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The Stability of the Solution of Partial
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The dynamic status of a stable biological system can be described by a set of

partial functional differential equations with delay. In this paper, the sta-

bilities of the solutions of these kinds of partial differential equations are
discussed by an inequality estimation method. With this method, we obtained a

succinct criterion to describe the asympctic stabilities of the zero solutions.
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1 Introduction

In the stable biological systems, the generation numbers of
the species are function of time ¢ and age z of the indi-
viduals of the species. Because of the life space restraint,
food competition, and predating among different species,
the distribution density u(z,t) of a certain species varies
with delay. The increasing (decreasing) status of the species
is described by a set of partial functional differential equa-
tions known as ”Logistic biological model with delay”. In
this paper, equation (1) and (31) provided typical examples
of the kinds. In the past, the existence and uniqueness of
the solutions of these partial functional differential equa-
tions are studied by using Liapunov function or Fourier
transform [1 -4]. Here, we shall discuss another important
problem: the stability of the solution of the kinds of func-
tional differential equations. The origin of this paper is an
attempt to settle the asymptotic distribution of the solu-
tion. We adopted an inequality estimation method, and
obtained a succinct measure of the asymptotic stability of
the X12(Q) zero solution, and a judgment of the uniformly
convergence to zero on §) for all solutions.
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2 Methods

In the discussion of this paper, we shall use as follows two
function spaces L?(Q) and W*P(Q):

Let L?(Q), where 1 < p < 0o, denote the whole measurable
functions on §2, which satisfy the following conditions:

lllerc@y = lully = { /n lu(z)Pdz}} <o (1< p< o)

luflLee(a) = llullee = £s5 sup lu(z)] <00 (p=o0)

LP(S)is a Banach space, specially, if p = 2, then L?(Q)
is a Hilbert space.

Let W*2(Q2), where 1 < p < co and integer k > 1, denote
the whole measurable functions which satisfy the following
conditions

D%u € L?(Q),
\7’|a| Sk a = (al:"’ vam))o‘i > O,Zai = |C¥l,
i=1
N Hlel
D= e e

Its norm is

lulloer = {3 / IDu[Pdz}
0

|al<k
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or its equivalent form is

liflrr = 3 {/ ID%ufPdz}} .

la| <k
w*P(Q) is a sobolev space, specially, if u € w*?(), then
lullwsr = llullp + [[Vullp

where V is a Hamilton operator.
First let we think the partial functional differential equa-
tion with constant delay.

M = D(t)Au(z,t) + A(t)u(z,t) + B(t)u(z,t = 7),
(z,t) eQ xRt

u(z,t) = ¢(z,t),
(z,t) € Q x [-7,0]

qulzd) 4 C(x, t)u(x,t) = 0,
(z,t) € 092 x [—T7, +00]

(1)

where A(t) and B(t) are continuous n x n matrixes on
[0,+00), D(t) = diag (di(t), ---, dn(?t)), C(z,t) = diag
(Ci(z,t), -+, Cn(z,t)) and di(t) > O, Ci(z,t) > 0, i =
1,2, --- ,n. ¢ is a proper smooth and known n-dimensional
function on  x [—7,0]. A is a Laplace operator on (2, i.e.,

A= Zmandﬂ~{r—(zl,- 2m) T || < 6}, is

a bounded open subaggregate in R™, whose border 92 is
smooth. V is a uniformizing outer normal vector on 42,
whose delay 7 > 0, where Rt = [0, +00).

Definition 1. For Ve > 0, 3d(¢) > 0, and Ny > 0, if
sup lle(z, )32 = M1 < &(¢), We have
—-7<t<

”U(x,t,go)“[g(n) < 5} ||Vu(:c,t, (p)“L’(n) < Nig, (t > 0))

then we call the zero solution of (1) is X%(Q) stable. If
again have

tl_i_)n:o”u(xtt)“L’(ﬂ) = tl_i'r&”vu(zit)“La(ﬂ) =0,

then we call the zero solution of (1) is X12(Q2) asymptoti-
cally stable.

Theorem 1. If the equation (1) satisfies b < r, then its
zero solution is X12(Q) asymptotically stable, also, all so-
lutions u(z,t) of (1) satisfy tlim u(z,t) = 0, which uni-
-+ 00 _
formly holds for any z, where z € Q, b = sup||B(t)|],
‘ £>0
r= tlgg{r(t)} > 0, and —r(t) is the mazimum eigenvalue of
the matriz A*(t) = 51—1'—(5%4—@ dn(t)),

— ¢
l_%.

- 1_2 dla'g(dl(t)x )

Proof. Multiplying the two sides of (1) by u7 (z,), notice
that for n-dimensional vectors A and B, we have ATB =

— 62

BT A, then
L9 T (2, 0)u(e, 1)) = u” (2,) D) dule, ) + uT (2, 1)
200

At)u(z,t) +u" (z,t)B(t)u(z,t — 1)

= i di(t)ui(z,t)Aui(z, t) + uT(x,t)w—Qj—-—Mu(x,t)
+u' (z,t)B(t)u(z,t — 7).
(2)

Integrating the two sides of (2) about x, we get,

-g—t nuT(z,t)u(x,t)d:c::2§d,~(t)/{;u;(:c,t)Aw(x,t)dx

AT(t) + A(t)
2/nuT(x,t)——————2——u(m,t)dx

+ Q/QuT(z,t)B(t)u(x, t—7)dz .
®3)

Since Ci(z,t) > 0, by divergence theorem [5] we have

/(VuiVu;+u;Au;)dx=/ u;%d:cv
Q s OV

= - Ciuldz (4)
i
<0.

Thus
/ uiAuidz < ——/(Vu,-(;c,t))zdx, t=1,2,---,n. (5)
Q Q

According to Poincaré inequality [6] we have

2 i 2de = )
/ﬂu?(:c,t)dxgl /Q(Vu,(x,t)) ds, (1=—=) (©

Since b < 7, then it must exist enough small positive real
number € and o such that

b(1+€27%) < 2(r — 1% — ). (7)

For the ¢, then we have

d;(t) /ﬂ wiAugdz < —d;i(t) /a (Vui(z,t))2de
= —EL(VUg(x,t))zdx— (d:(t) —e)j;(Vu;(x,t))Zda:

< —6/0(Vu,-(x,t))2dz; d—i(-%_—e/rzu?(a:,t)dx .
(8)
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Thus (3) can become

0 / lu(z,t)||?dz < 232/ (Vu;(z,t))%dz

i=1
n

_ %E(di(t)—s)Lu?(z,t)dx

i=1

Q/f1UT(x’ )M (z,t)dz
+ 2/ u' (t)(z,t)B(t)u(z,t — )dz
Q
- _ - ui(z,1))dz + = 2z, t)dz
= 2s;/n(v,( 1)) 2dz + /Zu( ,t)d
+2/ﬂuT(:c,t)A*(t)u(:c,t)dx
+ Q/Qu"(x,t)B(t)u(x,t - 7)dz

< -2 g‘/n(Vui(x,t))zd:c - 21'/(; [lu(z, t)||*dz
+ 2/0Hu(%t)IHIB(t)lHIU(I»t - 7)[ldz

+ 2 [ ute,olPds
12 Jq

Hence

/ lu(z, 1) de < / lo(z, 0| dze=2C 5

—262/ Ar—t- ’)/(Vu (z,s))*dzds

i=1 0
4+ / ¢=20r=f)(e=s) / l[uz, s)II1B(s)] x
0 0
llu(z, s — 7)||deds (10)

n t
<Myt @r o ge S [t

/(Vu;(:c,s))deds + /t e"z("ﬁ')(t—-’)”B(s)” %
Q 0
/[HU(»’C, |2 + llu(z, s — 7)||*]dzds .

Q

For o > 0 in equation (7), we have

e [ ffu(e, O]fPdz < Mo
0

n t
—262/ e'z(’"l’%_")(t")/ %7 (Vu;)?dzds
i=170 a
¢
+/ 6_2("73_")("")662‘”/ Nu(z, )||?dzds
0 o)
t
+/ 6—2(7'—ﬁ-—a)(t-—s)bEZGreZa(s-r) x
0
/||u(x,s—r)||2dzds
Q
noot
S M, — QSZ/ e-—Z(r—l—',-—a)(t—s){e2as x (11)
1=1 0
/(Vu;(x,s))zdx}ds+/ m2r=gEma)E-e)
Q
b(1+ €*™7) sup {6200/ llu(z, 8)||*dz}ds
-7<6<s 11
Nt
< M1—252/ e~ X
1 +e2ro
/(Vu,(x s))?dz}ds + —-———b X

Ar—%-0)

- /n l[u(z, 8)[|2dz} .

—r<o<t

- l—‘,——o)(t—a){emn «

The property of the nonreducibility of p(t), where p(t) =

sup {6200 Jq le(z,0)||2dz}, has been used in the last in-
-7<6

equahty of (11). So (11) can be deduced into

b(l +eZTa)
et u(z,t 2d:::<M+-———-————
[ e 1Pz < b+ 5T
sup {ezao/ [|u(z, 8)]|%dz} .
-7<8 [e]
(12)
Since the right side of (12) does not reduce, then we have
b(l + C:21':7)
208 2
sup {e u(z, s)||°dz} < My + ———=p(t
s 0 [ lute, e} < 1+ o)
(13)
and
sup {62"’/‘||u(a:,s)||2d:c}
-7<s<t [¢]
< sup {62""/||u(a:,s)||2dx}
-7<6<0 9] (14)
+ sup (2 [ flu(e, )|dz)
0<s<t a
< M+ sup (27 [ [z, 5)|Pdz)
0<s<t 1)
Thus
b(1 +€77) 2
< os 2 .
) <20+ gl aup (¢ [ ute, o) ds)

(15)
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From (7) we know

b(l + 6207-)

1Tz 7
2(r—fF —o)

=h>0
Then
P = s (7 [z lPar) < a1
Substituting (16) into (11),if ¢ > a > 0, then
e [ ute, OlFds < M1+ £(1 - )

n t
—262/ e“z(”‘:‘%“’)(‘"’){ez‘”/(Vu;(z,s))zdx}ds
i=1 70 2

t—a t
25(/ +/ Jem 2= E=0)(t=2)
-Jo t—a

Z{ez‘”/ (Vui(z,s)) dz}ds

=M1+ 3(1 —R)] -

t
SMm+—U-W—k/ (=2 fr=o)(tma) o
t—a

Z{e%’/ Vu;(z,s))%dz}ds .
(17)

Note that
t
o / o 2r= o= s)z{ezw / (Vui(z, 5))2dz}ds
t—a
= —2cae= 2= E=)0=n) z{em /| (Vu(a,n))dz)

< —2eae” =i 2{32”7/ Vu;(z,n)) dz}

neEft-a,t].
' (18)

Thus

ezot/ llu(z,t)||?dz + 2eae~ 2 =529

2]
. ) (19)
S [ (Vua,m))dz) < M1+ 21— B
i=1 a

Since the right side of (19) is independent of ¢, for ¢ > a,
we have

sup {e”* /ﬂ l[u(z, )12z}

t-a<s<t
n

4207 BRSNS qup (20 [ (Vuala, o)) 7de)
) 9]

j=1 t—a<s<t

< My[1+ %(1 —h)].
(20)

Such that
/ llu(z,t)||%dz + 2eae= 2~ E=)a Z/ (Vui(z, 1)) dz
Q i=1 /9

= {2 / lu(z, t)||2dz + 2eae 20~ «
Q
n
> / et (Vui(z, t))2dz}e~ %"
i=1 Q

<1 sup_ 62 [ flu(e,lPde) + deac % x
t—a<s< o
n

sup {e?°* L(Vu;(z,s))zdr}]e"z"t

j=p t—ass<t
<ML+ 2(1 - B>
(21)

From formula (21) it is easy to conclude that the zero
solution of (1) is X1:2(Q2) asymptotic stable.
In the following, we shall prove that hm u(z,t) =0 holds

uniformly for z € Q .
From (21) we know,

Jim (2 Ollae = fig IVws(e Do =0,
i=1,2,---,n
At the mean time, there must exists a positive constant M
that,
qu(xrt)l <M, anleu;(:c,t)I <M (23)

holds for any (z,t), where (z,t) € Q x Rt .
From (23) we know, ||ui(z,t)|lec and ||Vu(z,t)||e are
bounded functions. Cite the inequality in reference [5]

IzZll, < IZIIE-2"? 12|57,
then if p > 2, we have

llus (=, Ollp < llus (2, OIED/?||ui(z, t)llz/",

24
(i=1,2,---,n). (24)
and
1Vui(z, )llp < IVui(z, 1527 Vui(=, i)Hz/p,
(25)
(i=1,2,---,n).
Again from (22) we get
Jim e Ol = Ji [V, 0 =0,
(:=1,2,---,n).
According to Sobolev inequality [7], if mm < p, we have
Vllo < C{IVIl, +IVVIp} = CliVIiwas - (27)

Where C = C(2, m, p) is a positive constant,.
Hence,

llwi (2, )lleo < Clllui(z, Ollp + V(2 )]s} . (28)
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From (26) we have

i=1,2-,n (29)

b

Jim [Jus(z, 1) oo = 0,

From (29) we know the next equation will uniformly hold
forz € Q.

tl_Lrgloui(x,t)zﬂ,zz1,2,~~,n. (30)
Next, we consider the equation with boundless delay

Sl d) = Dt)Au(z,t) + A@t)u(z,t)
+ [ B(t,s)u(z, s)ds,
(z,t) €2 x RY
u(z,t) = ¢(z,1), (31)
(z,t) €Q x R-
ulzt) | C(x, t)u(x, ) = 0
(z,t) €N xR

, where B(t,s) is a continuous n x n matrix function for ¢
and s,—00 < s <t < +00, R™ = (~00,0], R = (—o00, +00).
The others are the same with those in (1).

a

Theorem 2. When ||B(t,s)|| < be~"(t=%) b < rh, the
zero solution of equation (31) is XV2(Q) asymptotic sta-
ble, therefore, all the solutions u(z,t) uniformly holds for
any z € §) that tl—lglo u(z,t) = 0, where r is the same with

that of Theorem 1.

Proof. Since b < rh, it must exist enough small positive
real number ¢ and o, that

b
2r— 5 —0)

1
(E +
similar to Theorem 1 we can get

/ lu(z, t)||?de < Mae™ 20— i)t
a
n t
262/ 6—2(r—,"a‘)(t—s)/(Vui(z,s))zdxds
i=1 V0 Q

¢
+2/ 6“2("7'7)(“’)/ [|u(z, s)|| x
0 O

/ be= =0 |u(z, 6)||dbdzds

e
nogt
2= ) _ 9 / 2= H)=0) o
b [t .
/(Vui(x,s))zdxds+ —/ em A=) o
a h Jo
t
/[|u(z‘,s)”2d:cds+/ e Hrm@l-a) o
Q 0
(e e]
// be™M||u(z, s — 6)||°dddzds ,
aJo

where My =

(32)
S 1\42(2~

sup fn|l<p z,s)||?dz. For ¢ > 0, we have

-003

ez"‘/ lu(z, t)||)Pdz < Mye=2r=ir =)t
Q
n o a
—282/ e'z('"ﬁ“")(“’)/ e27*(Vu;(z, s))*dzds
a

h/ =2(r-F-o)(t- a)/ Zas”u(x S) Izdicds

+b/ —3(r— fy=o)(t- )// —(h-20)0

e27(=0)||u(z, s — 6)||°dbdzds

<Mz—2eZ/

+_/ e—2(r—,—",——a)(t-—a)
h 0 —o00<6

+b/ 2 r—Fy—o)(t— :)// o—(h=20)6

sup_ {ez"””u(:c 8)||*}dbdzds

-—OO

< M, —252/ —2(r-

i=1

(r=fg=o)lt= 5)/ e (Vuy(z, s))dzds

sup {62” llu(z, 6)||*}dbdzds

o)(t=s)

/ €2%* (Vu;(z, s)) dzds
Q
b 1 1

HTr S ey
sup {62‘”/ ||u(:c,s)”2d:c}.
—0<s< 'e)

(33)

Similar to the inferences of (11) - (30), we can get the con-
clusion of theorem 2. O

3 Conclusion

In this paper, we studied the stability of the solution of the
Logistic biological model with delay. We proposed two the-
orems to provide a succinct criterion of asymptotic stabil-
ity of the zero solution through inequality value evaluating
method.
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