu
2
w_

Y (a1<x < ay) 23)

= %%’L (a2<x <1 )
The values of Uiz in the cases of ¥ =1/2, 1, 2,-5,10 and 20 are shown
in Figs. 9 ~ 14, respectively. In the same way, one can estimate the value of
D2r as follows:

D2r = 20112?1) ZV; 1;y, (o0 <x <ajp)
2—%/———1%1—!/—9— (a1<x 7 a5) @)
—y
= Ig w1~1-+I§c (a<x<1)

(147)



510 Toshihiko Matsuda

Figs. 15 — 20 show the values of Uik in the case of r=1/2,1, 2, 5,10
and 20, respectively.

In the cases of r=2, 5, 10 and 20 the values of Uir reveal the maximum
at the leading edge of the trailing brush Bz in Figs. 17 ~ 20. However, this
muximum value is not so large except when the large value of ¢ is given. On the
other hand, the value of Uirhas a comparatively large value as compared  with
the value of U2r even in the case of 7/W<1. Therefore, one can understand
that the brush sparking will appear easier at the trailing edge of component
brush Bz than at any other positions over the surface. This tendency is likely
one of the ordinary brush. Now, upon comparing the commutation curve of
Tandem Brush with that of an ordinary brush, the former has the following
tendency:

1) In the former period of commutation, commutation is carried out earlier
than in the case of an ordinary brush and in the latter, it is down later than in
the case of an ordinary brush.

2 ) The greater the gap between the component brushes B; and Bz is, the
larger the above tendency becomes.

(8) The value of ¢ which gives the linéar commutation

The value of ¢ which gives the linear commutation is obtained by the equa-
tions (4), (9) and (1§ as follows:

1 —
CI:T’—W—W"_—DXK—‘ (OsxSal)
— 14 W |14
Cu=vr = a, -+ <1~az+ 2 )x (a1£x£az) ' 95)
. Wx
Cu=r W+_—a1—a2+x (a2<x <1 )

By commutation curves shown in Figs. 2 ~7 and Eq. (), one can know that
it is necessary to give the commutating emf., in order to get the linear commut-
ation, as follows:

1) In the former period of commutation, to give smaller value of the com-
mutating emf. than the value in the case of an ordinary brush.

2) In the latter period of commutation, to give larger value of the commu-
tation emf. than the value in the case of an ordinary brush.

4. Commutation Curve in Case of m<1

(1) The solution of the commutation eguation (1)

The differential equation concerning the current in a coil short-circuited by
the Tandem Brush, where surface conductivities of the leading and trailing brushes
are 0’1 and Oz, respectively, can also be expressed in the same way as the
equation (1). di

L dt

LU;—V2+€c=0 (26)
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By using the same variables introduced in the former Section 3, Eq. (6
can be divided into the following three cases according to the contact features
between the segments and a brush.

1) Case of o=x=a;
In this case one can obtain the following relations:

Vi= (I+i) ! = (1+i) R @)

(1—a2)Ge+@—t/T)01 1—x
1
= (I—i)FFm=—= @9
ve= U= 75~ |
where ¥ =x /W’ , W'=a1+ m(l —az) and m:(72/0'1.
Substitution of Eqs. @7) and (8 into Eq. (6 gives

dy 1 L>* ( 11 ) B )
T+bly<1_xw+ X =b1 X 1_x9‘ 2bic (2)

where b1 = W’ b .
Eq. 9 is similar to Eq. (4), therefore one can get a similar solution te

Eq. (5) as follow: ’
_— b X K] b R
y1—1—2x +2(1—b1C)(1 x)/;(Tf_—i7>ldx (30)

Using the relation ¥ = x /W’, one can rewrite Eq. 80 as follow:
2 W — x \bifx X b1
Yy +—W7‘(1—b1€)(*’7——> /:) (W——X) dx(31)
2) Case of a1<x < a,
, 1 , WR,
1 ( +l)(1—(12)0‘2 (I +1i) (1—a,)m 82
. . 1 _ .y WRy
V2 = (I z)—ald1 = (I i) . 33
Substitution of Eqs. 2 and (3 into Eq. @6 gives
dy W’ W;}: {W’_ L }— 4
dx +by {m(l—az)+ a b ai m(1—as) 2 be. 84
Upon putting
- W’ W’ W W’
. a“m(1—02)+d1 ’ ﬁ_al m(1—asz)
Eq. 64 becomes as follw:
f$L+a by =1b (f—2c) )
The solution of Eg. (5 can be obtained as follows:
2 b(ar— — 2
Yo ={Ya— o BE Y e@VOT)  Boke )

The above solution has been derived by deciding the integration constant at
the initial condition: ynzyllx:m:yal, at  x = ai.
(3) Case of a:2< x < 1
W’ R
(I 1), Tox

=1 +i)=B @

=(I+1i) —

(1— t/T)o‘
(149)
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1 W’R

U2:(1“l)am2: l)m ([—1)7 (38)
where
" (a1/m) —az + x . w'—1 -+ x
(al/m)_02+1 - w”
W= (al/m) — ay + 1 = ﬁf]i'lw’

Substitution of Eqs. @7 and @8 into Eq. @6 gives
dy 1 1\ _ 1y
“&‘F + b2y (—lt? +*x7>—b2(7 ““"‘-1_x,,'> 2b26 (39)
where by = W’b
Eq. (9 can be solved by the same way as the solution of Eq. (29. Thus,
one can obtain the solution of Eq. (39 as follows:

ym""l_ZX”‘}‘(l )bz[c +2( l—bzc)f

By introducing the initial condition of yu= Uy, ] x=a: — Ygz at x=ay,

” 40

the integration constant C3 can be decided as follows:
or= i) e 220
° 'm‘(l‘GZ) y2+al+m(1~ag\
_ (ar/m)—az+x) b2
W” (1— b2 c)f T—x } dx{x:a (4

By substituting Eq. @1} inte Eq. {40, one can obtatn the solution of Eq. {39
as follow:

_ 2 (ar . ( 1—x >b2[<a1/m>z ai/m—1-+ta:z
Yun=1- W”(m+x a2)+ 01/m+x a, +“—M7__~}

ai/m-+ x —asz ) b2
e W,, (1—626)/;2{ T 1 ] )

Thus, the equations which represent the commutation curve of a Tandem

Brush with m<1 are as follows:
1) Case of o<x=<a;

2 W’ — x b1[x X b1
Yr=1-— W W,(l—blc)< " )\/O\(W’—x dx

2) Case of a<x<a,

B — 2c —a’h x—al) B —2c
yn:{ym—'—T—}e ( L
3) Case of a3<x<1

be
2 ai 1—x b/ ai/m ai/m—1+a;
Yoot (= (g ar) (1 2ar) Y™ )

2 ai/m-+x—az\ b ]
+W(1—bzc)faz{~——————l_x } dx

Figs. 21 ~26 show the commutation curves in the cases of r =1/2, 1,2,
5, 10 and 20 respectively, where the commutating emf. is constant and the
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dimensions of the buush are a;=10.4, a;=0.6, W=0.8 and m:1/4. In
Fig. 22, commutation curves of the ordinary brush and the Tandem Brush with
m=1 are entered to compare with the performance of three brushes.
(2) Evaluation of commutation in case the Tandem Brush with m<1
Upon putting Vi = U1/21Rs
D2 = 02/2 IRs
one can obtain the values of Uik and U2z as follows:

1 4y
Uir = Iév W’—xI (0 <x < aj ]
W 1 + Yyn
= o T —a@ (a;<x < a) )
W 1 + Yu
= 3 R (as<x <1 )
W’ 1 —y
UZR: 2 %x ! (O <x Sal) B
w1 -y
=5 a1 = (a1<x < a) (44
A T
- 2 Wn__1+x (Hng<1>
From above equations of y and U:ir , one obtains the values of 11_)11'11 y’
and ll,n? Uir as the following Table 2:
Table 2.
values of "/y» and ¢ )gnl Yu il_;ni Uirr | values of L/W” and RsT
G >C | — o + oo .
r _r_ _ __2
W” >1 w” C W” B + 1 W’ >RbT
w7 <C | + oo —
W >C | — o + oo .
T T __2+K K S
W” 1 I’V” —_ C Wn 1 + 2 W” RbT
#r <C + oo — 0
EAPTE S 2 1] 1-¢ L
W’ <1 W” %C Wnl_r/W,, 1_ 7'/W” W, <RbT

In Table 2, K is the first term in Eq. @l as
N a; bz{ ar—m(1— as) }
K_{m(l—az)} Yaz + a1+m(1—ay)
In case of the surface resistance of the trailing brush being larger thanthat
of the leading brush, the effective width of the brush as a whole reduces to
W =a;+ m (1 —ay) when the width of the trailing brush is conventionally

converted into the leading one of the brush. This fact is equivalent
to the reduction of the commutation period in the range, o<x<a,.
On the other hand, the conventional conversion of the leading brush into the
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trailing one results in the fact that the width of the whole brush is enlarged as
W =(a; /m) + (1 —a;) in the range, a2<x < 1. This manner of understand-
ing is equivalent to the concept of assuming an increase of the commutation
period.

In another range ai<<x<ay, while the segment mica lies between the com-
ponent brushes, the contact resistances remain constant. in this period the
commutation curve has the exponential form according to Eq. (6. Thus, the use
of Tandem Brush which has the condition m<1 enables us to obtain a satisfac-
tory commutation by making the value of lxirgl dy/dx and ]Xer% Uik smaller than
that of an ordinary brush even when r>1.

From Table 2, one can also express the performance of the Tandem Brush
with m<1 as follows:

Under the two conditions of

(a) Vl;” =>1 and —g—;—, =C
r
(b) > 1 and G 2 C
the value of Iirrll Urr is finite. Therefore, we should consider the realization
Pl
of the above two conditions. It must be difficult in practice, however to re-

alize the conditian (a) but the condition () may be realized by making a brush
with the value of W” as Eq. @5:
w=((-Z—1)art a1+ (1 -ar) ] )
2
(8) The values of ¢ which gives the linear commutation

The value of ¢ which gives the linear commutation is. obtained from the equ-
ations 29, (4 and (39 as follows:

Ci=r—W (1-—W) /(W —x) (o< x<a1)
Cu=7r— W/m (1— a)+W{1/m(1—ay) +1/a1} x (a1<x<az) 46)
Co=r—W (1—-W") /(W —x) (az=<x<1)

5 Summary

The present writer has solved the differential equation concerning the cur-
rent in a coil short circuited by a Tandem Brush in order to obtain the follow-
ing results by regarding the contact resistance between the commutator and a
brush as an Ohmic resistance, so far as the brush width is equal to the width
of the commutator segment and the mica thickness is assumed to be zero:

(1} In the case of a Tandem Brush a linear commution can be reallized, so
far as the commutating emf. is given by the equation (25 or ({46) to the respective
cases.

(2) When the commtating emf. is constant and the Tandem Brush has the
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value of m=1, the value of lxi_)n} di /dt is finite in the case of L/W < RsT
and then a satisfactory commutation can be realized. On the contrary,
the value of li,nf di /dt is infinite in the case of L/ W = R:sT except
for a case of r/W=c.

(3) In case of m=1, the value of W is smaller than 1. Therefore, the
performance of commutation in case of the Tandem Brush 1is worse than
in that of the ordinary brush as regards the transfer of the cur-
rent.

(4) In the case of a Tandem Brush with different surface conductivities of
two component brushes, the value of %{1»1{1 di /dt is finite under the
condition of L,/ W <R,T. So, a satisfactory commutation can be easily
realized.

(5) The value of lxia_jln di /dt is infinit in the case of L/W’=Rs7T except
for a case of r/W”=c. However, the larger the W’ = (ay/m) +1—a:
.is, the easier the commutation beccms,

(Received Apr. 30, 1963)
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