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Super-objectivist Conception

and the Rudiments of Mathematics

Yoshio Kinokuniya*

Abstract
Beyond the elementary results produced by the finite combination of primitive procedures promised in
the original construction of an objectivism, if we try to extend them we must inevitably use the method of
abstraction. The concepts which are abstracted but are not yet convincingly accepted, are said to be super-
objectivist. Some of these concepts may reasonably be accepted and incorporated with the construction, though
sometimes may possibly cause a revision of the system. Some concepts current in the classical lectures may
thereafter turn out to be regarded as nonsensical.

0. Introduction

In the late current of developing the mathematical logic, has been raised
the metalanguage, which has partly fostered a world of concepts and statements
to be left uncertain over the practical realm, apparently concocting a sort of fictive
awareness, which might be called ‘pseudo-awareness’ That some authors in this
line use the word ‘crisis’. seems to suggest their actual feeling of apprehensions
for the direct connection with the pseudo-awareness. This paper is intended to
clear up these dubious conceptions and to obtain a totally pellucid aspect of
awareness.

In an objectivism (or an objectivist theory), if an event ¢ fulfils a qualification
(or a specifying property) S, then we write

aCs,
and the locus
C(S)={s|sCS}

is admitted as a (determinate) set of events if and only if the following con-
ditions are satidfied :
(1) S is given by a precise description (or a precise formulation) ;
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(2) there previously is given a (determinate) universal set of events (or
a universe) {J and C(.S) is destined to be contained in U;

(3) VacU:aCS. V.aLS.

When (3) is satisfied, S is said to be descriptive. If all of (1), (2) and (3) are
satisfied, U 1s called the level of S. Even when S is not found descriptive, C(S)
may yet be called a class in the current usage. If the condition (1) is admitted,
we shall take C(S) as an assembly, whether S is descriptive or not.

In an objectivism the primitive universe 1s very essential and ‘observation’
is taken to be developed over the events concretely defined on the universe. As
the observation advances, it will possibly be elevated toward the objects of higher
level therefrom defined. The total construction made up by the axioms, definitions
and the results therefrom attained is the proto-construction® (of the intended objec-
tivism), which shall possibly be revised in the future if needed. Sets, classes and
assemblies suggestsd in the proto-construction will naturally build up a set theory
which is called the annexed set theory? (to the intended objectivism). Propositions
composed and announced in the annexed set theory will inversely be interpreted
into propositions in the proto-construction. However, these interpreted propositions
may not always present significant contents.

If a concept put forward in reference to the proto-construction cannot
candidly be considered to promise a content convincingly determinate, then it is
called a super-objectivist concept or a super-concept, and the conception of such
one 1s taken as a super-objectivist conception. If a super-concept is proved to give
no objection, in application, to the proto-construction, then it may be additionally
incorporated into the proto-construction as an objectivist result.

1. Source of Recognition

The term findtary’ proposed by D. Hilbert has, by most authors, been intro-
duced simply to mean “ntuitively convincing’ However, for instance, by G. T.
Kneebone, what Hilbert explained when he firstly introduced this word is inter-
preted as follows® : We shall always use the word ‘finitary’ to indicate that the
discussion, assertion, or definition in question is kept within the bounds of through-
going producibility of objects and through-going practibility of processes, and
may accordingly be carried out within the domain of concrete inspection.

The word ‘Intuition’ may possibly cause a world of unavailing difficulties if
we work with it in the general sense used in philosophy. This word may not be

(2)



Super-objectivist Conception and the Rudiments of Mathematics 3

explained out but dialectically, and its action may be put in rational inspection
(under rational restrictions) only in connoction with the intellectual awareness. It
may not be denied that even a mere delusion has its composition to be caused
through the action of ‘intuition’, while its falsity is revealed only when it is related
to the intellectual awareness. Conversely, the intellectual awareness cannot be
separated from ‘intuition’. For instance, natural integers, volumes, and sizes are all
considered as possible concepts based on the facts intuitively convincing.

Hilbert’s ‘concrete inspection’ may be regarded to be possible only in that the
intended formal system has a concrete model. Thus an accumulation of estimated
results cannot produce but a pseudo-awareness unless a formal system is proved
to have a model containing these results. However, in an objectivism, its sub-

stantial model is precedently given, so that the pseudo-awareness may be precluded.
An assembly, as an object merely abstracted from the annexed set theory,

may not be but a pseudo-concept (i.e. a super-concept) unless it proves to corre-
spond to a (determinate) set of events in the proto-construction. When a super-
concept can be regarded to be an additional concept as an objectivist result, it is
that the concept 1s admitted at least to be manupulatively® convincing in refer-
ence to the proto-construction. Such a concept may possibly be said to be intu-
itively convincing, that is, to gibe a finitary one. On the other side, it is asserted,
in the empricist pragmatism® that a mere abstract object must be renounced
unless any way is found to accept it as an objectivist result. However, if no ob-
jection i1s found against the propriety of the object in question but mere sceptic
one which has no rudiment in the proto-construction, then the object may be con-
sidered as manipulatively convincing and be accepted.

2. Benefit of the Super-objectivist Conception

For example, the content of the assumption “there can be but a finite number
of prime numbers”, which Euclid posited as a hypothetical premise, was but super-
objectivist, and from this was concluded a constraction, so that it was convinced
that there must be infinitely many prime numbers. All members imnvolved in this
argument could be found within the proto-construction which Euclid had had, except
the above-mentioned hypothetical premise. Thus there was left no way but re-
nounce the premise, to avoid the contradiction. Such a decision is the key of a
‘reduction to absurdity’, and it is notable that, in this sort of argument, renouncible
premise 1s always supplied through super-objectivist conception.

(3)
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A substantially objectivist concept should, in actual practice, designate an
objectivist set of events. However, the set thereby designated must necessarily
be but a finite set. Thus the conception of an infinite set is essentially super-
objectivist. But, if an infinite set is, in any way, convinced to be undeniable, then
it may be incorporated with the proto-construction as an objectivist result (with
epistemologically sufficient explanation).

In acception of the concept of Q ‘the initial number (or the cardinal) of the 3rd
class, following two facts are necessarily accompanied :

(1) the class or the ordinal numbers of the 2nd class makes up a well-ordered
set, which must be admitted as determinate if to be accepted ;

(i) Q cannot be the limit of an enumerable sequence of sections of it.

Both (1) and (ii) are, at this stage, may not be considered but give super-objectivist
conceptions. Because of the historical property of the ordering process, it seems
rather impertinent to regard Q exactly to be a determinate class. The condition
(i) apparently prevents us from attaining Q by means of an enumerable stepping
which 1s considered, in an objectivism, to be the only way to reach an infinite
set as a limiting destination.

As an example of an assembly of the type Q, we have the family of Borel
sets, but there has not yet been discovered any determinate example of the type
Q in the domain of real numbers.*

The concept of w the initial number of enumerable infinity may not be con-
sidered to be so easy a one, either. In effect every remainder of this aggregate
has the same size with the original body. However, this aggregate is considered
to provide the primitive model of the human process of numeration (i.e., the natural
numeration). So, if renounce this, mathematical devices will extremely be limited.
Being pushed out to the stage not bounded by any finite integer, we have decided
to take it up in the meaning that the (#+1)th element is determined when the
nth 1s given. This may be taken as an objectivist result in methodology.

Given a set M, if there is found a sequence of disjoint subsets M«(k=1,2, --+)
such that

(VxeM)( TR xEM:)

is proved, then the family (M:) (£=1,2,--) 1s a partition of M, so that M is

* ) This view is made in that we should not admit any oracle which produces the answers only by ‘historical option’.

(4)



Super-objectivist Conception and the Rudiments of Mathematics 5
considered as the union of ( M,) and is written as
M=UM,.

However, in our objectivism, M is not said to be the sum of (M,) but for the
assurance that the size (adequately defined) of the remainder

M0 M,
tends to zero as » tends to co.
Le us observe the assembly C of real-valued functions which are defined in
the interval [0, 1] and are continuous there. Let an enumerable set {x1, x2, **)

(C[0,1]) be everywhere dense in [0, 1]. Then, for any two functions # and g
from C, if

VE=1,2,: flxz)=g(xz)

we have, as well-known, that

Vxe[0,1]: f(x)=g(x).

So the elements f of C correspond one-to-one with the sequences (of real
numbers)

(f(x1), fx2), =), 2. 1

Thus, if we want to admit € to be a set, the only objection which we may possi-
bly meet will be that the sequence (2. 1) may not be considered as a determinate
element (because it might rather be a super-objectivist concept). Neverthless,
if we renounce this objection, we may regard C to be a set.

Now we take up the assembly V of propositions whose validities in reference
to the proto-construction have been or will possibly in the future be proved. In
this case, since the assembly V is the class caused by provability, it appears as if
only one super-objectivist conception (i.e., the provability in the future) is involved.
But, on thinking over the matters, we find it is not so simple. In effect, the ways
of proof are generally not so simple as arithmetic operations, but may possibly
need some assumptions which are originally super-objectivist. In addition, if some
trial of proving a proposition comes across undecidable elements, the proto-
construction itself must possibly be changed out. If then, at least some proposi-
tions will have their validities to be promised only by the proofs in terms of the
new construction.

(5)
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[f the above assembly V is taken up primarily with the intention of examining
the dominating extent of the present proto-construction, then the revised con-
struction may not worth notice. So then, propositions to be proved in the new
construction may make only a redundant part for the examination. However, if
this part 1s omitted, the intended objectivism will lose its sense that it must pro-
ceed its developing through the revision of the proto-construction if needed.

3. Hypothetical Scheme of Universal Assemblies
Let U, be the class of events which can be produced by a finite number of
elementary operations (given in the intended objectivism) from the primitive uni-
verse {,, and U, be the class of events which can finitely be produced in terms
of the language promised on U, and so on. Then, through the iteration of the
definition, we have a sequence of assemblies '

Uo, Ul,Uz, (3 1)

If these assemblies are admitted as objectivist results, they are considered to give
universes. Thus, in this sense, we have a hierarchy of universes by (3. 1).

If P is a proposition produced by combination of a finite number of operations
and terms involved in the language promised on U, then there will be assumed
an assembly E(P) of events such that

E(P)= U,U Uy,

on the question 1f
(Va€E(P)| aCP)N(aEE(P). =. adP) (3. 2)

is verified or not. If £(P) is existent as a (determinate) set fulfiling (3. 2), then
P is an objectivist proposition. However, what we should at the primary stage in-
quire is “what event ¢ is to be examined on the relation

aCP

?”. The assembly L (P) of such ¢’s is called the level of P.

If L(P) 1s either proved to be a set or admitted to be regarded as on ob-
jectivist result, then P is called a general proposition (in the intended objectivism).
If a general proposition P fulfils the condition

(6)
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YasL(P):aCTP. V. aCP (3. 3)

(hence ~(aCP. A. a@P)), then P is an objectivist (or descriptive) proposition.
L (P) may apparently be regarded as a universe, and it is clear that

L(P)SU,U U..
Yet we may not always have
L(P)=U, V. L(P)=U..

We thus see that the construction of {/; may not be so simple. Incidentally, when
(3. 3) does not hold, it must be that there exists at least one event a= L (P) for
which whether ¢C P or not is undecidable. In this case P is an undecidable pro-
position.

4. Incompleteness

The proposition (in the theory of numbers) “there exist infinitely many pairs
of twinprime numbers” must, independently of the human speculation, be either
true or otherwise false. A proposition which must, like this example, be absolutely
and univalently destined to be true or otherwise false is called a solid proposition.
If a theory based on certain axiomatics cannot clearify the truth value of at least
one solid proposition ocurring in it, it is said to be ncomplete.

If any of the proposition @ or its negation ~ ¢ can be added to the axioms
without violating the consistency, then Q 1s an undecidable proposition for the
original theory. Therefore, if a proposition @ is undecidable, @ can neither be
true nor false, so that it may not be solid.

The assembly V of valid* propositions (

*: lLe., provable of its truth) referred

to the proto-construction may contain not only the actually known valid propo-
sitions, but also ones which will possibly in the future turn out to be valid. So,
V is essentially a super-concept, whereas, if V¥, 1s the total collection of the actu-
ally known valid propositions, V, Is at most a (determinate) finite set.

To tell the truth, the content of the assembly V — V, is all but nonsensical:
If a proposition @ is certainly such that

QEV—V,, 4. 1)

then @ must turn out actually to be valid through the proof ascertaining (4. 1),

(7)
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so that it must be that Q& V,. This being so, ¥ may not be regarded as an ob-
jectivist result, but rather be regarded to be a mere abstract object as a historical
extension of V,. Similarly, the same thing may be concluded about the assembly
of invalid propositions.

In an objectivism, valid propositions and invalid ones may both be regarded
as solid. Hence, that a proposition ¢ cannot be solid must mean that @ is unde-
cidable, if not renounced. Since ‘validity’ is now considered as a historical concept,
the essential problem left in here is of undecidability.

Incompleteness and inconsistency (of an objectivism) do not essentially in-
teract each other. The problem of inconsistency cannot be thought so essential.
If an objectivism is factually found inconsistent, it must be caused by some human
carelessness on selecting the axioms or the definitions.

A solid proposition which is left unsolved may be considered important for
the intention to discover an evidence of incompleteness of the proto-construction.
However, even though it is certainly unsolvable in the proto-construction, it may
possibly turn out to be solvable in a revised construction in the future. Thus, the
problem of incompleteness may not be more than a historical pending one. In ef-
fect, if we take the example of the twinprime numbers, we may not say “no precise
solution can be expected now on through”.

In conclusion it shall be noted that an objectivism may be proceeded along
a smooth developing course except for the following treatments :

(i) 1if we come across a contradiction, we eliminate it by adequate revision

of the axioms or the definitions ;

(i) if a proposition P which cannot be laid aside unsettled is found unde-
cidable, then we add to the construction either P or ~ P as an axiom to
settle the construction.

These treatments appear to be not only very artificial but rather optional policies.
If we yet are to research for any rudiment justifying them, it may not be done in
other place than epistemology. On the like stand the treatment of super-objectivist
subjects should generally be deeply associated with epistemology.

If a proposition @ is proved to be undecidable, either @ or ~ Q is to be added
to the proto-construction as an axiom, so that @ is turned out to be a solid propo-
sition in the new construction. Thus the solidity of a proposition may be considered
to be a historical concept relative to the improvement of the construction. How-
ever, the discourse may emphatically be thought to produce a branch after the
addition of the new axiom, and the part prior to the addition may be taken as the

(8)
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proper part of the intended objectivism. If the construction revised by the ad-
dition of @ is found to be inconsistent, then it may be concluded that @ is, in fact,
not an undecidable proposition at all, on the proper part.

Mathematical Seminar of the Murovan Inst. Tch., Hokkaido
(Received Apr. 20, 1979)
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Invariant Extensions for Linear Functionals

and Supplement to the Paper

)

“Totally Ordered Linear Space Structures and Extension Theorems’

Kazuo Iwara

Abstract

By modifying the preceding short work 33), some results for invariant extensions for linear functionals
are furnished. A supplement is added to my 31).

Introduction. This paper has two aims. First, as a sequel to 33), from the view-
point of the totally ordered linear space structures of £ X R, some problems for invariant
extensions of linear functionals are discussed. Subsequently, a correction to a part of
my 31), is applied for. As for the former, our hypotheses introduced here seem to be
somewhat general. To say more precisely, though e. g. in [33), Cor. 2],

1. 7715 a semigroup of linear transformations of E into E,
2. p(TN< p(y) holds for vEE, TE,
3. f is tnvariant under 9,

were assumed, but this time they are weakened to

1. Jis a set of lineayr transformations of E into E,

2. D is merely a gauge function on E,

3. f 1s merely a linear form on M.
The main purpose of this part is just to enlarge [33), Cor. 2] in such directions. In
consequence, our results relate to Klee [8), (@)« (8) of (2. 2) Theorem] and to Edwards
[14), 3. 3. 2 Remark], and cover them. Some of our results are given in terms of ideals
(right or left) of 9

For reference, as is apparent, our approaches to extension problems are (were) all
based on the following self-contained angle (for this and for its topological version, cf.
[21), Th. 2], [26), p. 46, foot-note and Suppl. to Th. 3}, [32), Th. 1)).

THEOREM.! Let E be a real linear space, C a subset of E.  Let M be a linear sub-
space of E, f a non-identically-zero linear form on M.  Designated by

(>)  f can be extended to a linear form FF on E so as lo F(c)>0 for cEC,

T The latter statement of this theorem is a Krein type extension theorem. This part, non-topological
version of Bauer-Namioka theorem (cf. [17), (V, 5. 4)]), and the some case of Anger-Lembcke [29), Th.
3. 2] are equivalent.
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(=) f can be extended to a linear form F on E so as to F(c)=0 for ceC,1
(1) thereexistsa tols (E, #) such that

) AUCC(E,#)", where A={x=M: f(x)>0),
() (E, #)* is absorbing at some point of M,

(2) there exists a convex absoring (at the ovigin) set U in E such that AUCU
(U++ ao) 1s positively independent in E, where f(a)=1,

(>)=(2)=(1)=(=) holds. If C is a non-pointed convex cone (i.e., C30), (=), (1),
(2) are equivalent.

It was at this point (the first statement of this theorem) that we were free from the
convexity of Cpee In the proof of [33), Cor. 2]. This like is given in the present work
too. With this fact, it appears to me that this angle (including its proof) is somewhat
good for our discussion.

To present this note, for the first part, the author was motivated by Agnew-Morse
[6), Lemma 2.01], and 8), 14) above cited. For these instructive informations, he is
deeply grateful to them.

Preliminaries. For convenience, unless otherwise specified, let the notations and
terminology employed in 21), 26), 30), 32), and 33) be available. Especially for E, C,
K, M, f, % L refer to the statement of [33), Theorem 1]. Denote by N the set of all
positive integers. We introduce

DEFINITION 1. a) Let ¢ be a gauge function on K.

b) By &1s meant a set (#0) of linear transformations of E into E such that T(K)
CK and ¢(T(yv))<q(y) (y€K) forall TES.

¢) By 9 ismeant a set (#£8) of linear transformations of E into E such that 7(X)
CK forall T~

d) The identity map of E to E is written by 7. Since (1. 0) below is synonymous
relative to .9 and .9 U{[}, throughout, .7 is taken to be .77 U {I} to our advantage. So
1s the case for &.

e)Let Ty, T, Ts,.€9 To(Ti(y)) (vEE) is written by T:T:(y). Obviously,
composite mapping T, T 1s a linear transformation of £ into £, and Ts( T2 T1)=(T:T2) Th
holds. By T¥ (x& N)ismeantasusual. .9 is called Abelianif Ty Ty = T\ T»|whenever
T, T.€.9 A subset . of 7 is called a right (resp. left) ideal of 7 if 9 C F(resp.
if 9 cC.#), where £9={T,T\: T\€.7 T:€%} and such.

DEFINITION 2. a) Jqcs is another (the 2und) quasi-epigraph of gauge function g on
K with respect to C and & Jees=1{(v, n) : there exist c€C, TEE, mE N, such that

y+cEK and Lq(Z‘. T”(y+c)><77}
mo \px=1

T Our symbol “=" is syn. with “=".
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b) Kecsr is the (3rd) quasi-epigraph of gauge function g on K with respect to
C, 9 Kgcyy:{(y, 7) : there exist c€C, T€Y, mEN, such that y+cEK
and ;}Esup g<§ ST”(y+c)>< 77}, where . is a certain non-void fixed subset of 7~
Sey #=1
o) If C={0}, Jocs, Kecss are resp. abbreviated to Jos Kesw-
We use Kecse in (1. 1) below. In this case it is well-defined, 1e., Kecow CL .

We note in advance that unlike Cgoy, Kgcss is N0t necessarily convex even if 7 is
Abelian.

Statement of the results. Some modifications of the preceding [33), Theorem
1] establish the following. This theorem simultaneously relates to [8), (@) () of (2,
2) Theorem] and to [14), 3. 3. 2 Remark].

THEOREM 1. Under the hypothesis of [33), Theorem 1], let & be rescinded and let
I be considered in place of it. Then the following are equivalent :
(1.0)  The statement (1. 0) thereof remains valid for I~

(1.1)  There exist a gauge function g on K and a non-void subset & of 7 such
that g(ST*(y))< q(y) for yeK, T, S&, p&N, and there exists
atols (L, #) whose (L, #) is absorbing at (0, 1) for L for which

BsUKecr C(L, %)

(1.2)  There exist a gauge function g on K and a non-void subset & of 7 such
that g(ST*(yN< qly) for yEK, TE Y, S&€% uEN, and there exists
a convex absorbing set U in E for which B ;U Kecov J(U X {1}) is positively
wndependent in L.
PROOF is done routinely : (1. 0)=(1. 2): Letting g be the restriction of F to K,
choose a non-void subset % of .2~ Then (1. 0) entails that F( y)<% SSup g(i 1ST “
=2 =
(v+ c)) for y+c€EK, y&€E, ceC, TEY, meEN and that g(S T*(y))=g{v)< g(¥)

for ye K, T€.9, SE¥ p& N which show that g, & and U={x€ E : F(x)<l}
are as required. For (1.2)=(1. 1), under g, & of (1.2), appeal to [30), Rem. 2] (an
analogue of) and to [21), Lemma 1) (1. 1)=(1.0) : Likewise as in the case of [30),
Th. 1 ("if” part)], indeed we obtain an Fy& E* such that extending f and satisfying

Fo()/K%gggg(ilST”(y—i—c)) (v+cEK, vEE, cEC, TEI mEN). F, meets

the (b) of (1.0) is clear. Fy does the (¢) of (1.0) is obtained thanks to but mutatis
mutandis from the final part of the proof of Agnew-Morse [6), Lemma 2. 01}, (For

the details, Fo(y— T(y))S%SUD g<% ST(y— T(y)))Z%SUD g(ST(y)-ST™!
1 Se ¥ #=1 Se s
(y))S%{q(y)qu(—y)} follows for y& K, T€ .9 m&N.)

REMARK 1. Compare the above estimate with the original.
Needless to say,

13
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REMARK 2. [33), Theorem 1] is essentially found (is proved by) in this theorem.
The Hahn-Banach extension theorem itself is as well found in this theorem.

Theorem 1 enables us to generalize [33), Corollary 2 to Theorem 1] in three di-
rections :

COROLLARY. Let in particular K=E', C={0} in Theorem 1. Then" (1.0) and
the following statements ave equivalent :
(P 1) There exist a gauge function g on E, a nonvoid & .7 and an FLEE*
extending f such that
() Sup g(ST*(y))< Sup e(SyN<ply) for yeE, TE .97 pEN,
(11) Fl( Tl TZ“'Tj-—lTj"'Tk(y)):Fl( Tl TZ"'Tjij«l"'Tk(y)) fOVyEE,
TsE.9; 7, k&N (2<j< k), and they are equal to f(v) if vEM,
(i) Fi(y)< 30 g(S(w) for yEE.
(1.2Y There exist a gauge function g on £ and a non-void & C 7 such that b§qu g

(ST ()< ply) for yeE, T€9, n&=N | and B\ Kg s 1S positively in-
dependent in L .

PROOF. Since K. O Cp by Theorem 1, it suffices to prove (1. 0Y=(P 1)=(1. 2).
Assuming g=F,=F, choose a non-void subset .% of .77 and the first implication is
self-evident. (P 1)=(1.2) is done under g and % of (P 1) : To begin with, let x+ a1y,
+ary.=0 for (x, £)EB,U{(0,0)} ; (v1, 71), (v2, 72)E Kg g ; @1, @>0; where say%
Eug g(ZYlST{‘(yl)>< 71, %§u$g<élst”(yz)>< ne for some m, neN ; T, T.€7

= M= e V=
Then since part (i) of the hypotheses guarantees m

o Lswe(BsTron) s Lswe($sTH00)

mses

>Lnsup g<%n (ST¥T#(y:)+ STt Tz”(yz))>,

MN sc o = \i,v=1
it follows from the hypotheses that

3 (ST TH (@) + ST THasva))

L%

1
E+011771+dz772>f(x)+w ?ggg(

m,n

> () 4y P2 (T T )+ TE T @)
=f(x) +M7}/17?::1F1< Tzqul(afly1+a/2yz)>

=f(x)+f(—x)=0.

1 In this case, ¢ is written by p.
it In this case, (1. 0) is written by (1. 0Y.
71t The original form of this estimate is due to Agnew-Morse [6), pp. 21-22].

(14)
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Now that thus the above is all correct, let us generalize (*) by the induction, and the
proof is carried out in line with the above.
The following remarks are immediate consequences of this corollary.

REMARK 3. If we are concerned with the case when 9 has a right ideal % (P 1)
may take the shape of

(P 2) Thereexist a gauge function g on E and an NS E* extending f such that
0 F(y)<supe(S)<p(y) for yEE,
) () of(P ]) holds, where TsS # =2,

And if, moreover, & 1s &, (1) is weakened to

E(y)<ply) foryeE.

REMARK 4. Sometimes F; is substituted " for g in (P 1). In this case it should
be noted that (iii) thereof is dispensable (reconsidering the proof above (cf. ¥C ).
Thus, if 7 has a left ideal %, (P 1) may take the shape of

(P 3) (Klee type condition) There is an Fy< E™ extending f such that
W FK(SW)<ply) for yeEE, SES
() (@) of (P 1) holds.

This means that letting in particular .9~ be a semigroup (for composite, and so on) and
f be invariant thereunder, the present corollary a fortior: supplies an alternative proof
to Klee [8), (@)=(68) of (2.2) Theorem]. We note in passing that under some modi-
fications, the method of [6), Lemma 2.01] acquires (P 3).
On the other hand
REMARK 5. In this corollary, let in particular 7~ be replaced by &. Then in a
sense that g=p and & ={I}, (P 1) takes the shape of
(P 4) There exists an F,EE* extending f such that
(1) (#1) of (P 1) holds,
W Ay)<ply) for yEE.
As a result, letting in particular f be invariant, the present corollary proves the sub-
stance of Edwards [14), 3.3.2 Remark] (qua left s) without difficulty. Reasons are
known by appealing to I'; by 2772 2< j< k) times. By the way, for short [33), Cor. 2]
proves the same as well. The reason is that this problem is synonymous relative to
&and <&, where <& is the generated semigroup of & For reference, if we are
concerned with (1. 2), viewing p as g, noticing that Kpes= Jps, it is simplified by
(1.2 BsU Jps s positively independent.
We note again that unlike Cpes, Joce Is not always convex even if & is Abelian.

REMARK 6. Let in particular 97 be <&>. Then (P 1) is reduced to :

1 To avoid meaninglessness, let % {7}.
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(P 5) There exists an F,E E* extending f such that
O KT LGW)=F(T:T(y)) for yEE ; Th, T:E<6),
(i) F(T(x)=f(x) for x€M, TELE,
(i) Fy)<p(y) for yEE,

which corresponds to [33), Cor. 1 (with C={0})]. And if 7 is mvariant, (P 5) (whence
1t is equiv. to [33), (1. 0) of Cor. 2]) is equivalent to [8), (&) following (2. 2) Theorem]|
(as was given ibid) and to :
(1.2)" BsU Cpe s positively independent, where C= {é( SiTwvi— T:Sivi) S:, T
€7 yi ek, keN}.
If <& is Abelian, (P 5) is reduced to :

(P 6) There exists an & E™ extending f such that
O E(T)=7(x) for xEM, TELE,
) Fy)<ply) for yEE,

which corresponds to [33), Cor. 4 (with C={0})]. If £ is invariant, (P 6) is reduced to :
(P7) There exists an F\E E* extending f such that Fi(y)< p(y) for yEE.

This is equivalent to " f(x)< p(x) for x&M”.
We close the first part of this paper with the following.

REMARK 7. Replacing E, FEE* U, etc. by preordered linear topological space
E, FEE’, Oneighbourhood U etc. respectively, we can state and prove the topolo-
gical version of Theorem 1 with ease. We call this Theorem 2.

And, I here, with an apology, submit a part of 31) for correction :

SUPPLEMENT. Each proof of

1" the 1st and the 2nd assertions of Cor. 1 of Th. 1,

2" the 1st and the 2nd assertions of Cor. 1 of Th. 2,

3 Cor. 2 of Th. 1,
in my paper 31) is defective (the assertions themselves are available). I wish to cor-
rect them as follows.

ProoFs orF 1°. For the 1st assertion, it suffices to examine the logical equivalence
of the following conditions, where f0.

(@) There exists a convex absorbing set U in E such that AUCU(U+a) s

positively independent, wheve f(a,)=1.

(B)  There exists a convex absorbing set 'V in E such that B, U CcU(VX{1})

1S pos. ind.

(a)=(8) : Pos. independence of A U C is inherited to that of B,U C¢ (and vice
versa). Clearly CcU((—U)x{1}) is pos. ind. Let now x—c+v=0 for x€X,
cECU{0}, v&—U. Then since AUCU{—v+ao} is pos. ind, sois AUCU{x—
¢+ ao} which induces f(x+4a0)=0, Le., f(x)> —f(as)=—1. These mean that — [/

(16)
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is suited for V of (8). For the converse, since f(—a—ao)< —1 (aSAU{0}, acE A,
f(ao)=1), by hypothesis, it never happens that (—a—ao)—c—u=0 (c=CU{0},
uEf%V). This means that -%V is suited for U of (@). The 2nd assertion is

now clear via (a).
The proofs of 2° are analogized.

ProoF orF 3°. To answer this via (§8), we employ an absolutely convex absorbing
set V of £ such that |f(x)] <1for x€XNV.

(Received May 18, 1979)
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Mn, Mn-Fe, Mn-Si 7 & (*i2 Mn-Fe-Si 244
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Carbon Solubilities in Mn, Mn-Fe, Mn-Si and Mn-Fe-Si
Alloy Solutions

Akihiko Tanaka

Abstract

In order to obtain the essential data for the thermodynamical study of the smelting reaction of the high
carbon ferro-manganese and silico-manganese, the solubilities of carbon in the Mn, Mn-Fe, Mn-Si and Mn-
Fe-Si alloy solutions were measured at the temperature up to 1600°C. The results can be summarized as
follows :

(1) The solubilities of carbon in the pure liquid manganese obtained were in fair agreement with the value
reported by Schenck et al.

(2) On the basis of the observed values of the carbon solubilities in the Mn-Fe and Mn-Si solutions, the
interaction parameters of Fe and Si for the activity coefficient of carbon were obtained respectively.

(3) By the use of the interaction parameters obtained above, the solubilities of carbon in the Mn-Fe-Si
ternary alloy solutions were calculated. These values calculated showed a good agreement with the experi-
mental values where the concentrations of both Fe and Si in the solution were low.

(4) The experimental equation showing the relationship between the carbon solubility and chemical com-
position was derived on the basis of the measurement of carbon solubilities in the Mn-Fe-Si alloy solutlons.
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Wa,
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(2) FRGEOMBBIC BT 2 RFEMELIN L Z 212 LY, B EoRERBE ORIz

SE 72 B 12 D RIS
Mn % 5% 45 & T 248 EROREZMIEREIC D W TIZEEIZ Turkdogan 5, Schenck
5@, Skiredj 5®, B LU Burylev 5% Ll L 2HEHFRLNE7Y, IR LBIESI M
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RWFEEEERE 7 gy, &) a7y % ENERGESOUEUGOYIE LR
RED—ERE L UUTH 724 D THY, #iMn, Mn-Fe, Mn-Si % & 1012 Mn-Fe-Si &4
W bk FRBOFN AR % BB AR b7 - THEBIL, FERDEIREDRESE - LERET L,
POWMEL72LDTH B,

0 % 8 5 &

AP ER L & NICHERDOEUR W OEE F, DE04BEICHITTiTh -7,

(1) BBEICBI DM~ OREMAGHEEOBE

(2) Fe, Si fLiREEI- 17 5 Mn-Fe, Mn-Si 244 AM o) R 2RI A E ORlsE

(3) MnFe-Si RAESHERNOBFEE (2) & VBN MHEERIZ OV TOFEROBERK

G

(4) 1500°C iz 51F 3 MnTe Si RAGERNNE & EBR D FH

LRABMIC BT pEERTNTE - LIZR
T AL AR BRI CIT -2, 2D
FERERENDL L HIZFEE A N b Y

KEEBPEHEAL, i A LBl 25 S
FAOL L CREEEIRT 5220 TR D, b N S

L LHELSTR L 72 A8 R K 2 By KN éﬁjfmj §I é@ © Ao
s, FTREIRIE % TR —SERSR 2 ORI Tl & R
CREFL, ARBRI R AR E e, | [ Gabsions
(1), (2) OXBAFB LY (3) OBRBOE J L Inducion o
Bix Ar 7 2SR CEIIREEL 2, TR FTTE  coameonn
BROWR, 2, 30aREME L N REOM

P

FEIMAMEE # & D L HEE S N 540 Mn a0kHz
WY 30~50 min. TRAIZIREFBEMNT S
ZEDHERD LN T, TNTOHOREHIATL
TORIFRE & 00 meon. & 172, Z ORFERERIAE S, REER s A8 Rl s L, &M
ok LTt 2 4770, RESRFAEBE 2 REL 12,

(2) DEBRDO—ER% 6N (4) DERIIIIHOND AT 7 L D FEREEbE TIT X - 72
7285, 1500°C I2 BT A F)v, AT 7 WAL TEEI FEIZET 5 ICET 2 8[H 120 min. % A5
S/, ZORENFART AIEH CO TH Y, SEHIEGEIC L 57, 2tz Y Rzt
DL FFRAL, FTOMB L DIREL 2,

MN

—1 B O NEEE



Mn, Mn-Fe, Mn-Si % & (0l Mn-Fe-Si A& B RO RESNGRE 21

®"— 1 FREROESTL H 0 LESTE (wt %)

Mn C Si P S Fe
Electrolytic manganese 99.96 0.007 0.007 0.001 0.019 0.001
Electrolytic iron 0.005 0.005 0.005 0.003 0.003 99.9
Metallic silicon — 0.10 98.00 0.05 0.05 0.70
Fixed carbon Moisture Ash Volatile matter
Graphite powder 99.13 0.25 0.19 0.43

AEBIFBOEEHEMIZGER Y, BESLLCICHREBTAEL2H 2, #NF
NOALESE, BL OBV ROTEMMMELE LICRT,

I EBRERE 2o

~ PR =1 Nl
1 WA ORRENBRE o ) o Mn o LR Bl 2 C 0 RT5
By Kb CvERe 2

No. Temp. (C)| C, (%) Mn, (%) N5 max
R, 1400~ 1650°C < FiR 2
) A 1 1407 7.40 92.60 0.263
BTRR £ A ¢ AR 2 1463 7.68 92.32 0.275
SESHHE 7 b AT R FE DR T 3 1497 7.74 92.26 0.277
4 1531 7.75 92.25 0.277
Nenfiz & - 212m3, 21k 5 1553 7.90 92.10 0.282
N o) o 8 % 48 4 5L FE T )3 B0 6 1587 7.94 92.06 0.283
B 7 1643 8.07 91.93 0.287
SHLThHLEHLT ER— 2R TE
ARES RN, . 0.52 L\{ ! 1 e Present work _
Schenck 5% kv Turkdo- é T\ A By H.Schenck
Wy R E P e B m 8y ETTurkdogar
gan LG EHRDER £ 4T %o 00-54N > ~a ]
72 ENENDOFERLE— 24 < - \AO\. 5\
m -,
L S g 0.56 %N ]
KL 72, Schenck &3 ARERB LY K<} “A\.\'
AMEDML A 2T b * 0.58 .\A\
ns, AREBRRER L EDL 2SR E ’
1572, Turkdogan & DS AE 50 52 51 5.6 5q4 6.2
B% 7¢ & (M2 Schenck & D fEH & /TX1O
-2 #Mn oRERFBHEDOHIERER LIEX
WL TwbLaL G, s DEHE DR L DI

DHEITHR L 6 I EBRFIDNT 25 A iik 2% (, ZOEORIEZHM T 22 20T
v, B— 212 L AR 5 NI SRR I L 2R 2R/ EREIZ L), RESRINE
fRRE L AERHAE > BB TH b T &R (1), (2) BIW (3) 2% 3,
AAF5E ¢ log Nemey =—390 /T —0.338 (1)
Schenck & : log Nemax) =—375.8 /T —0.347 (2)

(21)
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Turkdogan 2 : log Nimaxy =—460 /T —0.285 (3)

ARFEDBEBEIMOMREDREME B L T, EbHTHELS—BEHRLICHHFL T
50T, (1) REAWTKELEOHROBRT O RELIZT 2,

2 {KBE Mn-Fe 2 & &8RN0 IRFRAMBEE

1400, 1450 £ & 1F 1500°C 1281+ 5 Mn-Fe RESHEMN D R EZRMEMRE OBERR 2 & — 3
AT, ZORICBIT S ANECman 3R (4) 22 65HSNS,

ANE (maxy =NE maz) — Ne(max (4)
ZHRNICBNT NE®max - Mn-Fe iz 3517 % ke REFARE
Netmaxy -+ 4 Mn 7 o SR SR B FI A IR B

2D ANE maxny & Nee & DR R BIEEIZOWTURT EM— 3 D@b)E L FOIZk 5,
Schenck 5®1z & 3 1600°C 1= B1F 3 WL B MR £ R @ 10R T, BEEIC %D DREL
R 55 AN (nany TEIZH 5 1 Npe DI & & B ICilP T 5, T %I 2ITERBERICSH S
ERZLTRDBERFICLIVLETZ LR 3BV IO TRENZERIRLNE, ZDE
MOIERIT LRI E 2 BB T NE THEL LIF TN TN S, ZHUTEMSE Mo g £ 154
WOERICE DL DER D2 EDTE D, & CIZHIENC B 2 BFE#H Mn 123 b3 2% Fe 2%
Z, L7225 C (4)R0FHRICH 2 Nenaxy OMEIZIEFREIZ S 2 (X Fe 2 WESURNEEE
BORFGRAERE AR TLOTH ), 21Uk L T Mn-Fe &8 EHABOSEA L ENIER%
DGFMEL VFEL ThdeH, MM L T Ens Fe LHEED Nee iz 51T 5,
ZOEVSHLLNLLDEMRT L2 TE L, (A D Schenck & DfRITEBEL NEL
REMRENAEL, Nee=08&NTEE D > T Nimanw & LTV D, REBRDKER L R0
21770 2 (FTEAITE A %88 L, Schenck & DFERICE b TRWRIC T B,

REBIER L FHMICH B &, ANCoran & Nee 12T L A 2 REGEBIRICH 2 & R 20558 Y
BN, NEL® INICXRZBLUFCoCXIZonWTHRELERIZENT, 2, 30%K
WAL T2 REHE L TR T KD T—F 12 2T L HFTERIT2 - 18R, K-
31®& L ORL 2zl S 17,

P&, 1kB L2 REHBEEE L TEBLL 2 INCoan & Nre & O OBRERITZE N
Fn (5) ~ (10) Ric%x 3,

A 1KBIEBAR E L TRHAL 256

ANE(max) at 1450°C = —0.07 Nge —4.04X 1073 (5)

ANE®(max at 1500°C =—0.10 Nye —2.80Xx 1072 (6)

ANE®(max) at 1550°C =—0.11 Nge —3.31X 1072 (7)
B 2 kBIFBIR L L CERIAL A

ANE(max) at 1450°C =0.97 N2, —0.23 Nge (8)
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Mn, Mn-Fe, Mn-Si # & (fiz Mn-Fe-Si 244 A KO R EHFARE
F—3  Mn—Fe o) 5 R KA1 BHE O JIsE 45
Tﬁg”)o' No. | Mn% | Fe.% | C % Nre Ne | = AN
Al 91.90 0.59 7.51 0.005 0.270 0.003
2 91.24 1.29 7.47 0.010 0.269 0.004
3 90.78 1.83 7.39 0.014 0.267 0.006
1400 4 88.08 4.56 7.36 0.036 0.267 0.006
5 83.49 9.38 7.13 0.074 0.261 0.012
6 78.24 14.58 7.18 0.114 0.262 0.011
7 74 .54 18.37 7.09 0.145 0,259 0.014
B1 91.70 0.62 7.68 0.005 0.276 0.001
2 91.31 1.12 7.57 0.009 0.273 0.004
3 89.79 2.74 7.47 0.021 0.270 0.007
1450 4 86.88 5.62 7.50 0.044 0.270 0.007
5 84.28 8.38 7.34 0.065 0.266 0.011
6 77 .96 14.74 7.30 0.115 0.265 0.012
7| 7550 | 17.39 7.1 | 0.137 | 0.259 | 0.018
Cl1 91.61 0.57 7.82 0.004 0.280 0.001
2 91.11 1.15 7.74 0.009 0.277 0.004
31 89.98 2.40 7.62 | 0.019 | 0.274 | 0.007
1500 4 87.36 5.09 7.55 0.039 0.272 0.009
5 83.24 9.33 7.53 0.073 0.269 0.012
6 78.29 14.45 7.26 0.113 0.264 0.017
7 75.40 17.32 7.28 0.135 0.265 0.016
0 O
e =@ \
.01 == o o1 s
= %] SN
02 02 <2
(a) at 1450C (b) at1550C
03 I 03 '
o Op=
[: \§§\\‘§\\
01 =Sy S 01 T
\_
02 el 52
(c) at 1500°C (d ) at1600°C By H Schenck
03 L .03 L L
%0 005 0.10 015 0 0.05 0.10 015
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PULSED OXIDATION REACTION
OF CO OVER WO, CATALYST

Noriaki Kaneki, Tatsuo Unno, Hiroshi Hara,
Koozi Shimada, and Yoshiteru Jomoto

Abstract

The pretreatment of WQOj; catalyst used for the CO oxidation reaction was shown to require that it should
be degassed under vacuum (10~%torr), for 8 hours at room temperature. An unsteady state pulsed reaction rate,
having a decay fraction for CO oxidation over WQOs, was also proposed.

Introduction

WQO; has been extensively studied as a catalyst and co-catalyst. The most important
properties are antiferroelectricity and n-type semiconductor. It is used extensively as a
catalyst in hydrogenation, polymerization, isomerization of olefins, hydrolysis and esterifica-
tion of alchols, and pyrolysis of other compounds. It was reported that the temperature
coefficient of electrical resistance of WO, ceramics, change from negative to positive by
oxygen gas adsorbed on the surface of WO; at about 400°C.!

This paper reports a preparation conditions producing a catalyst having high activity for
oxidation of CO and an unsteady reaction rate equation for CO oxidation over WO; by a
convenient pulse technique. This reaction simultaneously involves a catalytic reaction and a
decreased activity reaction because the two types of sites on the catalytic surface show
different adsorption rates.

Methods

WO, catalyst samples were prepared from a high purity p-tungsten ammonium powder.
The powder was mixed in a ball mill for 2 hours, pressed into pellets at 1000Kg/cm?, calcined
in air at 300°C and screened at 24~60 Tyler mesh range.

The fixed reaction apparatus included a convenient gaschromatograph, a reactor and
a vacuum manifold as shown in Fig.1. A pure He gas(99.99999%) was flowed through the
reactor as a carrier gas. Both the reactant gases, CO, and O,, were also purified by a usual
technique. Gases were analyzed by gaschromatography using a squalancesilicagel and an
activated charcoal column.

Experimentally it was found by this study that the relations between catalyst amount or
pulse volume and product gas volume were directly proportional under the operating con-
ditions chosen. The following sets of operating conditions were specified: pulsed volume:
0.5ml, catalytic amount: 0.5g, reaction temperature: 500°C and flow volume of carrier gas in
the reactor: 40ml/min. The pulse length was less than 19 of the tube length of the reactor.
The pulsed reaction was carried out as follows: after the catalyst was placed in the reactor,
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Fig. 1

the atmosphere inside the reactor was changed from air to the following alternative con-
ditioning treatments : (1) Helium at room temperature for approximately 1 hour, followed by
heating for a 3 hour period until a temperature of 500°C was reached. (2) Air at room
temperature for approximately 1 hour, followed by heating for a 3 hour period until a tem-
perature of 500°C was reached. (3) vacuum (10~°torr) at room temperature for 8 hours,
followed by heating for a 3 hour period until a temperature of 500°C was reached. (4)
Hydrogen at room temperature for approximately 1 hour, followed by heating for a 3 hour
period until a temperature of 500°C was reached. At the end of the conditioning period, the
carrier gas is flowed through the reactor at a flow rate of 40 ml/min. and a mixed gas 0.5 ml
is pulsed into the reactor with a millilitersyrige. The pulsed reactant gas was a mixture of
carrier gas combined with CO and O,. A 2:1 ratio of CO to O, was used in the gas mixture.
The conversion ratio of product gas CO, obtained by a pulsed test is defined by the following
relation:

product CO, in pulse
reactant CO in pulse

conversion ratio [%] = x 100

Result
The first conversion of product CO, by the first pulse depends on the pretreatment of the
sample under the variable atmosphere. The first conversion results obtained by the first
pulse were given in Table 1. Vacuum pretreatment was thus chosen as the reference
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Table 2 Effect of contaminative gas Table 1 Conversion vs. atmosphere

contaminative gas conversion (%) atmosphere | conversion (%)
no contamination 5.2 He 34
CO; 5.2 Air 0.8
CO 5.0 VYacuum 5.2
0, 08 Hp 03
pulse gas ; C0:0; = 2:1 calcining temp.  ; 300 (°C)

reaction temp. ; 500 (°C)
calcining temp. atmos. : air
pulse gas ; CO:0,= 2:1

reaction temp. ; 500 (°C)

condition for effect of contaminant gas. After pretreatment of the sample under vacuum,
the sample was fully contaminated with each gas(CO, CO, and O,) by the pulse technique.
The first conversion results obtained by the first pulse were listed in Table 2. However, it
was found that contaminated samples degassed under vacuum completely recovered the
catalytic activity. Fig. 2 shows the conversion of CO, as influenced by pulse time and
oxygen molar fraction {O,mol/(CO+0O,)mol].

Discussion

According to the results shown in Table 1 and 2, the first conversion of CO, of the
samples pretreated under He and vacuum was higher than the CO, conversion of the samples
under Air and H,. Furthermore, no inhibition of the first conversion of CO, was observed by
the addition of CO and CO,, but O, gas had the inhibition effect. It seems that CO and CO,
gases are seldom adsorbed on the surface of WOj;, but O, gas is easily adsorbed. On the other
hand, in the pretreatment with a reducing gas such as H,, the first conversion of CO, is
noticeably reduced. This may due to the fact that reduced WO; has less catalytic activity
because the H, may have changed WO; into other compounds such as W,0; and WO, that
don’t show catalytic activity for the CO oxidation reaction. The results for Fig. 2 reveal that
the first conversion of CO, increased with a increasing oxygen partial pressure in the first
pulse, but, also, on the second and later pulses, the conversion of CO, decreased with in-
creasing pulse time. Thus it would seem that the WO; sample from which a part of oxygen
is degassed, shows enhanced catalytic activity of CO oxidation. The reaction is enhanced
with increasing oxygen partial pressure of the pulse. The discrepancy between surface with
pretreating under vacuum and without was not observed by X-ray diffraction. It appears
that the surface on the catalyst WO; was reduced under vacuum because the color of the
surface on the catalyst pretreated under vacuum changed from yellow to dark green. Tt is a
necessary operation that a WO, oxidation catalyst be partially degassed under vacuum or
inert gas. Our experiment found that WO, has higher activity under vacuum than under He.
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From the above experimental results, although the reaction mechanism of CO oxidation
over WO; has to be discussed in more detail, for this discussion, it is assumed that the
oxidation reaction is proceeded as in Fig. 3. A picture of formation of oxygen defect on the
surface of WO, that degassed under vacuum is shown in the block 1 of Fig. 3. When a gas
mixture of CO and O, was introduced on the active catalyst WO, by a pulse, a donor
molecular oxygen is first adsorbed on the surface of ionized metal, as shown on block 2.
Block 3 reveals that the oxygen shown in the block 2 reacts with an electron accepter
molecular CO. In block 4, a produced CO, releases from the surface of WO, and the resulting
surface state for the catalytic reaction is similar to that of starting block 1. The results
shown in Fig. 2 also reveal that the catalytic activity was decreased with an increase of pulse
time. We offer that any reaction path other than the process shown in blocks 1 to 4 in Fig.
3 would occur in parallel. The parallel reaction ( blocks 2’ and 3’) reduced catalytic activity
at the same time as the catalytic reaction took place as shown with blocks 1 to 3’ in Fig. 3.
The blocks in Fig. 3 showed that O, gas is again adsorobed on the same site of the oxygen
defect formed under vacuum as shown in a block 2’ and the state of WOj; prior to the vacuum
pretreatment is reduced in block 3. The WOQO; shown in block 3" in Fig. 3 showed less
catalytic activity. But the WQO; will be again recovered by treatment by vacuum. A dis-
tinction of oxygen between 2 and 2’ in Fig. 3 is believed to be due to different isomeric
oxygen species. However, in this paper, the distinction is not clearly explained.

If the catalytic reaction proceeds according to the model discussed above, the mode] that
was proposed to explain the reaction may be written in the following reaction form. The
state on the surface of WO, pretreated under vacuum is

woﬁwog_ﬁ%oz ‘ (1)

where, WO, _, shows the state of WQj; pretreated under vacuum, but the value x is small
enough to be neglected.
The WO,;_, that is electrically in equilibrium is

WO 2 WO, +e” (2)
The ionized metal reacts with O, gas, and so, a complex compound is produced
$0:(2) + WO3 1+ e 0" WO, (3)
The complex also reacts with CO gas
O W x+CO(g)>COz W7 Os-x (4)
After reaction, the produced gas CO, is released
COzW*03-x—CO,(g) + W*O3_x+ e~ (5)

Thus, the total catalytic reaction is

WOH+%OZ (@) + CO(2)—> W*Os_»+e + COu(e) (6)
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If the rate determing step is assumed to be the oxygen adsorption in equation 3 in
our experimental results, then the first pulsed reaction can be:

Vi=ki[W*Os_,][e7]PE? (7)
Equation 2 allows the derivation of equation:

[(WHOs_x]=[e7], K=[WOs_x][e] (8)
Equation 8 can be rearranged to yields:

1 =kIKPY? (9)

Where, k is a reaction rate constant, and k is an equilibrium constant.
Below, we now write the other poisoning reaction mechanism shown in blocks 1 to 3" of
Fig. 3 for the above catalytic reaction. We can write:

504+ W0y x+e WOy (10)
Then the reaction rate is presented

Vi =k{ [W*Os][e 1PY? (11)
thus, the reaction rate which is really observed by the first pulse will be the differences
between the equation 9 and 11

Vi =K(K; Py~ k{PE;) (12)
then, in the second pulse or much more, we must consider that the fraction of active sites

decreased by the each pulse. Let term ¢ be the fraction of active sites that disappeared by
a pulse. Then, in the second pulse reaction, the catalytic reaction is

%L)Oﬁ— (1— @)W Oy o+ (1—a)e— (1—a)O"WO,_, (13)

where 1-¢ is the fraction of active species. Similarly, the reaction occured between the
surface of WO, and oxygen gas in the second pulse is

(1*2‘0)02+(l_a,)wﬁhosix_f_(l*a)e’a (1~a)W03 (l4>

then, in the second pulse, the net reaction rate observed is:

V,=K1-2(K;Po# —KiPo, ) (15)
Thus, in the n-th pulse, the reaction rate is:
V,=K3=9" (, Port— —kPa=sr—>) (16)

If we put x<< 1 and the second term is smaller than the first term in right side of the
equation 16, that is, when the amount of degassed oxygen on the surface of WO, under
vacuum is smaller, the equation 16 can simplify to:
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Fig. 4
V, =K/ Pase (17)

where, K’'=k,Kt-2""

Fig. 4 reveals the relation between the fraction of active sites disappeared o and oxygen
molar fraction Mo, [O,mol/(O,+CO)mol). The correlation equation that was fitted to these
data is about

a=0.2M53° (18)

where, a/[—]Z*A"—j,(A-@i

A, and A,,, are present with CO, conversion of n th and (n+1)th pulse. According to
equations 17 and 18 and Fig. 2, in the same pulse times, a pulse reaction increases with
increasing oxygen partial pressure in a pulse. But, the fraction of decreased active sites, o,
also increases with increasing oxygen partial pressure, as shown in Fig. 4. Futhermore, the
reaction for oxygen partial pressure will increase with increasing oxygen partial pressure up
to a peak value, and then decrease thereafter as shown in Fig. 2. On the other hand, for a
given pressure, increaing the pulse times causes the slope of the decay curve to increase.
From these experimental results as shown in Fig. 2, a quantitative comparison of the
model developed in this paper with the results obtained experimentaly is extremely difficult
because of the problems that arise in the precise evaluation of such parameters as k and K in
an experimental reaction. However, the qualitative comparison of theoretical and experi-
mental results is not difficult. Representative curves from these experimentals are shown in
Fig. 2. These feature qualititavely the characteristic of model presented herein as indicated
by the equation 16, In view of the model presented here, it seems that the rate-determing
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step is a oxygen adsorption process on the surface of the WQOjs catalyst and the unsteady state
reaction rate is given by an equation having a decay fraction because of the existence of two
types of sites on the catalytic surface, may show different adsorption reaction rates.

Conclusions
A technique for pretreating of WO, catalyst under vacuum (10~%Torr), for 8 hours, at
room temperature was shown. WO; preteated had a high catalytic activity and an unsteady
state equation having a decay function for the CO-O, pulsed reaction over W0O; was obtained.
(Received May.9.1979)

Nomenclature
A=CO0O, conversion (%)
k=rate constant of reaction (mol - cm?®/sec - atm?!/2)
K=equilibrium constant (cm™¢)
Mo, =molar fraction of oxygen S
Po, =partial pressure of oxygen (atm)
V=rate of reaction (mol/cm? - sec)
@ =decay fraction (]
subscripts
1,2, n = npulse time
superscripts

'=active reaction
”=reaction of poisoning
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Mineral Composition of Clay from the Minami-Shiraoi
mine, Southwestern Hokkaido*

Hiroshi Shirahata, Itsuma Sekiguchi**
and Yoshiaki Yamaguchi**

Abstract

The results of X-ray diffraction, DTA, and infrared absorption spectroscopy showed that kaoline clay from
an altered green tuff of the Neogene Tertiary, forming the basement of the Kuroko-type Minami-Shiraoi ore
deposit, consisted mainly of kaolinite, quartz, and pyrite. On the basis of both normative composition in the
raw clay sample and X-ray reflection intensities characteristic of the major minerals, quantitative mineral
compositions in six successive particle-size fractions were estimated. Kaolinite was abundant in the coarser
fractions, reaching 849% by weight in the 10-5ufraction, while a small but significant amount of pyrite
remainded even in the <3y fraction. It isinferred from X-ray fluorescence, DTA, and chemical analysis that
material containing heavy metals, probably in the form of sulphide or sulfate, are concentrated in the <3y
region. To efficiently purify kaolinite in the clay by flotation, it is necessary to first remove the sulphides in
the fine fractions, particularly in the <3y fraction. Physical elimination of these sulphides is benefical in order
to avoid environmental contamination by such heavy metals as Cu, Zn, Pb, Ni, and As, which are concentrated
in the<3u fraction.

Introduction

The Minami-shiraci mine, which is located about 13km northeast of the National railroad
station at Shiraoi in southwestern Hokkaido, has yielded barite and kaoline clay. In the past
barite, after purification by hand-picking and flotation, has been supplied as a material for
chemical reagents, while attention had not been paid to the use of kaoline clay until several
years ago. Today, however, the clay has become of major importance at the mine. The
mined clay ore is separated from most of the sulphide minerals contained in it by flotation,
since the presence of the sulphides greatly reduces value of the clay. Chemical treatment
with a sodium hydrochlorite solution is also employed to eliminate the sulphides remaining in
the flotation product as well as to whiten it. In 1976 raw clay ore was mined at the rate of
about 1800 tons a month, and the purified kaoline clay was shipped at the rate of about 700
tons a month to a paper-making factory. The grain-size distribution of clay used in the
manufacture of paper is required to be within a relatively narrow range, and the amount of

* Presented at the Annual Hokkaido Meeting of the Mining and Metallurgical Institute of Japan, held at
Sapporo, Japan in June 1977.
** Government Industrial Development Laboratory, Hokkaido,41-2 Higashi-Tsukisamu, Sapporo, Japan.
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halloysite or metahalloysite, which is frequently found in kaoline clay, needs to be sufficiently
low that the quality of the clay is not adversely affected. Data on grain-size distribution of
principal minerals in the clay is essential not only for effectively separating kacline from
other minerals but also for more extensive utilization of kaoline clay.

For these reasons, we began to determine the quantitative mineral composition of the
black clay mined recently at Minami-Shiraci. The results which appear in later sections, are
not conclusive because of the necessity for more extensive examination. This paper,
however, provides fundamental data for the purification of kaoline.

Outline of geology of the ore deposit

The Minami-Shiraoi ore deposit is of the Kuroko type. Lenticular ore bodies, consisting
of sulphide minerals and silicate minerals associated with barite, occur in a green tuff of the
Neogene Tertiary. The major ore body, consisting of barite and silicate minerals, is elon-
gated in the direction of N40-50°E and dips towards the SE. Small sulphide bodies also occur
in the kaoline zone underlying the main ore. The green tuff surrounding the ore bodies was
altered to clay containing kaolinite and montmorillonite by a hydrothermal solution at the
time the ore deposit was emplaced. Welded tuff of the Quarternary period unconformably
overlies the green tuff. Although Sugimoto'? and Sugimoto and Shoya® consider that the ore
deposit is of a hydrothermal metasomatic type, Sato and Aragane* suggests that it is also
possible to infer a syngenetic origin. The dominant mineral in clay zone of the northeastern
part of the silicate-barite ore body is montmorillonite. While kaoline minerals are predomi-
nant in the southwestern part. In the basement of the ore bodies there are two distinctive
clays, a white and a black: the former exists near to the ore bodies; the latter occurs in a
deeper zone. The boundary between them is not well-defined, though there are scattered
white clay lenses in the black clay zone adjacent to the white zone.

Sample preparation and mineral analysis

Sample preparation. Clay samples were collected from several spots on outcrops of the
black clay layer at a depth of about 20 meters below the ground surface. The consolidated
clay specimens were loosened and well-mixed with water in a tank equiped with a rotator.
The mineral particles under 444 in diameter were then sieved in water. To determine the
mineral composition of individual grain-size fractions, the sieved materials under 444 were
divided into a series of particle-size ranges: 44-30y, 30-204, 20-10x, 10-5x, 5-34, and <3g.
The settling-tube method was employed for this separation, and meta-sodium phosphoric acid
was used as a dispersion reagent. The mineral particles, suspended in a dilute solution in the
tube, were transferred to a beaker with an andreasen pipet after sufficient settling time for
separation into each grain-size fraction. Samples were then dried in air at room tempera-
ture.

Mineral identification. X-ray powder diffraction data indicates the clay from the black
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Fig.1 X-ray diffraction patterns of raw clay and its grain-size fractions from the
Minami-Shiraoi ore deposit.
The letters stand for the minerals in the samples :
K for kaolinite, Q for quartz, and P for pyrite. Experimental condition : Cu Ke
(Ni), 35KV, 15mA, Slits 1°-0.15mm-1°, Time constant 2sec., Full scale count
1000 cps, Scanning speed 1°/min.
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Sulphide-free raw clay

Differential thermal and thermogravi-
metric curves of raw clay and its
grain-size fractions from the Minami-
Shiraoi ore deposit. The samples
analyzed were run at a rate of 10°C per
minute in air. A Pt/Pt-13%Rh thermo-
couple was used for the measurement of
thermal difference between sample and
thermally inert substance, Al,O; pow-
der, in surroundings heated controlled
rate. No calibration was necessary to
temperature measurements because
conversion temperature of quartz obtai-
ned by the apparatus used in this study,
was 573°C.
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Fig. 3a Infrared absorption spectra of selected clay samples. Fig.3b Infrared absorption

spectra of selected clay
samples in the range of
4000 to 3400cm™?,

zone is composed mainly of kaclinite, quartz, pyrite, and occasionally marcasite (Fig. 1).
Although Ushizawa®® reported that, in addition to kaolinite, dickite and nacrite were con-
tained in clays from the ore deposit, differential thermal curves in air of samples from the
black clay zone show the endothermic peak in the 560-580°C region to be dehydroxylation of
kaolinite (Fig. 2). The hydroxyl water of kaolinite is dehydrated at a somewhat lower tem-
perature than that of dickite and nacrite™®®. Typical dehydroxylation for kaolinite, dickite
and nacrite appears to take place in the respective ranges of 550-600°C, 600-650°C, and around
700°C*®. The DTA for a portion of the raw clay sample, in which the sulphides had been
chemically removed after purification by flotation, reveals the typical pattern of kaolinite.

The infrared absorption spectra (Fig. 3a) of clay samples clearly show the characteristic
vibration profile of kaolinite. The hydroxyl stretching bands of the kaolinite subgroup
within range from 3700 to 3600cm™* occur at 3697, 3669, 3652, and 3620cm™" in kaolinite;
3704, and 3622cm™' in dickite; and 3701, 3652, and 3622cm™! in nacrite’”. Moreover, in
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Fig.4 Scanning electron microphotograph of kaolinite in the < 3 u fraction.

kaolinite the O-H stretching band at about 3700cm™! is the strongest peak among the four,
whereas in dickite and in nacrite the absorption band at 3622cm~! becomes deeper than that
at 3700cm™! *®. In spite of the apparent lack of a 3669cm™! peak, the O-H vibration patterns
represented in Fig. 3b can nevertheless be ascribed to the characterisitic pattern of kaolinite.
The spectrum of the <3y fraction has a tiny absorption band comparable to the 3669cm™!
band. Scanning electron microphotography (Fig. 4) suggests this kaolinite 1s relatively thick.
This is a possible explanation for the lack of a 3669cm™! peak.

The X-ray powder diffraction pattern of the <3y sample records several reflection peaks
which can not be assigned to the major minerals. These peaks can not yet be positively
identified with reflections of specific clay minerals nor sulphides until a more extensive
examination is completed.

Chemical analysis. A combination of classical wet chemistry*® and atomic absorption
spectrophotometric method!® for Ca, Mg, Na and K was applied to the chemical analysis of
the clay. Sulphide sulphur was analyzed by a gravimetric technique: sulphur was precipi-
tated as BaSQO, by adding a dilute BaCl, solution to the weakly acidified sample solution,
which had previously been extracted with a mixture of liquid bromine and carbon tetra-
chloride ; ferric iron in the solution was removed as iron-hydroxylate; the small amounts of
sulphur dissolved from the BaSO, precipitates during washing with hot water were also
recovered from the washings. The results given in Table 1 imply that the clay consists of
relatively pure kaolinite since the concentrations of alkali and alkaline earth metals are very
low. Normative composition based on the ideal formulas of possible coexisting minerals in
the clay, was calculated from chemical analysis, and is tabulated in Table 1. The small
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Table 1 Chemical analysis of raw clay from the Minami-Shiraci mine.

Si0, 53.47%

Normative minerals

TiO, 0.66
Al,0,20.42 Kaolinite 51.5%
Fe, 0, 0.03 Quartz 29.3
FeO 0.20 Pyrite 14.5
MnO  — Albite 0.4
MgO 0.02 Orthoclase 0.1
CaO 0.07 IImenite 0.4
Na,O 0.05 Apatite 0.1
K.0 0.02 Rutile 04
P,0Os 0.07
H,O+ 9.07
H,0-— 0.66
Fe 6.77
S 7.99
Total 99.50
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Fig.5 X-ray fluorescence patterns of raw clay and the < 3 u fraction. Experimental

condition : Target W, 40KV, 30mA, Time constant 0.5sec., Scanning speed 1°/
min., Full scale count 8000 cps.

(47)



48 Hiroshi Shirahata - Itsuma Sekiguchi » Yoshiaki Yamaguchi

excess of sulphur remaining after the allocation of an appropriate amount to make normative
FeS; may denote the presence of other sulphides or sulfates. In fact, relatively strong peaks
of chalcophile heavy metals, such as Pb, Ni, Zn, Cu, and As were detected in the X-ray
fluorescence spectrum of the raw clay (Fig. 5).

Estimate of quantitative mineral composition in respective particle size regions

The quantitative major mineral composition of the particular particle-size fractions
chosen for this study was estimated by a comparision between X-ray diffraction intensities of

Table 2 Relationship between the coefficient of variation (C.V.) for
X-ray intensity measurements and the counting time in-

terval.
Time Average* Range C.P.S. C.V.(%)
10 sec 4394 cpm 4229-4648 cpm 439.4 14.6
20 8566 8494-8621 428.3 2.4
30 13004 12909-13153 434.5 3.2
40 17293 17110-17471 432.3 35
50 21568 21274-21782 431.4 35
60 25813 25618-25921 430.2 1.7
120 51624 51245-52051 430.2 2.2

Table 3 Reproducibility of X-ray intensity on specific reflection peaks
during repeated mountings of the clay sample on the same

Al-holder.

No Average * Range C.P.S C. V.(%)
1 24340 cpm 23994-24569 cpm 406 1.7
2 24212 24052-243%4 404 17
3 24387 24258-24471 406 1.7
4 25438 25307-25609 424 1.7
5 24454 24400-24562 408 1.7
6 24145 23938-24278 402 1.7
7 24506 24444-24597 408 1.7
8 23818 23690-23888 397 1.7
9 24324 24290-24445 405 1.7

10 24869 24769-24967 414 1.7

* Each number is mean value of 10 runs and is subtracted from
background which is averaged over both X-ray counts on high and
low-angle baselines close to the peak measured.
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minerals in the raw clay and those in sample powders of various size fractions. All the clay
samples except the 5-3y and the <3y fractions were ground to<5x in an agate mortar to
minimize possible error due to the effects of particle-size on the intensity measurement of
reflected X-ray peaks'®. The fixed-time counting method was employed for the measure-
ment of the peak height at the (002) spacing plane in kaolinite, the (1011) in quartz, and the
(002) in pyrite. In the clay samples, the diffracted peaks of these lattice planes were free
from interferences that were due to the presence of other closely spaced peaks. The in-
tensity of every reflection in each of these three minerals was measured by using a Geiger-
counter at the peak maximum as determined by stepwise scanning at an interval of 0.02
degrees (20). To find a suitable counting-time interval, the coefficient of variation of the
count intensity of the basal plane (002) of kaolinite was examined at various running intervals.
A sixty second counting-time gave about 29% in C.V.(Table 2). The reproducibility of a
given X-ray diffraction peak intensity was also checked by a sample powder mounted re-
peatedly onto an Al-specimen holder. The 10-by clay powder was put onto an Al-holder,
which had been placed on a finely flosted glass plate; pressed with a finger as tightly as
possible; set on a goniometer; and then the intensity on the peak maximum of the (002) of
kaolinite was counted for 60 seconds. The number obtained was subtracted from an esti-
mated background strength that was averaged over backgrounds of both low and high-angle
site of the (002) peak. As given in Table 3, this procedure can be expected to yield an
accuracy of about 2 per cent in the measurement of a given reflection line. The peak height
of the particular diffraction-peak intensity of kaolinite, quartz, and pyrite in the clay powder
was determined by this method. The results are tabulated in Table 4. The estimated

Table 4 X-ray intensity count of characteristic reflections of kaolinite,
quartz and pyrite.

Sample Kaolinite(002) Quartz(1011) Pyrite(002)

Raw clay 13451 cpm 42161 cpm 10744 cpm

44-304 14944 19180 13224
30-20 18972 9140 12189
20~10 20464 6186 11302
10-5 22016 2053 7750
5-3 18900 3044 7451
<3 9061 1687 3278

Each number is mean value of 10 runs and is corrected
for average background.
Experimental condition: Radiation CuKe(Ni filter),
35KV, 15mA, Slits 1°-0.15mm-1°, Time constant 2sec.,
Fixed-time count 60sec.
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Table 5 Concentrations of Cu, Pb, Zn and Ni in raw clay and<3g
fraction samples.

Raw clay <3u fraction
Cu 490 ng/g 46000 pg/g
Pb 350 310
Zn 81 3400
Ni 27 54

The metals in the samples were analyzed by using atomic absorption
spectrometry.

%% (by weight)
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Kaolinite
75} (d=3.58A)
50F
2 5 1 1 1 )i 1 1 J
307
Quartz
(d=3,354)
20
10+
O i H L 1 1 1 1
Raw Clay 30-20p 10-5p <3y
44-30p 20-10p 5-3p

Fig. 6 Variation in the estimated quantities of the principal minerals in clay from the
Minami-Shiraoi ore deposit.
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quantity of these minerals in the samples was obtained by multiplying the ratio of an X-ray
count(cpm) on a chosen line in a sample to the corresponding count in the raw clay by its
normative concentration(94). Figure 6 demonstrates that the concentration of kaolinite in-
creases with a decrease in the particle size up to the 10-5¢ fraction, where it reaches 849 by
weight; that a subsequent steep depletion of kaolinite on the variation curve occurs in finer
regions; and that the amount of quartz decreases from about 309 in the 44-304 fraction to 1
or 2% in the 10-54 through <3y fraction. While becoming gradually depleted among smaller
particle-size fractions, the quantity of pyrite in both the 10-54 and the 5-3x fractions, was
slightly enriched. It is significant that small amounts of pyrite still remain in the<3g,
because the elimination of sulphides by flotation is of great difficulty in fine regions.

Conclusion

By an examination of the X-ray, DTA, and infrared absorption spectra of a clay sample
collected from the black clay zone underlying both the main barite-silicate ore body and the
small sulphide ores, it was determined that the major mineral components were kaolinite,
quartz, and pyrite. Kaolinite in the sample was largely distributed among the coarser parti-
cle-size fractions, reaching 8494 by weight in the 10-5¢ fraction. Scanning electron micro-
photography suggests that the kaolinite is relatively thick. The amount of quartz in the <
10y fraction was less than 2%. The presence of a small but significant quantity of pyrite in
the fine particle fraction, particularly in the <3y size range, will seriously complicate the
purification of the kaoline clay if only simple flotation is used. The concentrations of Cu, Zn,
Ni, and probably As (Fig. 5) were enriched markedly in the<<3g fraction, compared to those
in the raw clay (Table 5). A large quantity of Cu in the <3y region is likely to be in the form
of sulphide or sulfate. It is clearly not advantageous, therefore, to carelessly employ chemi-
cal treatments for the further purification of the clay because of the obvious hazard of
environmental contamination by the heavy metals. Instead, physical removal before flota-
tion of material containing heavy metals in the <3 fraction would be more benefical in
purifing the kaoline clay, partly because a more efficient separation would be expected by
flotation, and partly because the employment of chemical treatments could then be minimi-
zed. In order to use the purified kaoline as a coating material for paper, it 1s necessary to
reduce its grain size to under 5y (preferably <2u) since the coaser distribution of grain size
adversely affects the degree of gloss, the strength of coating, the reflectivity, and the resis-
tivity of the product to abrasion'®.

We would like to thank Dr. Michael Burnett of California Institute of Technology for
reading the manuscript, as well as Prof. K. Mukaida of Muroran Inst. of Tech. for assisting
with scanning electron microphotography.
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An Experimental Consideration on the Coefficient of Consolidation

Yoshio SAWADA and Hideyasu ASAHI

Abstract

Both tests of consolidation and permeability were carried out on two kinds of soil using two kinds of
oedometer in size.

One was oedometer cell of 20mm in height and of 60mm in diameter, the other of 67mm in height and of
200mm in diameter. The purpose of the tests was to estimate more correctly the coefficient of consolidation
from routine oedmeter test in the laboratory. On the basis of two kinds of time fitting method, date obtained
by the oedometer test were analyzed. The coefficient of permeability and of consolidation of the sample,
studied here, was determined from individual slope of two different parts on the curve produced by plotting
the value of compression (or settlement) against time : one was applied to the part of the curve after 6 seconds
from the beginning of load application ; the other to the early stage of loading time from 0 to several seconds.
And then the coefficient of consolidation was estimated from the measured coefficient of permeability and of
volume compressibility.

The results are as follows:

1) During oedometer test, it is useful to perform a permeability test on the same spacimen.

2) It should be emphasized that it is more important to have an accurate knowledge of the rate of

settlement at the beginning of consolidation.

3 ) The coefficient of permeability, which is obtained from ocedometer test, almost coincides with that of

permeability test in thick specimen, and it may be possible to estimate the coefficient of consolidation
from the coefficient of permeability.
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The Application of Galerkin Finite Element Model to Salt
Water Dispersion in Porous Media

Satoshi Tohma

Abstract

A Galerkin finite element model is applied to investigate the groundwater flow and the salt transport in
porous media. The mathematical formulation of this model consists of the coupled form of the flow equation
and the convective diffusion equation. The present model uses two dimensional quadrilateral, isoparametric
elements with a linear basis function for the salt concentration and the two velocity components. The
resultant governing equation is nonlinear owing to the convective terms and is solved at each time step by the
iterative method.

A demonstrative sample problem is presented.

1. Introduction

Numerical analysis of the solute transport in groundwater systems has received the
attention of many investigators. The two general dimensional models for these problems
have been developed and currently being tested. Peaceman and Rachford?(1962) presented
a method based on the finite difference scheme for solving the flow-transport problem.
Recently, Lee and Cheng?(1974), and Huyakorn and Taylor®(1976) obtained a steady state
solution of the solute transport using the variational finite element approximation. For
transient processes , Galerkin type finite element technique is derived by Gray and Pinder®
(1974), and Desai and Contractor®(1976).

The purpose of this paper is to investigate the steady and transient movement and
distribution of a dissolved salt in a saturated unconfined aquifer by means of Galerkin finite
element model. To describe the transport of miscible fluids of differing densities, such as
salt water and fresh water, the transport equation for the salt and the flow equation for the
groundwater must be coupled. As the system is nonlinear, an iterative procedure is adopted
to obtain a compatible solution between velocities and concentration. For prescribed initial
concentrations, the velocities are first obtained by means of Darcy's law in the flow model.
The resulting velocities are used to solve the salt concentration in the transport model. The
iterative procedure is repeated until the successive values of the concentration are within a
specified tolerance.
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2. Modeling Approach

Hydrodynamic dispersion phenomenon is affected by convection, by turblent nature and
by the irregularities of the pores in the medium.
The modeling approach developed in this paper is based on the following consideration:
(1) The density of the fluid depends on the concentration.
(2) The contribution of the molecular diffusion to the hydrodynamic dispersion is negligible
when compared to the convective diffusion.
(3) The transverse dispersion is less than the longitudinal dispersion.

2-1. Theoretical development
The governing equations for the salt dispersion in porous media can be derived using the
basic conservation law and Darcian flow concepts. The flow equation of the saturated
aquifer can be Written' as,

K
V:—‘/Tﬂ(Verp/Vy) e (1)

where V is seepage velocity (L/T), kis intrinsic permeabilty (L?),

p is pressure (M/LT?), #is acceleration of gravity (L/T?),

A s porosity, x is dynamic viscosity (M/LT),

o is fluid density (M/L?) and vy is height from the datum line (L).
The conservation equation of the salt water may be written as,

g?—w-(mf):o - (2)

As the movement of the dissolved salt is so slow relative to the rate of propagation of the
pressure change, the first term in the Eq.(2) becomes almost negligible compared with the
another term.

Therefore, Eq.(2) reduces to

F(oV)=oV - V+V-To=10 o (3)
The transport equation for the dissolved salt obtained by substituting the constitutive re-
lationship

PsVs:psV—D~l70s (4)

where ps is the mass concentration of the dissolved salt (M/L3),
o 1s the density of mixture (M/L?),
V. is the mass phase average velocity of the dissolved salt (IL./T),
V is the mass phase average velocity of mixture (L/T) and
D is hydrodynamic dispersion coefficient (L.2/T).
The hydrodynamic dispersion coefficient may be expressed as

D=D,+D" = (5)
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where D,, is molecular diffusion coefficient (I.?/T) and

D* is convective diffusion (mechanical dispersion) coefficient(LL*/T).
Since the contribution of the molecular diffusion to the hydrodynamic dispersion is negligi-
ble, the hydrodynamic dispersion coefficient can be estimated as

D~D* e (B)
The conservation equation of the dissolved salt may be expessed as
00s
. s°* s)= 7
v (ps* Vs)=10 (7)
On substituting (4) into (7), one obtains the transport equation for the salt,
%pts+,osl7-V+V-l703' (D -Fps)= 0 e (8)

The additional condition requires to obtain a solution to these equations.
In this analysis, the fluid density is assumed to be a function of concentration as follows:

=00+ (1—E)ps = (9)

where g, is the density of fresh water and E is an empirical constant and has a value of 0.3
for sea water and ps is the mass concentration of the dissolved salt.

2-2. Galerkin finite element method

In most of the formulation of the fluid flow problems using the finite element method, a
variational principle must be found, and the requirement of the variational principle restricts
the applicability of the finite element method to self-adjoint partial differential equations.

Unfortunately, for the dispersion problems neither variational principle exists, mor it is
not positive definite so that the computational advantage of the variational finite element
method are lost.

Galerkin's procedure is a means of obtaining an approximate solution to a differential
equation by requiring that the errors between the approximate solution and the true solution
are orthogonal to the functions used in the approximation.®
Egs.(1) and (3) can be rewritten as

Li(V, 0)=V 4 (Ph+ogPy)=0 = (10)

LAV, 0)=pV - V+V-Fo=10 e (1D

in which L; is a differential operator.
Simularly, applying the Galerkin's procedure to Eq.(8), one obtains,

Ls(V, c):%+cl7-V+ V-vc—r(D-Fc)=0 - (12)
where ¢ is mass concentration and is the same quantity that the symbol ps in the Eq.(8).
To solve the above sets of equations using the Galerkin’s procedure, approximate solutions of

the velocity components, pressure and concentration can be written by linear basis functions
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of the general form:

4
_ 1
V= ZlNi(x, Vs
=
x3,y3) (Z)] (1,0
{x4,ya)
4
p=2LNilx, y)b: - (13) :
=
y (x2,y2)
{x1,y1) (~1,-1) a,-n
4 x
c=2IN;
Z_.‘l z( X, ¥ ) Ci Descartes coordinate system Naturai coordinate system

Isoparametric Element

Fig.1 Isoparametric Element

where N; is the shape function and ¢ stands for the corners of the quadrilateral element.
The shape function N; may be expressed as follows:

Ne=p 1+ £6) 1+ ) s (1)

where £ and » are the natural coordinate variables and the simplified model of this system is
shown for Fig.l.

Substitution of Eq.(13) into Egs.(10) through(12) result in the residuals €,

— IV __k

a=L(V, p)= V=2 (Vb+pg7y)* 0 -+ (15)

e=L(V, p)—oV-V-V-Fo+ 0 - (16)

= . dc
&=LV, )=, —clV=V-Vct+V-(D-Fc)*+ 0 (17)
The residuals are forced to be zero by setting weighted integrals of the residual.

[ewiar=10 - (18)
[emidr= o - (19)

where W; is the weighting function and Galerkin's procedure is formulated by selecting the
shape functions N; as the weighting functions W; and R is a bounded domain.
The resulting system corresponding to Egs.(18) and (19), written in a compact matrix form, is
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[A)(X}=(F) .
in which,
4 ON; ON« > & < ON; ON. > A 0
k2:1<pka ox + o« ox Nj N; /(2:1 Pka ay +‘Okkay Nj N; ‘
k 9N,
Aij:ff N:N; 0 NiTﬂ Fp dxdy
O NiNj Z_L aNJ
N Ar dy
Ui 0
X:=qv; ;=40
kg &
pi I N BN ddy

Similarly, the transport equation can be obtained as follows:

[BI{C}+[D{dc/dt}={G} - (22)
where
B 118 (2 2 o B 2
(D G (o e

Du= [[NiNsdxdy  G.= [ Va.nN.ds

where V,, 1s mass flux across s-boundary, n is the outward normal line at the boundary.
The Eq.(22) contains a time-derivative term. While the finite element approximation is

very effective in the spatial derivatives, the finite difference scheme is generally used to

handle the time derivative.

The time-derivative is replaced by a weighted finite difference scheme, Eq.(22) may be

rewritten as

[BIWAC}isaett (1=-WHC ) +(1/ADDTUC  er0:—{C})
=W{G}ieat(1-WH G}, (0<W<1) -+ (23)

where t is time level, At is a time step and W is the weight.
In the case of W=0, one calls this the explicit method.
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Substituting zero for W in Eq.(23), one can get the following equation.

([B]— (/4D C L+ 1/4DDNC) s ={G ) e (24)

The explicit method generally requires a minimum of computational effort and is usually
conditionally stable.

2-3. Computation process

1. For prescribed initial concentrations, the velocities are first computed using Eq.(21).
In this step, matrix[A) possesses two undesirable properties:
it is unsymmetry and contains zero elements along the diagonal.

Consequently, the matrix must be rearranged so that zeros do not occur on the diagonal.

2. The resulting velocities are used in computing convective terms in the transport
equation. The concentration can be calculated using Eq.(22). But the velocities are not
compatible with the new concentrations. '

3. Without advancing in time, the velocities are recomputed using the new concent-
rations and the cycle is completed by once again solving for the concentrations. This
iterative procedure is repeated until the successive values of concentrations are within a
specified tolerance. In this analysis, a specified tolerance is less than 1 percent of the
difference in the dependent variables between successive iterations.

3. Numerical examples

A schematic representation of coastal aquifer is presented in Fig. 2.
The dimensions of the solution domain are 31 cm high and 200 cm long.
The dynamic and physical properties used in this analysis are as follows :
Hydraulic conductivities K,=K,=0.29 cm/sec. Longitudinal hydrodynamic dispersion
coefficient D,=0.02 cm?/sec and transverse hydrodynamic dispersion coefficient Dy =0.002
cm®/sec. Porosity A=0.40 and densi