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On Finite Fourier Sine Series with
Respect to Finite Differences

Sumio G. Nomachi

Abstract

The solution of linear Finite Difference Eqaution which is defined for only finite number of
points, can be expressed by Finite Sine Series with the same number of terms.

In this paper, the othoganality of the finite sequence of sine function is first given, and several
functions which represent the summations regarding the finite sequences of sine function, are intro-
duced from a finite sequence of complex exponential function. The corresponding Finite Difference

Equations and their Green Functions, which appear in the structural problems, are discussed.

1. Introduction

The Finite Difference Equation has often been encountered and will surely be
so on the field of engineering analysis. Many analitical methods have been found
in solving it, and George Boole” must be enumarated as the one jwho had first
carried out a thorough discussion of the basic principles of the subject, covering
nearly all the major theorems and methods with clarity and rigor. It was however
not long before that a kind of Finite Fourier Transforms were applied to the analysis
of Finite Fourier Transforms were applied to the analysis of Finite Difference E-
quation by Ferras”?. Considering that Fourier Transforms plays an improtant part
in the engineering mathematics, this concept may be extended to Finite Difference
Equation.

Let then 4, prefixed to the expression of any function of x, denote the operation
of taking the increament of that function corresponding to a given constant increa-
ment dx of the variable x. Then representing the proposal function of x by F,,
we have

AFx = Fx+4z"‘Fz (1)
and

AF z F z+Az_F T ;
dx dx ; @)
which apparently coinside with dF/dx for the limit 4x-— 0.

Then, assuming dx=1,

AF, = F,,,—F,. (3)

The operation denoted by 4 is able to be repeated. For the difference of a
function of z, being itsself a function of z, is subject to operations of the same kind.

44F, = FF,

(187)



188 S. G. NOMACHI

similary

. AfF, = £F,
and generally »

A4*'F, = 4"F,
which can be written as

4. = £ Fos =87 F, = Foon= Ot Gl 1y
+(_1)n41nCn-.1Fz+1+(_‘l)an . ) J

The inverse operation of finite difference is called as the finite Integration which
is usually expressed by :
if
4Y (x) = Fdx
SF,dx = Y (x)+ Plx), (5)
in which P(x) is a periodic function by the interval Az. Therefore, the definite
Finite Integration may be written as

SFdz = Y(b)~Y(a) = ¥, Fudz. (6)

2. Othogonality of Sine Fuction with
Respect to Finite Differences

If z is a variable defined only for integer from zero to 7, any function including
x makes sense only when x takes the prescribed integer.. Let now

mnrx . InX

S sin sin " fr =1
0 n )
where m, r=1, 2, 3, ---, n.
By taking dx=1,
I = i:S'jcos 7z (m—1) —cos nx(m+7) ) dx
251 n n

N

I

|: sin % (m—7) x—l—sin%(m—r) (x—1)

. T
sin — (m—r)
n :

sin—Z— (m+r)x+sin% (m+7)(x—1) }"
. T
sin-— (m+7) o

%I:S—in—@—(m{1—l—cosﬂ—(n—:;fr)}—cos:r(m-—r)-l—cosn-(m—l—r)]

. T
sin— (m—r) *
n

I =

(188)
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So that
'n_ m =r
I={2 7
0 m>xr.

The inversion formula is established as follows ;

T fla)sin "EE = g (m)
- (7)
25 g lm)sin "I~ fa).

3. Hyperbolic Functions

If x represents integer ranging from 0 to n—1,

mnrx

. mm .
L (=1 sin — = sin

2 sinh ax
m=o o (1—cos ﬁ’i) +2 sinh 7z
n
where 2cosha=2+2, and m=1,2,3, .-, n.
By letting dxr=1
;g’exp {a+i%} xedx = nfglexp {a+i ﬁinﬁ} x
the right hand side of which leads to
nol . l1—e +
Fexpfati 5| o - ISR lant i )

l—exp {a+i~n*;—1

The real and imaginary parts of (9) yiéld

- e —e*" N _cos mr (1—(—1)"e)
Re[z exp {x <a+iﬂ>}] = n , (10)
=0 n mn
: ZCosha—ZCOST
o [ ) ] S (e
II-Z exp la+i7 x:,= propml (11)
A 2cosha—2cos ——
7
Substitution of —a for « in the above (11), becomes
i (ommy ] S A=Ure)
I[Z} expl—a+i7jx:l= proom (12)
e=0 2cosha—2 cos — =

(189)
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Subtraction (12) from (11) becomes

nt . sin i%n—osinh on
2. sinh az-sin = (=1 (13)

x=0 n mw
Ao 2 cosh a—2 cos T

which is by Formulas (7) transformed into

mey (—1)™ iEsinL';E sin m;r:c ‘ ih o
=, 2 <1‘_ ’_”_> +2 =~ Shan: *¥7) (14)
CcOs -

Replacement of x by n—x, produces
. mr . mrx
sin —— sin ——— .
! n n _ sinha (n—2)

2(1—cos %) +4 sinh an

2 e
b }; (x*0) (15)

4, In Case of a Complex Variable for 4, &
Let A=&+yi and a=p+77, then 24&5+pi=2 cosh (8+77) because of cosha=

1+ -;} It follows:

1+% = cosh fcos7,

—g— = sinh Bsin7,

from which

&y 1”+\/£2 7\ _ J2cosh B,
\/<2+2>+<2> () +(5) = oecer (16)
On the other hand the conformal mapping between (6+n) and (B8+7) planes, reveals
£ 2 I
1+ 5 =0 5 >0 o<r= 2
£ /A z
1+ 5 =0 5 >0 5 =T<ln
(17)
1+5<0 1<0 a<rsoa
2= 2 =2
s 7 3
1+ 5 =0 ?<0 5 n=<7<2rn

excluding =0 line.
The real parts of (14) and (15) yield another group of formulas as follows :

(190)
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:g ({ D8 {2 (1_COS n%) +E} sin n:r sin TEE

2 /
" 2<l-cos—m£)+5} +7

__ cosh ﬁ (n x)+cos T (n+x)—cosh g{n+=z) cos I (n—x)
o cosh 2pn—cos 21z

for 1+—§—;0, —;]—>O and 1+%—20, %<O, xXxn.

(18)

n_l(—l)’”IZ (1—cos%)+5}
"LZ:IO { < —cos%’i>+§}2+
(=

[vo

mr . Mnx

sin

BN

1)** cosh § (n—ax)-cos 7 (n+x)—(—1)""cosh § (n+z)-cos 7 (n—x)
, cosh 28n—cos 2'n

(19)

for 1+ %go, 250 and %<o, x5,

sin 2% sin
/( ‘ ﬁl_n; ]2 2

12 (1—cos ™ )+&)

_ —cosh pa-cosT (2n—x)+cosh 8 (2n—x)-cos Tx
- cosh 2pn—cos 2I'n '

for X0, 1+ §—>O and 7=0.

—(—1) cosh fx-cos 7 (2n—x)+(—1) cosh g (2n—x)-cos Tz

cosh 2pn—cos 2I'n (1)

for 1+§<0 and »*x0, z=0.

In like manner, the imaginary parts of (14) and (15) are expressed by the formulas:

2 no1 (— 1)y . Mmm . Max
;{Z:: f pom K 2sm S sin =
l < —cos—n—) +EI +7 .
4 sinh 8 (n—x)-sin 7 (n+x)~—sinh 8 (n +x)-sin 7 (n—2) (22)
= cosh 2pn—cos 2i'n
for 1+ >0 2>0; 1+ 520, Z<o
° 2 =" 2=Y 72

s
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respectively.

%Z‘_‘_, (=1)" sin 8 gin X

12 <1-—cos e ) +5}2 " "

1 (= 1)***sinh §(n—x)sin7 (n + x)—(—1)*"*sinh 8(n + z)-sin7 (n —z)
- cosh 287 —cos 2I'n

(23)
for 1+5 <0, 2>0;1+5 20, <0
2 = 2 bl 2 =V 2
respectively.
2 7 i . mn . mnx
nz=: 12< o L"_’Z>+5|2+ 2Sln ST
cos — |
_ — sinh Bz-sin7 (2n— z)—sinh § (2n—x) sin? = (24
T+ cosh 2pn—cos 21'n )
£ D50 145 AP
for 1+2§0, 2>0,1+2_>__0, 2<O,
respectively.
2y v/ . mm . mrx
w2 12<1 ma o sin T sin
l —cos— )+81 +7
_ —) (=1 sinh x-sin7 (2n—x)—(—1)sinh § (2n—x) sinTx (25
T+ cosh 2fn—cos 2I'n )
£ 150145 i
for 1+ 2§0, 2>0, 1+ 2§0, 2<0
respectively.

5. Formulas for =0

The equation (16) is rewritten as

Y+ 5 (8) V(G + (3) =2eom
from which the limit when 7 tends to zero, yields for the left side
i Il\/ 2+ ) +(3) _,x/ (5)+(3) -2~ sira |

lim 2cos—2-—7*

730

Therefore it follows

(192)
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i S/ o sin? =
m 7 = ysge Im ST =) (26)
Adding to it cosh B varies along =0 line, with the variation of & as follows:
B~ x(+1) for £>0
B~1B] i o for 0>&>—2 27)
Bomi— |B] i for —2>&>—4

Brmi— B x(+1)  for —4>¢.

Substituting (26) into the formulas from (18) to (21), and considering the re-
lation (27), we have

2 n- , (—1)*sin Z’;i sin X
=
n.= m
2(1- cos-n—>+5
_ cosh g (n—x)—cosh 8 (n+x) 08
- cosh 2n—1 (28)
for E;O, x#n:
_ cos B(n—a)—cos B (n+x) '
o cos 28n—1 _ ‘ (29)
for 0=2¢e=z—-2; xxn,
' _ (=1 cos B(n—x)—(—=1)*""cos B (n+x) 20
- cos 2fn—1 (30) -
for —2zfz2z—4; xxn,
or
_ (—=1)*cosh 8 (n—x)—(—1)""*cosh 8 (n+x) L
o cosh 28n—1 (31)
for —4z=éxxn.
. mx . imnx
0 poy ST sin
& 2 (1—cos ™%
—cos )—I—E
_ cosh §(2n—x)—cosh fx
= cosh 2pn—1 (32)
for £z=0; %0,
_ cos B(2n—x)—cos fx '
o cos 2fn—1 ; (33)
for 0=¢6z2z—-2; %0,

(193)
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_ (=1 {cos 8 (2n—x)~—cos fx}

.cos 2fn—1
for , —2zé=—4; %0,
Or M N B
1y cosh 8 (2n—ax)—cosh fx
= (=1 cosh 28n—1
for —4=&, X0,

and from (22) to (25) we also have

mnrx

a1 (—1)™sin _n:r sin -
2 z
m=0 I mr l

l2<1—COS n >+EI

(n+x) sinh 8 (n—x)—(n—x) sinh 8 (n + x)
B VE(4+¢8) (cosh 28n—1)

for £z0,

(n+x)sin g (n—x)—(n—2x)sin 8 (n+ x)

VE(L+E) (cos Zon—1)

fOI' 0252—2’

7+ x) sin § (n—x)—(n—x) sin ﬁ (n+x)

VE(4-+8) (cos 28n—1)

for —22¢62—4,

~ (—1p-=

n+x) sinh (ﬁ-x)—(n—x) sinh 8 (n +x)

ol
=—=1 Ve T8 (cosh Zgn—1)

for ‘ —4=2£;
which, by puttin £=0, are transformed into

munx

nx(n+x)(n—x)

“2—,221 (——1)”‘sin%sin n
nat o omm\) 67
12<1 cos — >J
and

mnx

. mm
2 mo1 sm—n— Sin
;Z*OI mr\*  )°
"2 (1—cos ™% ) +¢|
2 sinh 8 (2n—x)—(2n—x) sinh fx

VE(4+8) (cosh 2pn—1)

(194)
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(35)

(38)

(38)

(39)
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for £=20,

z sin §(2n—x)—(2n—x) sin px
VE(4+8) (cos 28n—1)

for 0zéz=z-2,

L, xsinf (2n—x)—(2n—x) sin fx

VE([+8) (cos 2pn—1)
for —2=2&=—14,

= (—1)

, Zsinh g (2n—x)—(2n—x) sinh fz
VE(4+8) (cosh 28n—1)

for —4=£,

——(=1)

which, by putting £=0, are transformed into

o M ma ;
in —— sin
2 noy SIS n nzx(n—zx) (2n—zx)
o P 2 ’
n .= mrm 67

"4 (1——cos 7) :

6. The Corresponding Green Functions

If F, is a function satisfying

JF —aF, = | E=d

1, (z=¢)

(45)

195

then F, may be called Green Function with respect to the finite difference on the

left hand side of (45).

In order to apart F, on 0<x<c from the one on c<x<n, F} will represent

the latter one. Thus,

sinh ax
sinh an

b, =

sinh a {n—x)

F.=B sinh an

where 2cosh a=4i+2.

The integration constant A and B are obainable by the condition of continuity

F,=F,
F/ .+F,_ —2+A)F,=1,
that is
A sinh ¢= B sinh (n—c)

(195)
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A {sinh & (c—1)—sinh ac} — B {sinha (n—c)—sinh a (n—c+1)}
+Bsinha (n—c) = sinhan,

from which

sinh ac
B=—gha
_ sinha(n—¢)
A== sinha ~

Consequently, the Green Function for £F, ,—AF, can be written as

sinh a (n—c) sinh ax

sinh a-sinh na , (@<q)
F, = . inha ) (46)
sihh ac sinh « (n—x  @>0)

sinh «-sinh na

On the other hand, if the equation (45) is solved by means of the finite Fourier
Serise,

mrx

F, =% F,sin 725, (47)
which being put into (45), there follows
iFM{Z(cos—-l>—l}5m n —%Zn] sin 722 gin T
and
. @wmC . max
o nop SR si
F,=——7% . (48)
"% 2 (1—cos ) 42
n
Compare this with Formula (46), obviously it can be concluded that
. c . max sinh & (n—¢)-sinh ax ( )
2 oy ST, TSI _ sinh «-sinh 7z« z<c (49)
7o mzn | sinhac-sinh a (n—2)
2(1—cos 2 sinh ac-sinh a
( n ) sinh a+sinh zna (2> )

If 2 and a are complex numbers such as 2=¢&+x, a=3+77, the real and
imaginary parts of Formula 49 give other Green Funtions.

(A) Real part for 1+%>0, 730, becomes

mrc

. {2 <1——cos in’ll)+$}sin ——
sin

25
" m=o {2 <1—cos %) +E} +7

(196)
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1
~ (cosh 28—cos 2) (cosh 2nB—cos 2n7)
x[{cosh B{c+1)cos7 (c—1)—cosh f(c—1)cosT (c+1)}
x {cosh f (2n—x) cos Tx—cosh pxrcos 7 (2n—x)}
+ {sinh B (c+1)sin7 (c—1)—sinh 8 (c—1)sin 7 (c+ 1)}
x {sinh § (2n —x) sin Yx—sinh fxsin¥ (2n—x)} ]

>
x>c (50)
B 1
" (cosh 28—cos 27) (cosh 2n5—cos 2nT)
x[{cosh g (x+1)cos 7 {x—1)~cosh §(x—1)cosT (x+1)}
x {cosh 8 (2n—c) cos Tc—cosh fccos T (2n—c)}
+ {sinh g (x+1)sin7 (x—1)—sinh g (x—1)sin7 (x+1)}
x {sinh g (2n—c) sin T¢c—sinh feesin 7 (2n—c)} |
c>x,
and the real part for 1+ %<O, 730, yields
. mr \ . mac
2 ot l2<1—cos - >+Elsm ”  mmx
PP T, s,
= 12 <1—COST>+EI +ﬁ2
B (;1)c+z+1
" (cosh 28—cos 27) (cosh 2n8—cos 2n7)
x [(—=1)**{cosh B (c+1)cos7 (c—1)—cosh B(c—1)cosT (c+ 1)}
x {cosh 8 (2n—x) cos Tx—cosh fx cos 7 (2n—x)}
+{sinh g(c+1)sin7 (c—1)—sinh f{c—1)sin7 (c+1)}
x {sinh 8 (2n—x) sin Tx—sinh fxsin7 (2n—2)} ]
" x>c
(51)

(_1)c~+x+1
~ (cosh,25—cos 27) (cosh 275 —cos 2nT)
x [ {cosh g (x+1)cos 7 (x—1)—cosh g (x—1)cos T (x+1)}
x {cosh g (2n—c) cos Tc—cosh fccos T (2n—c) }
+ {sinh 8 (x+1)sin 7 (x—1)—sinh g (x—1)sin 7 (x+1)}
x {sinh g (2n—c) sin 7c—sinh fec+sin 7 (2n—c)} ]

x<c.

The above functions from the real part, satisfy the

following problem
1 (x=c-1)
AF, ,—288F, \+ (E+7)F, = {—2 (x =)
-1 {x=c+1)

(a9
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for any value else of x (52)
AF, ,—288F, \+(E+9)F, =0,
with the boundary conditions
F,=0 for z=0, =,
LF,_, =0 for £=0, n.

From the viewpoint of operating procedure, £F,_, for =0, #» do not make any
sense because there are not F_, and F,,,, 4'F,_, for x=0, n are to represent the
boundary values of £F, , in the above expression.

(B) The imaninary part of (49), for 1+ % >0, becomes

. mrc . mnx
9 net sin sin ———
& n
n,7=2 | mn Y,
l2 <1"'COS 7 >+$J +7]
+ 1

= 7 (cosh 28—cos 27) (cosh 2r8— cos 2T
x [{cosh g (2n—x) cos Tz —cosh fz+cos 7 (2n—z)}
x {sinh B (c+1)sin7 (c—1)—sinh g (c—1)-sin 7 (c+1)}
—{cosh B(c+1)cos7 (c—1)—cosh f(c—1):cos 7 (c+ 1)}
% {sinh § (2n—x)+sin 7x—sinh fxsin 7 (2n—x)} ]
=20, x>c,

L1

= "7 (cosh 28—cos 27) (cosh 218 — cos 2nT)
x [{cosh B (2n—c) cos Tc—cosh fc-cos T (2n—c)}

x {sinh g {x+1)sin7 (x—1)—sinh (x—1)sin7 (x+ 1)}
—{cosh g {z+1)cos 7 (x—1)—cosh g (x—1) cos 7 (z+1)}
% {sinh g (2 —c)+sin ¥c—sinh fc-sin 7 (2n—c)}]

20, c>x,

and the imaginary part for 1+ —g— <0, yields

mnrc . Mk
Sin

sin

3

~1

2
n

i

o {2 <1~cos —7%71;>+ E}z-i- 7
”—;(_1)z+c+1
= "y (cosh 2B—cos 27) (cosh 25— cos 2n7)
% [{cosh B (22— z) cos Tz—cosh Bx-cos 7 (2n—x)}
x {sinh g (c+1)sin7 (c—1)—sinh g (c—1)sin 7 (c+1)}

(198)
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— {cosh B (c+1)cos7 (c—1)—cosh f(c—1)cos T (c+1)}
x {sinh B (27— x)+sin Tz —sinh fz-sin 7 (2n—x)}]

720, x>c,

o z+c+1
~(-1)

= 7 (cosh 28—cos 27) (cosh 2nf —cos 2aT)

x [{cosh 8 (2n—c)+cos Tc—cosh Bcecos T (2n—c)}

x {sinh B (x+1)sin7 {(x—1)—sinh (x—1}sin 7 (x+ 1)}

— {cosh B (x+1) cos 7 (x—1)—cosh g (x—1) cos T (x+ 1)}
x {sinh 8 (2n—c)+sin Tc—sinh fcesin 7 (2n—c)} |

=0, c>=x.

which are the solution of the problem :
AP, 228F, e F= ] T T
-2 z—1 n x l 0 x # c

with the boundary conditions

F,=0, for =0, z=n
LFE, ., =0 for =0, xz=mn.

199

In the particular case =0, another group of Green Functions can be found

from the prescribed formulas.
(C) The real part leads us to

. mmgc . max sinh B (n—c)+sinh x
g ST SRTLT sinh +sinh g (z<e)
7 m=o —cos " | sinh Be-sinh g (n—2)
2 <1 5 >+E siﬁh Besinh znp (>¢)
for £=0,
sin B (n—c¢)-sin fx
B sin B+sin nf (x<0)
| sin Beesin B (n—x) (>0

sin B-sin nf
for 0=&6=-2,

(— 1o sin f (n—c)-sin fx
sin B+sin nf

(x<e)

_ {yere—: SINJBc X sin B(n—x)
(—1) sin 8-sin #f (2>c)

for —2=&=-—4,
(— 1o sinh 8(n—¢)+sinh fx

_ sinh 8*sinh nf (z<c)
B _ 1yere—s Sinh eesinh §(n— )
(=1) sinh B-sinh np (z>c)
for —4=¢,

(199)
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from which substitution £=0 yields

C . mnx ’x-(n-——c)
n

(D) The imaginary part turns out to be

W E(4+8) (cosh 28—1) (cosh 2n8—1)
x [{cosh g (2rn —x)—cosh gz}
X {{c—1)sinh 8 (c+1)—(c+1)sinh 8 (c—1)}
—{cosh 8 (c+1)—cosh g (c—1)}
x {x sinh 8 (2n—x)—(2n—x) sinh fx}]
xr>c

' —1

W E(4+¢) (cosh 28— 1) (cosh 225 —1)

% [{cosh B (2n —c)—cosh 8¢}

x {(x—1) sinh 8 (x+1)—(x+1) sinh g {(x—1)}
—{cosh B (z+1)—cosh g{x—1)}

x {csinh 8 (22— c)—(2n—c) sinh c}]

vy (o
[\YARYS
o 8

for
¢ . mnx

. sin

o

"”Zz:o {2 <l—cos %) —l—flz

N

-1
= VE@+E) (cos 28— 1) (cos 2n8—1)
% [{cos B(2n—x)—cos pa} {(c—1)sinB({c+1)—(c+1)sinB(c—1)}
—{cos Blc+1)—cos B(c—1)} {xsin B(2n—z)—(2n—x)sin f}]

x>c

+1
T JE[ATE) (cos 28—1) (cos 2nB—1)
x [cos f(2n—c)—cos fc} {{x—1)sinB(x+1)—(x+1)sing(x—1)}
—cos f(x+1)—cos B(x—1)} {csin f(2n—c)—(2n—c)sin fc} ]
‘ c>x
for 0z6=-2

(200)
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. . mmc . mMrx
9 nor ST sin
25 n n__
n "0 [ < N .mﬂ.:) ] 2z
12 1—cos 'y +& I

- (_1)x+c+x

W E(4+8) (cos 28—1) (cos 2n8—1)

x [{cos B(2n—x)—cos Bz} {{c—1)sinf(c+1)—(c+1)sinB{c—1)}
—{cos B{c+1)—cos B(c—1)} {xsinp(2n—x)—(2n—x)sin fz}]

x>c’

(_1)901 c+1
© W E(4+8) (cos 28—1) (cos 2n8—1)
x [{cos f(2n—c)—cos fc} {(x—1)sin (x+ 1) —(x+1)sin Blx—1)}
—{cos B(x+1)—cos B(x—1)} {csin §(2n—c)—(2n—c)sin fc} ]
c>x

. mnc . MIAX
sin === sin

2 n=t
__..Z 3
7t m=o {2 <1—~cos %} —I—E}

B (_1)z+c+1

" W E(4+8) (cosh 28—1) (cosh 2n5—1)

x [{cosh g (2n—x)—cosh gz}

x {(c—1) sinh g (c+1)—(c+1)sinh g (c—1)}
—{cosh B (c+1)—cosh 8 (c—1)}

x {zx sinh B (2n—x)—(2n—x) sinh fx}]

xr>c

_ (_1)x+c+1

~ J£(4+8) (cosh 28—2) (cosh 228—1)

x [{cosh 8 (2n—c)—cosh c}

x {(z—1)sinh f (x+1)—(x+1) sinh g (x— 1)}

— {cosh g (z+1)—cosh g (x—1)}

x {csinh g (2n—c)—(2n—c) sinh fc}] ‘
c>x

for —4=¢,

which are transformed, by £=0, into

. mgc . mnx
2 -t s T sin

2
om0 4 <1—cos -7?;221>

(201)

201
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—’ﬂgn—?@(x(:zn—x)—cu 1) x>c _
_ . (62)
ﬂé;—jg(c(2n~c)—xz+l) x<c.

(Received Apr. 30, 1965)
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