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Abstract—We propose a novel topology optimization method
for plasmonic devices. Plasmonic devices which have a great
potential to downsize various optical devices beyond the diffrac-
tion limit attract a lot of attention. In order to develop high-
performance plasmonic devices, a novel design theory is ex-
pected to be established instead of the conventional theory
for dielectric waveguide devices. In this paper, we employ the
function-expansion method to express a device structure in the
design region and optimize the design variables by using several
evolutionary approaches which do not require the sensitivity
analysis. The validity and usefulness of this approach are demon-
strated through the design examples of optical diode and optical
circulator.

Index Terms—Plasmonic waveguide device, function-expansion
method, finite element method (FEM), evolutionary method.

I. INTRODUCTION

In recent years, since the communications traffic is increas-
ing explosively, miniaturization of optical devices and capacity
enlargement of optical communication systems are more and
more required. Most of the conventional optical waveguide
devices are developed by using dielectric waveguide materials
and those waveguide devices have a limitation for downsizing
because of the diffraction limits. On the other hand, plas-
monic waveguide devices have a possibility to be miniaturized
beyond the diffraction limit by utilizing the large negative
refractive index of metal. Therefore, plasmonic devices attract
a lot of attention and are intensively studied in recent years
to develop ultra-compact photonic devices [1]-[4]. Under
these circumstances, in order to develop high-performance
plasmonic devices beyond the conventional design theory, a
novel design approach is expected to be developed.

Topology optimization method which has been developed to
design optical devices in recent years has high flexibility and
has a possibility to discover unique device structures without
requiring designer’s experiences. Several dielectric waveguide
devices have been designed so far [S]-[8]. However, the
topology optimal design for plasmonic devices seems to have
not been well discussed. Although gradient based topology
optimization based on the sensitivity analysis by the adjoint
variable method can efficiently find out an innovative device

A. Koda, K. Morimoto and Y. Tsuji are with the Division of In-
formation and Electronic Engineering, Muroran Institute of Technol-
ogy, Muroran, 050-8585 Japan (e-mail: 18043016 @mmm.muroran-it.ac.jp;
17043058 @mmm.muroran-it.ac.jp; y-tsuji@mmm.muroran-it.ac.jp).

structure, the obtained structure sometimes depends on an
initial structure and moreover the sensitivity of plasmonic
devices to the structural deviation is relatively high and is
sometimes localized because of a large negative refractive in-
dex of metal. As a result, the structural update is localized and
it is sometimes difficult to find out an innovative device struc-
ture independent of an initial structure. Especially when the
conventional density method [6] is used for the representation
in the design region, fine structures sometimes emerge and the
light intensity and the sensitivity tend to be localized. On the
other hand, when using the function-expansion based refractive
index representation, device structure can be expressed with a
small number of design parameters and the smooth material
boundary can be also easily obtained [7]. However, in the
previous discussion of the function-expansion based topology
optimization is limited to dielectric devices and the material
boundary is not rigorously treated because of the existence of
the narrow gray area.

In this study, for the purpose of making the function-
expansion based optimization method applicable to plasmonic
waveguide devices, we propose an evolutionarily-based topol-
ogy optimal design method. In our approach, a device structure
in the design region is expressed by using the function-
expansion method with a relatively small number of design
variables and those design variables are optimized by utilizing
several evolutionary approaches. Since the optimized device
structure sometimes depends on the basis function of the
function expansion method [8], we compare two types of
basis function with different characteristics. It is reported
that Fourier series is easy to change overall structure and
pyramid function is easy to modify the local structure. In
addition, finite element mesh generation is improved to make
the element boundary fit the material boundaries. Furthermore,
in order to optimize design variables, we compare five types of
evolutionary approaches: the genetic algorithm (GA), particle
swarm optimization (PSO), differential evolution (DE), firefly
algorithm (FA) and hybrid FA with DE (HFA) as evolutionary
methods. Through the design examples of a plasmonic optical
diode and optical circulator, the validity and usefulness of the
proposed method are demonstrated.

This paper is organized as follows. In section II, we briefly
review the function-expansion method and also explain the
adaptive mesh generation. In addition, five evolutionary meth-
ods used in this study are briefly described. In section III, We
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Fig. 1. Design problem of a 2-D optical waveguide device.

will show the design examples of optical plasmonic devices
and give some discussion. Section IV is the conclusion.

II. TOPOLOGY OPTIMIZATION

A. Representation of Refractive Index Distribution in Design
Region

We consider a plasmonic device whose cladding is metal
and core is air as shown in Fig. 1. In ordinary topology
optimization, a relative permittivity distribution in the design
region is expressed by some numerical design variables and the
structure with the desired property is obtained by optimizing
these values. In this paper, we employ the function-expansion
method to express the relative permittivity in the design region
because this method can define clear material boundaries.
Here, the relative permittivity in the design region is expressed
by the following equation:

—era)H(w(y, 2)) (D

where ¢,, and €, is the relative permittivity of two considered
materials. The Heaviside function, H (), whose value is 0 or
1 depending on whether £ is negative or positive, is used to
binarize the relative permittivity. Here, the structure expressing
function w(y, z) is expressed in the form of superposition of
arbitrarily defined basis functions, f;(y, z), as follows:

Er (ya Z):Era+(5rb
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In this paper, we employ the following two expressions and
compare the results obtained by those expressions.
1) Fourier series: The function w(y, z) can be expressed
as follows:

N.—1 Ny—1
w(y,z) = Z Z (aijcos0;; + bijsind;;)  (3)
i=—N, 7=0
211, 21y
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where N, and 2N, are the numbers of expansion terms along
y- and z-direction, respectively. L, and L, is the period of
Fourier series along y- and z-direction, respectively, and those
values are set to be greater than the width of the design region
along each direction to avoid generating a periodic structure.
Fourier series has the potential to efficiently obtain a simpler

structure because the device structure can be expressed using
a relatively small number of expansion terms.

2) Superposition of pyramid functions: The function
w(y, z) can be also expressed by using pyramid function as
follows:

oSSR w
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where (y;,z;) is the coordinate of the sampling point, and
Ay and Az are the sampling intervals in the y- and z-
directions, respectively. Since the pyramid function is a locally
defined function, it may be superior for local search rather than
dramatically changing the topology of device structure when
a gradient-based method is used. It is also noted that we have
to increase the number of sampling points to get a smooth
material boundary. This may degrade the convergence speed
in an evolutionary-type optimization.

B. Formulation by the Finite Element Method

In order to evaluate device performances, we employ the
finite element method (FEM) because of its versatility, espe-
cially its ability to rigorously treat material boundaries. In the
case of two-dimensional plasmonic waveguides, the equation
which describe light propagating behavior can be written as

o (o), 0 (ov
dy pay 9- \Poz

® = F, for TE mode
® = H, for TM mode

> + kog® =0 (5)

with

{ p=1, q=n?
p=1/n% q=1,

where kg is free space wave number and n is a refractive index
distribution. Dividing the computational domain into a number
of second order triangular elements, and applying the FEM to

(5), we can finally obtain a simultaneous linear equation in
matrix form as follows [9]:

[Pl{¢} = {uin} (6)
with
[P] = [K] — ko®[M] (7)
8{N} o{N}T 8{]\7} o{N}T
Z/ oy 0z 0z )dydz
(3)
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where {®@} is a vector consisting of the value of ® at all nodes
and {N} is the shape function vector. ) denotes the sum
of all elements, Zr denotes the sum of all elements related
to incident plane T', and {u,} is the vector related to the
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Fig. 2. Finite element discretization based on the function-expansion method.
(a) device structure to be discretized, (b) conventional mesh, and (c) improved
mesh.

incidence field.

In the previous study of the function expansion based
topology optimization of dielectric waveguides [7], [8], finite
element mesh is generated before the optimization and it is not
updated during the optimization process. In this case, material
boundaries are not rigorously treated and gray areas exist
around the material boundary to calculate the sensitivities.
Although this is not a significant issue in the case of dielectric
devices, it may cause a significant computational error in the
case of plasmonic devices because of a high refractive index
difference between metal and dielectric. In this study, the gray
area is completely suppressed and the material boundaries are
rigorously treated by generating finite element mesh fitting to
the material boundaries. Figure 2 shows the image comparing
the conventional and present meshes. In this paper, first, an
almost regular mesh with a sufficient number of elements is
prepared and the elements which include material boundary is
subdivided into three elements. That is, a triangular element
is subdivided into a triangle and a rectangle at the material
boundary and the rectangle is subdivided into two triangles.
The adaptive refinement of finite element mesh or the im-
provement is able to be followed if necessary [10], [11]. In
this technique, if the number of design variables (N, x N)
is large, the initially prepared mesh should be sufficiently fine
to avoid a complicated curve in a finite element. However, in
general, the number of design variables should be sufficient
small compared with the number of finite elements to avoid
unrealistic complex structure.

C. Evolutionary Method to Optimize Design Variables

In our previous topology optimization method of dielectric
devices based on the function expansion method, we employ
a gradient method based on the adjoint variable method to
optimize design variables. However, in plasmonic devices, we
sometimes face the problem that light localizes around fine
structures, as a result, the sensitivity also localizes around
there, and an update of the device structure is also often local-
ized. Hence, we employ evolutionary approaches to optimize
design variables. These methods have a possibility to find the
global optimal solution by searching with a number of diverse
solutions in a solution space. In this paper, we employ the
following five algorithms.

1) Genetic Algorithm (GA): GA is the algorithm based on
natural selection [12] and widely used to solve various design
problems because of its extensive applicability. In GA, an
initial population is randomly generated and some individuals
in it are selected according to their fitness values to succeed
their genetic information to the next generation. New children,

1) . .
x£n+ ), in the next generation are generated by a crossover of

the two selected parents, wl(ﬁ) and (E;g), as follows:
(n)

x, M = wxy” + (1 - w)wz()g) (12)

where w means the random number (w € [0,1]). In addition,
GA randomly mutates the genetic information of individuals
by a given probability to avoid falling into a local solution.

2) Particle Swarm Optimization (PSO): PSO is the algo-
rithm that imitates the social behavior of organisms like birds
and fishes [13]. This algorithm searches the solution space
based on the information shared among a swarm of particles.
The current position scl(") and velocity vgn) of i-th particle are
updated using the following equations:

x£n+1) _ (I:En) + ’UgnJrl) (13)
’l)Z(»n+1) = w’l}gn) + 7’101 (chrﬂ — .’Bgn)) + TQC’Q(CCE)”) — :cgn))

(14)
where '1:,(,”) and :cg") are the best positions which have found

by the i-th particle and all the particles, respectively, until
n-th iteration. w is an inertial coefficient, C7 and C5 are the
coefficients which are related to the force from :cé") and :c:g,").
r1 and ro are randomly selected numbers (r1, r2 € [0,1]).
3) Differential Evolution (DE): In DE algorithm, a mutant
individual is generated using the differential vector between
arbitrarily selected individuals and a new individual is gen-
erated by the crossover between the current and mutant ones
[14]. A mutant individual wg,? ) is generated as follows :

:cg,ff) = :cl(ﬁ) + F(:cl(g)

where a:z(:l"), wz(g) and w(g) are randomly selected individuals,
F is a scale factor (F' € [0, 1]). Since the differential vector,
wz(g) — a:;g , becomes small through an iteration process, the
search in DE transitions from global search to local search.

4) Firefly Algorithm (FA): FA is an algorithm developed
inspired by the courtship behavior of fireflies [15]. In FA,
current individuals are attracted by all more attractive individ-
uals according to the attractiveness and distance. The position
of the current individual, wl(.") is updated as the following
equation:

$§n+1):m§n)+ Z u(Bo,; —Bo,i)ﬂo,je_'yrfi (az;n) —a:l(-n))
J

—zy) (15)

+ad™e (16)

where u(§) is the unit step function, J, ; is the attractiveness
of j-th individual, r;; is the distance between wi") and x jn),
and v = 1/+/L is the light absorption coefficient. Here, L is
a quantity which decides a search range of each individual. o
is a scale factor, J is a damping coefficient, and € is a random
vector where each component lies in [—1,1].

5) Hybrid Firefly Algorithm (HFA): HFA is the hybrid
method of DE and FA [16]. In HFA algorithm, the initial
population is divided into two groups with its half size and
each group evolves using DE or FA, then new individuals
in both groups are mixed and regrouped. HFA algorithm
has a potential to obtain a global optimum by utilizing the
advantages of both algorithms.
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Fig. 3. Design problem of a plasmonic optical diode terminated by PML.

III. OPTIMAL DESIGN EXAMPLES OF PLASMONIC
WAVEGUIDE DEVICES

A. Plasmonic Optical Diode

We consider an optical diode in which the light transmits
in the forward direction and the backward transmission is
prohibited [17]. The design model of a plasmonic diode is
shown in Fig. 3 and the fundamental TM mode operation
is considered. The operation wavelength is assumed to be
A = 1.55 pm. In this paper, the permittivity of metal is
expressed by using the Lorentz-Drude model [18], the per-

mittivity of silver is caclulated as ex, = —103.33 — j8.1302
when A = 1.55 um. The relative permittivity of air is assumed
to be e, = 1. The waveguide width is w = 0.8 um,

the PML thickness is d = 0.5 pum, and the design region
width in the y- and z- directions are W, = 0.8 pum and
W, = 1.5 um, respectively. In order to realize diode operation
by using only reciprocal materials, the fundamental mode from
port 1 should be converted to the higher order mode in port 2
and the transmission of the fundamental mode from port 2 to
port 1 should be prohibited. Thus, the objective function to be
minimized is given as follows:

Minimize C = (0 — [S2)2 4 (1 — |S{V)2)2
+ (0159192 + (0 — [58)%)?

where the superscripts of S-parameters denote mode number
of the transmitted mode.

The number of iteration steps is set to be 1000. The number
of population N, is set to be 32, 64, or 128. Here, the
parameters used in each evolutionary approach are set as
follows: the mutation rate is 0.01 in GA, w = 0.9 in PSO,
F =0.51in DE, and « = 0.1, 8 = 2.0 and § = 0.999 in FA,
respectively. These parameters were determined through pre-
liminary optimizations for the following design problem of a
plasmonic diode while varying the values of these parameters.
However, the optimum values of these parameters may depend
on a design problem and we cannot decide which optimization
method is superior to the others at the present stage. Therefore,
we think that to use some different optimization approach is
effective for us to get higher-performance plasmonic devices.

In this example, as a structure expressing function, w(y, z),
we consider the pyramid function and Fourier series.

1) Pyramid function: We consider the pyramid function
as a structure expressing function, w(y, z). The number of
expansion function along the y- and z- directions are set to
N, = 16 and N, = 32, respectively. Figure 4 shows the
objective function as a function of the iteration step. We can
see that the value of the objective function is improved in the
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Fig. 4. The objective function as a function of the iteration step when

pyramid function is employed as w(y, z), in the design of plasmonic optical
diode. (a) Np = 32, (b) Np = 64, (c) Np = 128.

TABLE 1
THE FORWARD (FWD) AND BACKWARD (BWD) TRANSMISSION
POWER IN THE OPTIMIZED STRUCTURE BY EMPLOYING

PYRAMID FUNCTION
N, =32 N, =64 N, =128
FWD BWD FWD BWD FWD BWD
GA 0.81 296x1073 0.78 2.94x10~% 0.82 6.70x1073
PSO  0.67 0.011 0.67 0.013 073  7.43x1073
DE 0.44 0.16 0.50 0.019 0.48 0.015
FA  0.54 0.024 078 2.16x107% 0.74 5.89x1073
HFA 081 027x1073 0.84 0.79x1073 0.84 0.010x1073

iteration process. The transmittance of the optimized struc-
ture obtained by each evolutionary approach is summarized
in Table I. In these optimizations, the best performance is
obtained in the optimized structure by HFA with N,, = 128.
In this device, the forward transmittance of \SéPP = 0.84
is obtained and the backward transmittance is suppressed
o [Sa? = (912 + 192 = 0.010 x 1073, Figure 5
shows the propagating fields in the three optimized plasmonic
diodes with better performance. We can see that the optimized
structure is complicated because the pyramid function requires
a lot of design variables, NV, x N, to express a smooth
structure avoiding staircase geometry.

2) Fourier series: We consider Fourier series as w(y, z).
The number of expansion functions along the y- and z-
directions are set to N, = 2 and N, = 8, respectively, and
the Fourier periods, L, and L., are set to be L, = 1.2W,
and L, = 1.2W,, respectively. Figure 6 shows the objective
function as a function of the iteration step. We can also see that
the value of the objective function is improved in the iteration
process. The transmittance in the optimized structure obtained
by each evolutionary approach is summarized in Table II. In
these optimizations, the best performance is obtained in the
optimized structure by HFA with N, = 128. In this device,
the forward transmittance of 0.85 is obtained and the backward
transmittance is suppressed to 0.20 x 1073, The propagating
fields in the three plasmonic diodes with better performance
are shown in Fig. 7. In the forward propagation, we can
observe that the fundamental TM mode is converted into the
first higher mode in port 2 and the discontinuous structure
around the entrance of port 2 reflects the fundamental TM
mode from port 2 in backward propagation. From these results,
we can see that the optimized structure is simpler than that by
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Fig. 5. The device structure and the propagation fields in the optimized
plasmonic optical diodes by (a) GA with N, = 128, (b) HFA with N, = 64,
(c) HFA with N, = 128 when pyramid function is employed as w(y, ).
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Fig. 6. The objective function as a function of the iteration step when Fourier
series is employed as w(y, z) in the design of a plasmonic optical diode. (a)
Np =32, (b) Np = 64, (c) Np = 128.

using the pyramid function because Fourier series can express
smooth structure by using less design variable. Figure 8 shows
the wavelength dependence of the normalized transmission and
reflection power for the forward and backward propagation in
the optimized structure by DE with IV, = 32. We can see that
the backward propagation is rejected in the wide wavelength
band.

In this design example, using PC with Intel Core i7-
4770@3.40GHz, the total time to get the optimized device
is about 130 minutes in the case that HFA with N, = 32 and
1,000 iterations. The required time for optimization almost
linearly depends on N, and the number of iterations. The
difference in computational time between five evolutionary
approaches is almost negligible. The required memory is about
1 Gbyte and it depends on the finite element analysis and is
almost independent of the optimization conditions.

B. Plasmonic Optical Circulator

Next, we consider an optical circulator in which the light
incident in any port transmits to the next port in a counter-
clockwise rotation [2]. Figure 9 shows the design model of

TABLE I
THE FORWARD (FWD) AND BACKWARD (BWD) TRANSMISSION
POWER IN THE OPTIMIZED STRUCTURE BY EMPLOYING
FOURIER SERIES

N, =32 N, = 64 N, =128
FWD BWD FWD BWD FWD BWD
GA 083 149x10~3 0.82 092x10~® 0.79 1.54x1073
PSO  0.61 0.16 081 3.64x107% 072 0.020x1073
DE 085 5.88x107% 084 821x1073 0.85 1.18x1073
FA 082 133x107% 0.62 0.14 0.80  1.32x1073
HFA 082 0.090x10~3 079 1.96 x10~% 0.85 0.20x1073

«———
Backward propagation

_—>
Forward propagation

Fig. 7. The device structure and the propagation fields in the optimized
plasmonic optical diodes by (a) DE with N, = 32, (b) DE with N, = 128,
and (c) HFA with N;,, = 128 when Fourier series is employed as w(y, z).

a plasmonic circulator. The wavelength is assumed to be
A = 1.55 pum and the fundamental TM mode operation
is considered. The structural parameters are assumed to be
dpus = 0.8 um, Ly = 2.2 pm, Lp,s = 2.35 pum, and
Wy = W, = 3 um. Considering the desired device opera-
tion, the optimized structure should have 90-degree rotational
symmetry. Thus, we impose a 90-degree rotational symmetry
condition and use the following objective function to be
minimized:

Minimize C = (0 — 1s51)2.

S50 )% + (1 -
In order to prevent the transmission of the fundamental mode
from port 2 to port 1, the fundamental mode transmission is
suppressed and the higher order mode transmission is maxi-
mized. Although only the port 1 incidence case is considered,
the other ports incidence cases are automatically satisfied due
to the rotational symmetry condition. We consider only Fourier
series as a structure expressing function, w(y, z), to obtain a
simpler optimized structure. The number of expansion function
along the y- and z- directions are set to be N, = N, = 8
and the Fourier periods are set to be L, = 1.2W, and
L, = 1.2W,, respectively. The settings of the evolutionary
approaches are the same in the previous design example.

(18)
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Fig. 9. Design problem of a plasmonic optical circulator surrounded by
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Figure 10 shows the objective function as a function of the
iteration step. These results show the objective function rapidly
decreases at the initial stage of the optimization process. In
addition, in this design example, we can see that the good
performance is obtained by HFA and DE even with less num-
ber of population. The transmittance in the optimized structure
obtained by each evolutionary approach is summarized in
Table III. In these optimizations, the best performance is
obtained in the optimized structure by HFA with N, = 32 and
the transmission to the desired port of 0.83 and the crosstalk
rejection of 2.89 x 1072 in the worst port are achieved.
The propagating fields in the three plasmonic circulators with
better performance are shown in Fig. 11. We can see that the
almost same structures are obtained in these optimizations.
Figure 12 shows the wavelength dependence of the normalized
transmission power into port 2 and the crosstalk to the other
ports, in the optimized device by HFA with N, = 32.
The crosstalk to port 3 is well suppressed although this is
not explicitly considered in the objective function. This is
because this rejection is implicitly considered by suppressing
|S§(1))|2, due to the symmetrical and reciprocal operation. On
the other hand, the reflectance has slightly stronger wavelength
dependence compared to the crosstalk.

In these optimizations, the optimized device structure may
be complicated in some cases. The use of Fourier series as a
structure expressing function has a possibility to suppress such
complicated fine structures, compared with the use of pyramid
functions. In order to get further simplified the optimized
structure, it is shown that the application of the structural
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Fig. 10. The objective function as a function of the iteration step when

Fourier series is employed as w(y, z) in the design of plasmonic optical
circulator. (a) Np = 32, (b) Ny = 64, (c) Np = 128.

TABLE III
THE NORMALIZED TRANSMISSION POWER (7T') AND THE
MAXIMUM CROSSTALK (XT) OF PLASMONIC OPTICAL

CIRCULATOR
N, =32 N, = 64 N, = 128
T XT T XT T XT
GA 071 0037 074 0028 080 538x1073
DE 082 0.72x107% 077 0024 082 044x1073

HFA 0.83 2.89x107% 0.79 5.04x1073 0.81 1.81x1073

(@) (b) ©

Fig. 11. The optimized structures of plasmonic optical circulator (a) DE
with N, = 32, (b) DE with N, = 128, and (c) HFA with N, = 32, and
the propagating fields in these devices.
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Fig. 12.  Wavelength dependence of the normalized transmission power in
the optimized plasmonic optical circulator which is obtained by HFA with
Np = 32.

smoothing filter is effective [19]. In the case of using Fourier
series, components of higher frequency can be efficiently
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suppressed by using Gaussian Filter.

Although only two materials are considered in these design
examples, three or more materials can be also treated by
using the function expansion method [20]. We think three-
dimensional structure is also able to be optimized in the same
optimization framework because the function-expansion based
topology optimization for three-dimensional waveguide has
been already discussed [21]. However, it requires far longer
computational time compared with two-dimensional problems
and more efficient optimization approach is expected to be
developed. Utilizing the gradient-based topology optimization
[21] in the present evolutionary approach may accelerate the
convergence and that is our future work.

IV. CONCLUSION

We proposed the novel topology optimization method of
plasmonic waveguide devices. As design examples, a plas-
monic optical diode and circulator are designed by using our
proposed method. From these results, it is shown that, as the
structure expressing function, Fourier series has an ability to
express smooth and simple device structure with fewer design
parameters compared to the pyramid function. We tested the
five evolutionary methods and we are now thinking that the
better approach depends on a design example. In the future, we
will study the hybrid optimization method that combines an
evolutionary approach which has an ability to search a global
optimum with a gradient-based approach which has an ability
of efficient local search.
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