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On a Method of Solving the Deflection Theory for Suspension
Bridges by Means of Finite Integration Transforms

Sumio G. Nomachi, Kenichi G. Matsuoka
and Kenji Kohari

Abstract

In this paper, the difference equations are derived from the equilibrium of vertical forces
about each tie disregarding its elongation, and the suspension bridges with stiffenning truss is
analitically solved by means of “Finite Integration Transforms”.

A numerical results, which shows that the method can handle the bridge of a great number

of ties with a-digital computer of smaller size, lastly given.
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flx) = %jf 8;[ ()] sin —%— x
Ha) = %iiZ:Ri[f(l')] Cos — x

REL Rlf@)] = 5 |GlARIH 5 o+ 5 f0)
R[f(@)] = G2+ (~1F fln)+ —+ fO)
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ord

17 fln - £0)
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Az+1D)+ flx) = T flx), Slz+1)=flz) = 4f(z)
fla+l)—flz—1) = 4flz),  flz+)—2f(x)+ fle—1) = £flz—1) .
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Cilf(z)] = —(—1)F 4 fin—1)— 4 FO)+ (1+cos —~){< 1 f(n) f(O)}
+2 sin —Zg— S, [flx)],

(188)



L I T 189
olife- H]- s 3o sl
cfste- ] --fe- H s reloe )
Gl f()]) = —cos o | FOI—(— 1 Fm] +2 sin - Sel flal,
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o = K {8 cos frbliots— o) sin )
Srrp = K, {(uﬁ%—uﬁ) cos f+(wl—w,.4) sin ﬁ}
SP= K, {(ug—ub cos f+(w;—wp) sin ﬁ}

§8 = Ky {0 cos -+t~ in )
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wHE GITFesuT w=w, w/ =w" £3T5,) 20 H &K
Ki/2+cos Brsin Blupry—u'—3)— K sin® §+w,+ Ki/2+sin® B, 3+ wi_y)
+Ksecos7 {4(‘w£"—wr) cos ¥+ (v} — v sin 7’} =0 (2)
7w DD B
Ky(upistu -2+ Kif2(xrs 3+ 8,-3) cos? /9~2<K2 + _1_51_ cos? ,@> 7
1

—%—-cos Bsin flwpy—wp_g) = =T, (3)
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—4 1K K; cos? 8+ K, cos® a K3+TCOS Bl w! + Ks——2~cos B Kydu,y
+ K cos? BK(L w1+ 4w, )+ K3 Ky cos B sin B(w)—wily)
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w HE DD B
—I—<2—1~ K, sin? (L2 w1+ 42w}l — K K sin S cos B(uii— w1 —wia+ully)
Kl 2 2 - "
+2 K3+—’2_‘COS B K; cos? T 4{w,—w,)
1 K1 9 . " 0w o__ ‘
+—2- K;+—-cos Bl Kscos7-sin7-4(v;/—v,”) =0 (5)

v RO D) B
K, sin a-cos a (13—t 3)+ 2K, sin? a v}’ — Ky sin? a (vpr 2+ v,-3)
+ K sin 7 cos T {w,—w,’) + % K sin? 7 (v, —v,)

— D o, = 20] o y) = —gn P | (6)

7w FED D By
—4 {Ks K, cos? f+ (Ks + 524— cos? ﬁ) K, cos? a} w4+ <K3 — %L cos? ,8> K, Lu
+ K, Ky cos? B(A2uly+4u) )+ K3 K, sin 8 cos fw)1—w!1)
+2 <K3 + % cos? ,8) K, cos® aluyratul_y)
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+2| K; + 5 cos B) Kycos asin a(—vpp3+vr-z)
=—2<K3+£21— cos? ﬁ) T (7)
v HRDD D B
K, sin « cos a(thyr3toe-1)+ 2K sin® a v, — K, sin® a(vyeg+vp-3)

4K sin 7 cos 7{(w;’ —w,)+ 'zlf K, sin? 7 (v} —v;)

~ D o 20 o) = — gt P (8)

(r=3%) Hu FREDOD Y H 3

Ky, +u, )+ Ky /2 cos? Blur+up-1)—2(K,+ K /2-cos? B) -3

-+ %1— cos Bsin B(w)—wi 1)+ Ky cos? alu) +u)-))—2K, cos® au,_;

+K,cosassina(v) —v)l )= —T, 3 (9)
w FAOD Y HA
Kyf2+ (=t 2ty +2tl— 1) sin B cos f+K/2-sin? B(w) 4] 1 +w,+w, 1)
— K, sin® f(w,—3tw,_3) = 0 (10)
v HE DD D B

K, sin a cos a(u) —_1)-+ K, sin® a(v) + v/ )— 2K, sin* a v, 3

-+ jb;—w'Hg-(v;’—Z‘vW%—l—v’/_l) =gn— Pz (11)
(r—3) RuJiED2 0 H K

Kylu)+u 1)+ —%—(uﬁ—urq) cos? f—2(K,+K,/2+cos? B) uj.-

o

—Ki/2:cos B sin B{w,—w,_1)+ K, cos? a(u) +ull1)—~2K, cos* auj._3

+Kycos arsina)yo)’ —vily = —T) 3 (12)
v HEDDH HK

K, sin a cos alw)’ —uw)l)+ K, sin? a (v} +vjl)— 2K, sin av)_3

d+7)

T

H, (v —2v] 3+ v)l1) = gn—P_3 (13)
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Ty = Kl/Z-{(un—-u;A%_) cos B+{wh-1—w,) sin ,8} cos B+ Kyt —1tp-3)
—2(K34-K;f2:cos® B) T = K /2-cos? 8 {Ks( ”’-I—u”’)—l—% K, cos? Bluy’ +ul)

— 521— cos Bsin ﬁ(wi’—w[’)’)} — % cos? B-2(K3+ K, /2 cos? B) uy

B cos (Kot B costB) flut —ad) cos ot~y sin )

Ki(u)' +uy) + 7 K cos? B K (e +ul’) + £ cos f sin B K {wi” —wi'’)

—K32<K3 + % cos? ,3) u6’+2<K3 + %1— cos? ﬁ) K, cos? a

17 ’t : Kl 77 Kl
X {(us—w') cos a+(vy —vy)sin a} 2| K; —I—‘Q— cos’ B Ty = — 5 cos®

X{K (2]’ +uf) )+% K, cos? fluy +ull_1) — igl— cos fsin ﬁ(wé{—w;’”l}

)

-

+% cos? ,8-2<K3 + é cos? ,6’> uy — —éz— cos ﬁ(Ks

X {(u;’— wy/—1) cos B4 (wy, —wi/ 1) sin !3} — K (uy, +ui_1)

— B cost B Ryt + il — K1 cos B sin BKy (awlt' —zeti)

+K3-2<K3+ .

? > w0, +2 (Kg -+ £y cos? ﬁ> K, cos a
X{ —Uy—3)cos a+{v, —v,_yg)sin (1}

O, o, 07, 2" W OWTHLAHEORARI O EE2EEBL, Zo0HhoRic > T7 -0 =
HA L VRS 5,

MO T
P i 3 = 1 ! ; 1 7 ’
Uy = 7 ( 1) "|‘7u0+0 [u,] Uy = 7un(—l)®+7uo-l~Cz[u,],
By = Caltasl,  Thoy = Clutal, W =l (— 1k uf/ +Colul],
B = el (Vs G, B = Sl w = Silol],
Divy = Sz‘ [vrr2], Dirz = gi [visa], @, = 8;[w,], Wips = S'v: [t 4],
@i = Sylwl,  Te=GCIT,), Ti=0ClT/], Ty =ClTrsl,

Tier = CilThisl, TV =CITH, Ty =CITY,  Hilgy) = Silgyl,
Py =8P/, By =8P, Py =8Py, Phy =8Pyl
Wi =8W,), Wi =8 Woal, W¢=8[WV, H.algy) = Silgyl,

L LR (18) HoRrkK & 7e 5,
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ar 0 ay,z 1,4 0 0 0 0 0 0 0 1,12 0 ﬁz C1
0 2,2 Az3,3 A4 0 O 0 0 0 0 0 asz, 12 0 ﬁé CZ
asy asp ass 0 ass 0 asy 0 0 0 asu O O Tgyg G
as1 a2 0 ag,a 0 ase 0 4,8 0 0 asn 0 0 ’ZZ,/H__;_ C4
0 0 as,3 0 as,s 5,6 0 0 as,9 O 0 0 as,13 77:2/ C5
0 0 O asa ass asg 0 0 0 a0 0 O amps s’ Cs
0 0 an,s 0 0 0 az,7 1,5 Ar,9 0 ag,11 0 ar i3 %7’,, = C7
0 0 0 ase O O as7 ass 0 aswasu 0 asus o5 Cs
0 0 0 0 ag,s 0 a9,7 0 dy,9 0 0 0 0 "i‘/,;-y% Cg
0 0 0 0 0 a10,6 0 a10,8 0 10,10 0 0 0 ‘Z’%{.% Cw
0 0 ait,3 A1, 0 0 a7 ail,s 0 0 a1, A2 a3 Wi Cu
aziap: 0 0 0 0 0 0O 0 O agnaszi 0 Wity Ci
0 0 0 0 assausanrass 0 0 asn O awas/\ @ Cys

ezl

K, in
ai,1 = dz,2 = —2<K2 + Tl cos? ,8 dl,3 = d2,4 = d3,1 =~ dg,2 = 2K2'COS —-22*
> »

. in in

a1,1= a4 = az3= as,s = Ky cos? f+cos 5—  ass= as6 =2 K, cos® a cos ——
2n 2n
. . T
ay,12 = —dz,12 = A3,11 = —a4,11 = A11,3 = — a4 = diz,1 = —di1g,2 = K1 sin ﬁ Ccos ,3 sSin W
s
. . irm
A3r = 4,3 = —A7,3= —dAg,4 — —aAy,5 = — 10,6 — 2K4 S1N & COS o*s1n ‘—Zn
2
’a Kl 2 2
ass;=as =—2| K, + 5 €08 B+ K, cos® o
>
K in
as,3 = ds,g = 4<K3 -+ 21 cos? B} K, cos? a cos e
b

ass = Qg5 = —4{K3K1 cos? B+ K, cos? a(K;+ K, /2 cos? ,8)} — <K3 — %L cos? ,8> K, Dy

K . . 1w
ds,9 == dg,10 = —~4<K3 - —ZL cos? ) K, cos a sin «+sin o
2

. . . axm
a5,6=a6,5=K1K3- COSZ [8(4—1)@), as,13= — dg,13= A13,5 = —a13,6=2K3K1 cOS ‘B sin ﬁ'SlD"én—,

ar, = asg = 2K, sin? a + _Ii_s sin? 7 +4(1+7) Hyf2, ars=as;=— % sin?7,

. in
asy =ai,0=—2K,sin? a—4(1-+n) Hy/2, aze= asie= —ass = —ai,s== dg,9* COS T
2

a7,11 = —d7,13 7 —dg, 1l = Q8,13 = —dad11,7 = A11,8 = K5 sin7 cos 7, 11,13 = 4K5 COS2 7‘,

. . in ..
ai,n= —*2K1 sin? p—4K; cos??, duiz= az,1n = 2K1 sin? ,8' cos o a1 = —2K1 sin? ﬁ’

.

Ay =—dy3 = 2<K3 + 1;1 cos? [J’> Kssin7+cos7, aiu= 8<K3 + % cos? ,3) K;cos?7,

a1 = — K; K; sin? ,B-DZ-—8<K3 -+ 521— cos? ,3> K cos?7

Cr= —Tim To— (= 1F Tt S5t cos fsin ﬁ{wo*(—l)iwn}

>
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Cy=—Ti—Tt—(—1¥ T}~ % cos B+sin B {wo—(—l)“'wn}

>

-

_ 1\1“ : ﬂ 1Y
C3~———2— cos Bsin SB+cos 5 {ws (—1) wn}

. i . =
+ K, sin a+cos a-cos o {‘v{)' —(— 1)”7);{} —Tirz,

Cy=— %L cos S3+sin B-cos ;Ln{wo—(—l)iwn}

. in
+ Ky sin a+cos acos %—{ 3 —{—1) v”'} Thes,

C;=—K;K, cos §sin ,3<l+cos %—) {w;{(—l)ﬁ—wé’}

—2(K3+Ky/2+cos? §) {TZ-%— T +H(—17T7 + K, sin a-cos a(v) —(— Yol }

Cy= K, K; cos f-sin /3(1 + cos i;}) {wﬁ,’(—l)i-—w({}
—2(K;+ K /2 cos ,3){ i T A (=1 -+ Ky sin s cos a(vy’ —(— 1) v;”}

Cr=—Hig+Py,  Co=—Hilgn)+BY,

C, = —K, sin® a-sin 12—7;—{726'—<—1>7;'U;ZI} —2(1+7%) Hy+sin %{‘Uﬁ'—(—l)% v;{}/Z

+Hiralgn)—

: : in 177 v ’ ¢ . : in 1244 v 44
Cp=—K, sin a-sin W{‘UQ —(—1) YJn//} —2(1+7%) H,sin “Z‘n—{'vo —(—1) vn/}/)‘
+ Hivylgn)—Pioy
Cy=0, Cyy=—K; sin? +sin %{wo_ (—1r wn}

>

Clg — KlKg S.ll’l2

z {( 1w —wo/}

1B o#Ey FBRAEY nflRDC, ZOR o> TEERYKEL BRI S,
Aﬁﬁﬁ:ﬁﬁifﬁ?é& L, WML vy=vi=vl =v =v,=v,=v) =0 & LT X%
BT L ROM TS 0BT HENTF LT 5,

(411 a1z 0 0.0 Nﬁi 0 T ai = —2<K2 + £ cos? [3>
az1 Qg2 dz3 A2,4 0 Uzry 0 ' 2 3
O asz,z ds33 0 asz,s ﬁél = 0 iTE
0 ai2 0 ass ass ¢ Cy 1,2 =5 dp,) = 1,17 CO8 on ,
0 0 ass asa ass5/\Tirs Cy

dzz = d1,1—2K4 COS2 a,

az3 = asz = 2K, cos® a+cos % as;s = —K3/2+(D;+4K, cos? a/Ky),
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>
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asa=—as;s = 2Ky sin? a+4(1+9) Hy/2,  as,a=—ass= as,4"cos 5 —

2n ,
Co=—Hilgn+F;,  Cs=Hislgn)—Piss,
e) BULEHFET
ERCoWCETFIHEEEACTER S THY FENZHEL, Kbz L HED,
FHEYBRHCT D0, RO LTERABERD 5,

LG ERLD
- {i «£,-C,-sin % +&,Cs-(A— Dy)/4-sin —;’;7} /{Di(DiMl—{—MZ)};
gy = { +C,-sin 1212 {-‘2 Cs+sin 7}/{D (D; M, +M2)}

~ 1 .1 .1
i _{—8— , -C4-sm—Z:;——{—§3-C5-Sln %}/{Di(Dz-Ml—I—MZ)};
% ~{(~ &5+ 8D Cyrcos - <—55+58-Di>c4}/{Di<D@M1+MZ>};

Buas = | (&8 D) Corcos - +H—&&:D0 G [ DatDeM 4 01)
fefi L M, = a12°as,1*a3,3* as,5* a5,4/16.0 ;

Mz =dai {44,4'615,5(_4613,3dz,s‘l‘Cls,z(.lz,s_ds,zﬂ1,1)+d4,za2,4(2a3,2 a55+a5,3 Cls,s)
—agas;s(4assass—ain éla.s)}/16-0 ;

51 = 611,1(612,4lls,sd:5,3+612,3lls,443,5—4612,403,3615,5)/40 >
Er=a1az4a33a45; §1= @1,101,175,4a3,5;
&3 = a1,1(A2,0 03,5 Qs 2t A2,403,2 Qg5 1,1 04,4A3,5)/4.0 5
§s = a1,1(az,3a4,2a35— 4as,3 d3,3d5,5*(lz,zaz,zds,s)/‘l-o >
So=—ai1a1,1a33a55/40; &= a1 as3(a1,1a4,4—A3,4a4,2)/4.0 ;
&y = a1,101,1(Q2,505,3/4.0—as,345,5)/4.0 ;
LREOEIC OV THABRLEERIC I > ThRobh 20, SHEEARCT LD Dico
WTHIG BT EBIL, PAUBIRTRRHIED,
B

we ==t Pt [{-—G1 (r—0.5, c+0.5)+G, (r+0.5, c+0.5)} /M2~(0.25/M1+ 1/M;)
% {—Gz(r——O.S, c+05)+Gy(r 105, c+0.5)}] +4 P, SI/MZ{—Gl(r-1, 0
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G+, A+ Gylr—1, 0= Galr 1, O = - gnlMy-(i=8) ()
+5 01 {51/]\/[2-(5/4-1— 1)—£(0.25/M, +1 /MZ>} F); r=0,1,2 -, n—1,n;

Uiy == PH%SZ/M2{—G1 (r—1.5, c4+0.5)+ Gy (05, c+0.5)+ Gylr— 1.5, ¢4+-0.5)
Gy (05, c—l—O.S)} - Pcsl/Mz{—— Grlr—1, )+ Grlr, +Golr—1, )= Gyl c)}
—gm/Mz-[Sl/Z.O {~F3(r—— 1)—|—F3‘,(r)+2.0/s-F4(7')}
~§2/4.0-{F1(7‘—1)+F1 (r)~—F2(rﬂ1)+Fz(r)}] L r=0,1,2, 2, L

uy! = — é i3 Saf M+ {—Gl (r—0.5, c+0.5)+G,(r+0.5, c+0.5)+ G, (r—0.5, c+0.5)

—G,(r+0.5, c—{—0.5)} " —%-1@@/»@-{4;1(7--—1, A+ Gilr+1, +Gylr—1, ¢)

~Gulr+1, o) = oMy [(e8— 2 B+ - e e a) B

r=0,1,2, -, n—1,n;

o = Poos |5 8dM {Golr, 04 G, e 1)) = - GIMA &M Galr, O+ G b, e+ 1)
+ Pu[lMy Gutr, =l My &51My)-Gulr, )] —on | 220 Futr) = 6+2010,
+2$5/M2}/5'{1.0 ~—F5(7‘)}] ;o r=1,2,3, -, n—2,n—1;

g = C+%[55/Z\/[,,-Gl(r—0.5, C+0.5)— (&1 My + £ M) Gy (r— 0.5, c+o.5>]

5 P& {Grlr—1, 046l o) — UM+ 8/M{Galr =1, 0+ Gt o) |
— gl My&5{ Ftr =1+ By x3.0=Fy(0)) - o 6ot {Lo— Pyt

@M+ MY L0/ (L0~ B = ()]s 7=0,1,2, -, =2, n=1;

fetil e=M,/M,; 2coshf=2+¢,

B 17‘("-*6‘)/71 r<c

Gl o= letn—r)n r=c
{sinh #(n—c)-sinh 0-r/sinh nf rsc
Galry )= 1sinh-0-c-sinh 0(n—r)/sinh nd r=c

Fi(r)= ——[an—nz +(—1)’{1—(—~1)”}/2]/2n :

Fy(r) = —2 sinh(n0/2)- sinh 6 (—0.5n) / (sinh 6+sinh 70)—(— 1>r{1 —(— 1)n} / {n (5—1—4)};

i
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Fr)=rn—r)2; F,(r)=2sinh (6/2) sinh (#/2)-sinh 6 (r—0.52—0.5)/sinh (n0);
Fis(r) = 2 sinh (n0/2)- cosh 6 (r—0.5n)/sinh (nf) ;
Fy(#) = 2 cosh (8/2)+sinh (n#/2)-cosh 0 (r—0.5—0.5n)/sinh nf ;
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