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We consider a smooth curve with singular points in the Euclidean space. As a
smooth curve with singular points, we have introduced a framed curve or a framed
immersion. A framed immersion is a smooth curve with a moving frame and the pair
is an immersion. We define an evolute and a focal surface of a framed immersion in
the Euclidean space. The evolutes and focal surfaces of framed immersions are
generalizations of each object of regular space curves. We give relationships between
singularities of the evolutes and of the focal surfaces. Moreover, we consider
properties of the evolutes, focal surfaces and repeated evolutes.
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1. Introduction

For a Frenet curve (i.e. a regular space curve with the linear independent condition),
the evolute and the focal surface are classical objects in differential geometry. There
are many articles concerning the evolute (i.e. the locus of the centre of osculating
spheres) and the focal surface (i.e. the envelope of normal planes) of a Frenet
curve (for instance, [3, 4, 8, 14, 15, 16]). The image of the evolute is coincides
with the set of singular values of the focal surface under a certain condition. They
are investigated by using the Frenet frame. However, the evolute and the focal
surface may have singular points, even if the original curve is regular. That is the
evolute may not have the Frenet frame. Therefore, we cannot consider not only the
curvature and the torsion of the evolute, but also repeated evolutes.

In this paper, we consider the evolute and the focal surface of a space curve with
singular points. In order to define them, we apply the theory of framed curves (cf.
[10]). A framed curve is a space curve with a moving frame. If a framed curve is
an immersion, we call a framed immersion. In §2, we give the definition of framed
curves and basic notations. In §3, we define the evolute and the focal surface of
a framed immersion under a certain condition. They are natural generalizations
of each object of a Frenet curve. We investigated basic properties of them. For
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2 S. Honda and M. Takahashi

example, the evolute is also a framed immersion, see Proposition 3.4. Moreover,
we give the relationships between singular points of the evolute and of the focal
surface by using the criterion of singularities of smooth mappings (cf. [13]), see
Theorem 3.9. In §4, we focus the evolute. In particular, we introduce the notion of
support functions and parallel curves. The focal surface and the evolute are given
by the discriminant and the secondary discriminant sets of the support function,
respectively. The evolute and the evolutes of parallel curves coincides. We give the
relationship between a framed curve in a sphere and the evolute. Furthermore, we
consider contact between framed curves and the evolutes of them. Since the evolute
is also a framed immersion, we give the k-th evolute of the framed immersion in
§4.5. We give examples to understand the phenomena for evolutes and focal surfaces
of framed immersions in §5.
All maps and manifolds considered here are differential of class C'*°.

Acknowledgements. The authors would like to thank the referee for helpful com-
ments to improve the original manuscript. The second author was supported by
JSPS KAKENHI Grant Number JP 17K05238.

2. Basic definitions and notations

Let R? be the 3-dimensional Euclidean space equipped with the inner product
a-b = a1by + asbs + aszbz, where a = (ay,az,as),b = (b, b2, b3) € R3. The norm of
a is given by |a| = /a - a. We define the vector product of a and b by

€1 €2 €3
axb=|a ax a3 ,
by by b3

where {ej, e, e3} is the canonical basis on R?. We define a set
A:{l/:(l/l,l/g)GSzXSz | 1/1'1/2:0},

where S? = {x € R? | || = 1}. Then A is a 3-dimensional smooth manifold.

We quickly review on the evolute and the focal surface of a Frenet curve. Let
I C R be an interval. Suppose that v : I — R? is a Frenet curve, that is, 4(t)
and %(t) are linear independent for all ¢ € I, where 4(t) = (dv/dt)(t) and 7(t) =
(d?v/dt?)(t). Then we have the Frenet frame {t(t),n(t),b(t)} along ~(t), where

50— GEXA) XA 30 x50
O=Ror " = Gaoxamaer " T Ho a0

{0l

By the standard arguments, we have the following Frenet-Serret formula:

£(t) 0 3 (®)]r(t) 0 t(t)
n() | = —hH@Olk®) 0 (@)1 () nt) |,
b(t) 0 @7 () 0 b(t)

where £(t) = |(t) x §(t)|/[7(t)]* and 7(t) = det(§(2),5(t), 7 (£))/19(t) x 4 (t)|*. We
call k(t) the curvature and 7(t) the torsion of v(t).
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The evolute Ev(v) : I — R3 of a Frenet curve v is given by

R ) B
O~ B

away from points where 7(¢t) = 0 (cf. [3, 4, 8, 14, 15, 16]). The evolute Ev(vy) of
a Frenet curve is given by the locus of the centre of osculating spheres. A Frenet
curve and its osculating sphere have contact of order at least three at the point.

On the other hand, we can not construct the Frenet frame at a singular point
or a point which does not satisfy the linear independent condition, so that we can
not define the evolute as the above. In this paper, we investigated the evolute of a
space curve with singular points in the Euclidean space, see Definition 3.1. It is a
natural generalization of the evolute of a Frenet curve.

The focal surface FS(v) : I x R — R? of a Frenet curve ~ is given by

1
FS()(t0) =9(8) + gmlt) + Mb(1).
If 7(t) # 0 for all t € I, then the set of singular values of the focal surface coincides
with the image of the evolute. Therefore, there is the important relationship between
the evolute and the focal surface.

A framed curve in the Euclidean space is a smooth curve with a moving frame
(cf. [10]). Tt is a generalization of not only a Frenet curve, but also a Legendre curve
in the unit tangent bundle over the Euclidean plane (cf. [5]).

Definition 2.1. We say that (y,v1,10) : I — R® x A is a framed curve if §(t) -
v1(t) =0 and (¢) - v2(t) = 0 for all ¢ € I. Moreover, if (v, v1,2) is an immersion,
we call (vy,v1,12) a framed immersion. Then v : I — R? is called a framed base
curve.

Remark 2.2. If v : (I,t9) — R? is a real analytic curve germ, then ~ is a framed
base curve, that is, there exists a mapping germ (vq,1v2) : (I,t9) — A such that
(v,v1,1v9) is a framed curve, see [10]. See also [7].

We put on pu(t) = vi(t) x va(t). It follows that {vy(t),v2(t), u(t)} is a moving
frame along the framed base curve (t). By the standard arguments, we have the
following Frenet-Serret type formula:

Vi (t) 0 L) m(t) v (t)
) | = —) 0 @) va(t) |5 A(t) = a()p(?),
(1) —m(t) —n(t) 0 w(t)

where £(t) = v1 () -va(t), m(t) = v1(6)-(t), n(t) = va(t)-(t) and a(t) = (2)- (D).
We call the mapping (¢,m,n,a) : I — R* the curvature of the framed curve.

Note that tg is a singular point of « if and only if a(tyg) = 0, and # is a singular
point of (v,v1,ve) if and only if (¢,m,n,a)(ts) = 0. Moreover, we introduce a
smooth function f(t) = £(t)(m?(t) + n(t)) + m(t)n(t) — m(t)n(t).

Definition 2.3. Let (v,v1,10) and (3,71,72) : I — R3 x A be framed curves.
We say that (v,v1,v2) and (3,71, 72) are congruent as framed curves if there exist
a rotation A € SO(3) and a translation @ € R? such that §(t) = A(y(t)) + a,
1(t) = A(r1(¢)) and va(t) = A(va(t)) for all ¢ € 1.
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We have the existence and the uniqueness theorems for framed curves similarly
to the case of Frenet curves.

Theorem 2.4. (The Existence Theorem, [10]) Let (¢, m,n,a) : I — R* be a smooth
mapping. There exists a framed curve (y,vi,ve) : I — R3 x A whose curvature is
(L,m,n,a).

Theorem 2.5. (The Uniqueness Theorem, [10]) Let (v,v1,v2) and (3,v1,0) :
I — R x A be framed curves with the curvature (£, m,n,a) and (Z m,m,q), re-
spectively. Then (y,v1,v2) and (3,71,02) are congruent as framed curves if and
only if (¢,m,n,a) = ({, 7,7, ).

Let I and I be intervals. A smooth function s : I — I is a change of parameter
when s is surjective and has a positive derivative at every point. It follows that
s is a diffeomorphism by calculus. Let (v,v1,v9) : I — R3 x A and (§,71,72) :
I — R? x A be framed curves with the curvatures (¢,m,n,«a) and (¢,m,n, @),
respectively. Suppose that (v,v1,12) and (7,71,72) are parametrically equivalent
via the change of parameter s : I — I, that is, (7,71, 72)(t) = (7, v1,2)(s(t)) for
all t € I. By differentiation, we have

(€(t),m(t), m(t),a(t)) = () (E(s(t)), m(s(t)), n(s(t)), a(s(t)))- (2.1)
Therefore, the curvature of a framed curve is depend on a parametrization.

For the normal planes of (t), spanned by vy (¢) and v»(t), there are other frames
by rotations and reflections. We define (7;(t),72(t)) € A by

71(t) ([ cosB(t) —sinf(t) v1(t)
Ua(t) ~\ sind(t)  cosO(t) vo(t) ’
where 6(t) is a smooth function. Then (v,71,72) : I — R? x A is a framed curve

and @(t) = 71 () xU2(t) = v1(t) xve(t) = pu(t). The curvature (€(t), m(t),n(t), a(t))
of (v,71,72) is given by

(((t) —4(t), m(t) cos B(t) — n(t) sin O(t), m(t) sin O(t) + n(t) cos O(t), a(t)) .

We call the moving frame {71 (t),72(t), u(t)} a rotated frame along ~(t) by 6(¢). If

we take a smooth function # : I — R which satisfies f(t) = £(t), then we call the

rotated frame {7 (t), V2 (t), u(t)} an adapted frame along ~(t) by 0(t) (cf. [2, 10]).
On the other hand, we define (v1(t),72(t)) € A by

v1(t) (1 0 cosf(t) —sind(t) v (t)
U (t) S \0 -1 sinf(t) cosf(t) va(t) ’
where 6(t) is a smooth function. Then (v, 71, 72) : I — R3 x A is a framed curve and

B(t) = D1 (t) X Ta(t) = va(t) x v1(t) = —p(t). The curvature (£(t), m(t), 7(t), a(t))
of (v,71, ) is given by

(—Z(t) +0(t), —m(t) cos O(t) + n(t) sin (L), m(t) sin O(t) + n(t) cos O(t), —a(t)) .

We call the moving frame {7 (t), U2(t), —pu(t)} a reflected frame along ~(t) by 6(¢).
By a direct calculation, we have the following result.
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Proposition 2.6. Under the above notations, we have the following:
(1) m2(t) +n2(t) =m2(t) + n2(t) = m>(t) + n2(t),

(2) f(t) = f(t) = —f(t).
We now consider a special moving frame along a framed base curve under a
condition. Let (y,v1,v9) : I — R3 x A be a framed curve with m?(¢) + n?(t) # 0.
Then we define (n4(t),n2(t)) € A by
m(t)vi(t) + n(t)va(t)
m2(t) + n?(t)

n(t)v1(t) + m(t)va(t)
Vm2(t) +n2(t)
By a direct calculation, (y,m1,m2) : I — R3 x A is a framed immersion and

n1(t) X na(t) = p(t). We call the moving frame {n;(t), na(t), u(t)} a Frenet type
frame along v(t). Then the Frenet-Serret type formula is given by

ny(t) = , no(t) = —

7 (t) 0 L(t) M) ni(t)
na(t) | = -zy o o na(t) |, 3(0) = alb)m(t),
Alt) “M(H) 0 0 u(t)

where
L(t) = f(t)/(m*(t) + n?(t)), M(t) = /m2(t) +n2(t).
Therefore, the curvature of the framed immersion (v, 121, n2) is given by (L, M, 0, «).

Since the original frame {v;(t),v2(¢), u(t)} and the Frenet type frame {ni(t),
no(t), p(t)} have the common unit vector p(t) and the same orientation, the Frenet
type frame is one of a rotated frame along ().

Let v : I — R? be a Frenet curve. If we take vy (t) = n(t) and v»(t) = b(t), then
(v,v1,12) : I — R® x A is a framed curve and we have ny(t) = —n(t),n(t) =
=b(t), u(t) = t(t). This is the reason why we call {n(t),na(t), u(¢)} the Frenet
type frame along ().

3. Evolutes and focal surfaces of framed immersions

In this section we investigate the evolute and the focal surface of a framed immer-
sion. Let (v,v1,10) : I — R? x A be a framed immersion with f(t) # 0.

Definition 3.1. The evolute Ev(v) : I — R? of the framed immersion (vy,v1,vs) is
defined by

For a Frenet curve v : I — R3 with 7(t) # 0, if we take v1(t) = n(t) and v5(t) =
b(t), then (vy,v1,1v2) is a framed immersion with f(¢) # 0. By a direct calculation,
we have Ev(v)(t) = Ev(v)(t). Hence, Definition 3.1 is a natural generalization of
the definition of the evolute of a Frenet curve. Moreover, (E,(7),t,n) is a framed
immersion.
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Remark 3.2. Let s : I — I be a change of parameter, where I and I are intervals.
Let (y,v1,v2) : I — R3x A and (7,71,72) : I — R3x A be framed immersions with
f(t) # 0. Suppose that (v,v1,12) and (7,71,72) are parametrically equivalent via
the change of parameter s, that is, (7,71,72)(t) = (v,v1,v2)(s(t)) for all t € I. By
(2.1), we have f(t) = (5(2))>f(s(t)) # 0 and Ev()(t) = Ev(y)(s(t)). In this sense,
the evolute of a framed immersion is independent on the choice of a parametrization.

Remark 3.3. We consider a framed immersion (v,7;,72) : I — R® x A, where
{71(t),72(t), pu(t)} is a rotated frame along ~y(t) by 6(¢). Since Proposition 2.6, we
have f(t) # 0. By a direct calculation, the evolute of (v, vy, ) coincides with the
evolute of (v,71,7s). Similarly, we can show the evolute of a framed immersion is

independent on reflections of the moving frame.

Proposition 3.4. The evolute Ev(y) is a framed base curve. More precisely, (Ev(y),
w, i) I — R3x A is a framed immersion with the curvature (—M,0, L, ag,),
where

é(my —|—n1/) M = m2 4+ n? LfL

T ), M= L=

e = 1 (n<d(ah—o}n—i—aém)+€<an’1—dm—a€n))
o mr a2 U \dt ! f

d [am —am — aln ’ an — an + alm
o (G (P ) - ()

Proof. By using the Frenet-Serret type formula, we have

&)(’y) _ (Cclit (cmd?JraEm) B (arhd;naﬁn) g) "
+<(;lt (aﬁz—d;z—aén)_(ah—éﬂ;—l—aﬁm)g) V. 3.1)

It follows that Ev(v)(t) - w(t) = 0 and Ev(v)(t) - ny(t) = 0. Since p(t) - ni(t) =0
for all t € I, (Ev(y),m,m1) : I — R3 x A is a framed curve. Then we have a
moving frame {p(t), n1(t), n2(t)} along Ev(y)(t), where na(t) = pu(t) x ny(t). Since
Ev(y)(t) = agy(t)ma(t), the curvature of the framed curve (Ev(v), u,m1) is given
by (=M(t),0, L(t), ag,(t)). By the assumption, we have M (t) # 0 and L(t) # 0.
Therefore (Ev(7), p,m1) is a framed immersion. O

n, =

By Proposition 3.4, ¢y is a singular point of the evolute £v(v) if and only if
agy(ty) = 0. Moreover, since fe,(t) = —L?*(t)M(t) # 0, the framed immersion
(Ev(y), m,m1) : I — R3 x A has the evolute Ev(Ev(y)), see §4.5.

On the other hand, for a framed immersion (v, v1,15) : I — R? x A with m?2(t) +
n?(t) # 0, we define a focal surface.

Definition 3.5. The focal surface FS(y) : I x J — R? of the framed immersion
(v, v1,12) is defined by

FS()(t,a,b) = 7(t) — avi(t) — bua(t),
where J = {(a,b) € R? | a(t) — am(t) —bn(t) =0 for all t € I}.
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At least locally, we may assume m(t) # 0 or n(t) # 0. If m(t) # 0 (respectively,
n(t) # 0), then the focal surface FS(7) : I x R — R3 is given by

(o @Y,
FSO)E0) = 2(6) = (208 =020 Y 1a(0) - oalt)
(respectively, FS(y)(t,a) = y(t) — arq(t) — (Zg; - a::((:))> va(t)).
Remark 3.6. Let v : I — R3 be a Frenet curve. If we take v;(t) = n(t) and
va(t) = b(t), then (v,v1,v9) is a framed immersion. Since m(t) = —|¥(¢)|k(t),

n(t) = 0 and «a(t) = |¥(t)|, the focal surface FS(y) : I x J — R? is given by
FS(H)(t,a,b) = v(t) — an(t) — bb(t). Here J = {(a,b) € R? | a = —1/k(t) for all
t € I'}. Thus FS(y)(t,a,b) coincides with FS()(¢,A). In this sense, Definition 3.5
is a natural generalization of the definition of the focal surface of a Frenet curve.

Remark 3.7. Let (y,v1,12) : I — R® x A and (7,71,72) : I — R?® x A be
framed immersions with m?(¢) + n?(t) # 0. Suppose that (v, vy, va) and (¥, 71,72)

are parametrically equivalent via the change of parameter s : I — I, that is,
(7,71, 72)(t) = (v, v1,v2)(s(t)) for all t € I. Since m>(t) +n>(t) # 0 and

J = {(a,b) e R* | a(t) — am(t) — ba(t) =0 for all t € T}
= {(a,b) € R? | a(s(t)) — am(s(t)) —bn(s(t)) = 0 for all t € T},

we have FS(7)(t, a, b) = FS(7)(s(t), a,b). In this sense, the focal surface of a framed
immersion is independent on the choice of a parametrization.

Remark 3.8. The focal surface of (v, v, 1) is R-equivalent to the focal surface of
(7,71,72), where {71(t),72(t), p(t)} is a rotated frame along v(¢) by (). In fact,
if we take a diffeomorphism ¢ : I x J — I x J defined by

(t,c,d) — (t,ccosO(t) + dsinf(t), —csinO(t) + dcosO(t)),

then FS(v)(¢(t,c,d)) = FS(y)(t,c,d). Here J = {(c,d) € R? | a(t) — cm(t) —
dn(t) = 0 for all t € I} and FS()(t,c,d) : I x J — R3, FS(y)(t,¢,d) = ~(t) —
cv1(t) — dva(t). Similarly, the focal surface of (v, v, v2) is R-equivalent to the focal
surface of (vy,71,vs), where {7 (¢), 72(t), —p(t)} is a reflected frame along ~(t) by
0(t).

For simplicity, we consider a framed immersion by the Frenet type frame. Let
(y,m1,m2) : I — R® x A be a framed immersion with the Frenet type frame
{ny(t),na(t), u(t)} and f(t) = L(t)M?(t) # 0. By Definitions 3.1 and 3.5, we have
Ev(y): I — RS,

£ =1(0) = gm0 + X )
and FS(y): I x R — R3,

FS)(EA) =~(t) -
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We show that the set of singular values of the focal surface coincides with the

image of the evolute. Moreover, we give relationships between singularities of the
evolute and of the focal surface.

Theorem 3.9. Let (y,v1,10) : I — R3 x A be a framed immersion with f(t) # 0.
Then we have the following:

(1) The set of singular values of the focal surface FS(vy) coincides with the image
of the evolute Ev(y),

(2) The focal surface FS(7y) is locally diffeomorphic to the cuspidal edge CE at
(to,ao,bo) if and only if to is a regular point of Ev(7y),

(3) The focal surface FS(vy) is locally diffeomorphic to the swallowtail SW at
(to, ag, bo) if and only if the evolute Ev(7y) is locally diffeomorphic to the (2,3, 4)-
type C' at tg.

Here, CE : (R?,0) — (R?,0), (u,v) — (u v?,v3) is the cuspidal edge (Figure 1),

SW : (R2,0) — (R3 0), ( ) > (3u +u?v, 4ud + 2uv, v) is the swallowtail (Figure
2), and C : (R,0) — (R3,0),t — (t2/2,t3/3,t*/4) is the (2,3,4)-type (Figure 3).

Figure 1. The cuspidal edge  Figure 2. The swallowtail — Figure 3. The (2, 3,4)-type

Proof. Since Remarks 3.3 and 3.8, it is enough to consider the Frenet type frame.
By a direct calculation, we have

0TS 1,3y x E5@ 1, ) = - (a(t>M(tA)4 ;(g(t)M(t) . AL@)> (o),

Therefore, (tg, Ag) € I x R is a singular point of FS(~) if and only if
a(to) M (to) — ci(to) M (to)
L(to)M?>(to)

This means that (1) holds. By the above calculation, FS(v) : I x R — R? is a wave
front (cf. [1, 13]). The assertions (2) and (3) can be proven by using the criterion
for the cuspidal edge CE and the swallowtail SW in [13]. We consider the signed
density function A : I x R — R,

a(t)M(t) — a(t)M(t)
M?(t)

Ao = —

(3.2)

A(t,\) =

+ AL(t).
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Since Ax(t,A) = L(t) # 0, FS(v) have only non-degenerate singular points. More-
over, the singular curve c: I — I x R C R? of FS(v) is given by

(e - aM(
"“*(t" L(O)M(1) )

and a null vector field i : I — R? along c(t) is given by n(t) = (1, —a(t)L(t)/M(t)) .
On the other hand, by using the Frenet-Serret type formula of the evolute, we
have

. (d a(t)M(t) at)M(t) at)L(t)

Ev(Y)(t) = — aes () Lt (t) + ey (t)na(t),
Ev()(t) = — ago () L) M () pa(t) + (—26re, () L(t) — aeu () L(E))na(2)
+ (Ggo(t) — agy () L2 (t))na(t).

By using the criterion in [13], the focal surface FS() is locally diffeomorphic to
the cuspidal edge CE at (tg, Ag) if and only if the condition (3.2) and

d (a(t)M(t) - a(t)M(t)>
dt L(t)M2(t)

_ a(to)L(t)

det(¢(to), n(to)) = M (to)

= afv(tO) 7é 0

t=to

holds. This condition is equivalent to tg is a regular point of Ev(vy). Hence, we have
the assertion (2).

Moreover, the focal surface FS(7) is locally diffeomorphic to the swallowtail SW
at (to, Ao) if and only if the condition (3.2), det(¢(to),n(to)) = agv(to) = 0 and
(d/dt)det(¢,n)(to) = dey(to) # 0 holds. On the other hand, the evolute Ev(y) is
locally diffeomorphic to the (2,3,4)-type C' at tq if and only if Ev(v)(ty) = 0 and
rank(Ev(7)(to), Ev(7)(to)) = 2, that is, ag,(to) = 0 and cg, (to) # 0. It follows that
(3) holds. This completes the proof of Theorem. O

4. Properties of the evolutes of framed immersions

In this section we investigate some properties of the evolute of a framed immersion.

4.1. Support functions

Let (v,m1,m2) : I — R3 x A be a framed immersion with f(t) = L(t)M?2(t) # 0,
where {ni(t), na(t), p(t)} is the Frenet type frame. We define a family of functions
F,: I xR =R F,(t,x) = (y(t) — ) - u(t). We call F, a support function of
with respect to p (cf. [12]). We denote F},(x0)(t) = F,(t, x¢) for any z € R3.

By a direct calculation, we have the following proposition.

Proposition 4.1. Under the above notations, we have the following:

(1) Fu(xo)(to) = 0 if and only if there exist A1, o € R such that y(to) — xo =
)\1nl(to) + )\Qng(to).
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(2) Fu(zo)(to) = Fu(xo)(to) = 0 if and only if there exists A € R such that

a(to)

mnl(to) + )\ng(to).

Y(to) —xo =

(3) Fu(xo)(to) = Fu(wo)(tO) = Fu(x0)(to) = 0 if and only if

a(to) a(to) M (to) — éu(to) M (to)

Y(to) —xo = M(to)nl(tO) - L(to)M?2(to)

UP) (to)

For the support function of v with respect to u, the discriminant set

OF,
Dp, = {x € R? | there exists ¢ € I such that F,, = 8—; =0at (t,x)}

coincides with the image of the focal surface FS(v). Moreover, the secondary dis-
criminant set
OF, _ 9°F,

2 _ 3 : _ _ —
Dj,, = {x € R” | there exists ¢ € I such that F, = % - or 0at (t,)}

coincides with the image of the evolute Ev(7y).

4.2. Parallel curves

We consider parallel curves of a framed curve and its evolute. Let § : I — R be
a smooth function with 0(t) = £(t) for all ¢ € I. The parallel curve y(ap) : I — R?
of a framed curve (v, v1,12) is defined by

Ya,p) (t) = ¥(t) + (acosO(t) + bsin O(t)) v1(t) + (—asinO(t) + beosO(t)) va(t),
where a,b € R. Then we have the following results.

Proposition 4.2. The parallel curve y(q ) is a framed base curve. More precisely,
(Vap)>v1,v2) : I = R*x A is a framed curve with the curvature ((t), m(t), n(t), c(t)+
a(m(t) cosO(t) — n(t)sind(t)) + b(m(t) sin0(t) + n(t) cos6(t))).

Proposition 4.3. (y(4),v1,v2) : I — R3X A is a framed immersion with Jaap)(t) #
0 and Ev(Vap))(t) = Ev(Y)(t) for any a,b € R.

Proof. By Proposition 4.2, (Yaup),v1,2) : I — R3 x A is also a framed curve
and we have f,5)(t) = f(t) # 0 for all ¢ € I. Tt follows that (y(4),v1,12) is a
framed immersion. By a direct calculation, we have Ev(7(q,p))(t) = Ev(7)(t) for any
a,beR. O

Proposition 4.4. The set of singular values of parallel curves y(qp) is contained
in the image of the focal surface FS(7y) for any a,b € R.

Proof. We put A, 4)(t) = acos0(t)+bsin0(t) and B(q ) (t) = —asinO(t)+bcos O(t),
where 8(t) = £(t) for all t € I. Then we have Yap) () = ¥(t) + Agap) (t)vi(t) +
Bap) (t)va(t). If to is a singular point of (4 ), then we have a(to)+m(to) A(a,p) (to) +
n(to) B(a,p) (to) = 0. This means that 7,3 (to) € FS(v)(I x J) for any a,b € R. [
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4.3. Evolutes of framed immersions and spheres

For a Frenet curve v : I — R? with 7(t) # 0, (d/dt)Ev(y)(t) = 0 for all t € I if
and only if there exist a constant vector ¢ € R? and a positive real number r € R
such that v(t) € S%(c,r) for all t € I, where S?(¢,r) = {x € R® | |z — ¢| = r} (cf.
[3, 8]). We consider the relationships between the evolute of a framed immersion
and a sphere. Let (y,v1,12) : I — R® x A be a framed immersion with f(t) # 0.

Proposition 4.5. If (d/dt)Ev(y)(t) = 0 for all t € I, then there exist a constant
vector ¢ € R® and a non-negative real number r € R such that v(t) € S?(c,r) for
allt e I.

Proof. Since (d/dt)Ev(y)(t) = 0 for all t € I, we put ¢ = Ev(7)(t). By the equation
(3.1) in Proposition 3.4, we have (d/dt)(|y(t) — ¢|?) = 0 for all t € I. Hence there
exists a non-negative real number r = |y(t) — c| such that y(t) € S%(c,r) for all
tel O

Lemma 4.6. (d/dt)Ev(y)(t) = 0 for all t € I if and only if there exist functions
u,v: I — R and a constant ¢ € R® such that v(t) — ¢ = u(t)v1(t) + v(t)va(t) for
allt € I.

Proof. 1f (d/dt)Ev(y)(t) =0 for all ¢t € I, then we can write y(t) — ¢ = u(t)v1(t) +
ot (t), where ¢ = Eu(7)(1), u(t) = (a(H)i(t) — a(t)n(t) + a(t)(tym(t)) /F(t) an
v(t) = = (a(t)ri(t) — a(t)m(t) — a(t)l(t)n(t)) / f(t).

Conversely, there exist functions u,v : I — R and a constant ¢ € R? such that
v(t) — ¢ = u(t)v1(t) + v(t)re(t) for all t € I. By differentiating, we have

a(t)p(t) = (a(t) —o@)L)r(t) + (0(8) + u(®)e))v2(t) + (u(t)m(t) +v(t)n(t)) ().

Since {v (¢ ),Vg(t),u(t)} is an orthonormal frame, we have u(t) — v(¢t)£(t

0(t) +u()l(t) =0, u(t)m ()—l—v()()foralltel Thus &(t) = 4
u(t)m(t)+o(t)n(t) +v(t)n(t). By a direct calculation, we have a(t)n
( (

a(t)e(t)ym(t) = u(t)f t),a(t)m(t) — a(t)m(t) — Oé(t)f(t)n( ) =—v(t)f(t )_ Hence
agy(t) = —m———mm= (n(t) (a(t) —v()E(t)) — m(t)(0(t) + u(t)€(t))) = 0

for all ¢ € I. Tt follows that (d/dt)Ev(v)(t) =0 for all ¢ € I. O

Proposition 4.7. Suppose that the set of regular points of v is dense in I. Then
(d/dt)Ev(y)(t) = 0 for all t € T if and only if there exist a constant vector ¢ € R?
and a positive real number r € R such that y(t) € S*(e,r) for allt € I.

Proof. Suppose that (d/dt)Ev(y)(t) = 0 for all t € I. By Proposition 4.5, there
exist a constant vector ¢ € R? and a non-negative real number » € R such that
y(t) € S%(e,r). If r = 0, then v(t) = ¢ and hence %(t) = 0 for all ¢ € I. Since the
set of regular points of 7y is dense in I, the case does not occur. It follows that r is
positive.

Conversely, suppose that there exist a constant vector ¢ € R3 and a positive real

number 7 € R such that y(t) € S?(e,r). By the assumption, we have |y(t)—c|? = r2.
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Tt follows that a(t) () (y(t) —€) = 0. Since the set of regular points of v is dense in
I, we have p(t) - (y(t) —¢) = 0 for all ¢t € I. Then there exist functions u,v : I — R
and a constant ¢ € R3 such that y(t) — ¢ = u(t)v1(t) + v(t)va(t) for all t € I. By
Lemma 4.6, we have (d/dt)Ev(y)(t) =0 for all t € I. O

4.4. Contact between framed immersions and evolutes

We consider contact between framed immersions and its evolutes. We recall the
notion of the contact between framed curves, see [10]. Let (y,v1,v2) : I — R3 x

At (y(t),v1(t),ve(t)) and (7,01, 09) : I —R3x A, u (F(u), 71 (u), 72 (u)) be

framed curves with the curvatures (¢(t), m(t), n(t), a(t)) and (¢(u), m(u), n(u), a(u)),
respectively. Let k be a natural number. We denote F(t) = (£(t), m(t),n(t), a(t))
and F(u) = (£(u), m(u),7i(u),a(u)) for convenience. We say that (y,v1,1,) and
(5,71, 72) have at least k-th order contact at t = to, u = ug if d*(y, v1, ve)/dt' (to) =
d'(¥, 01, v2) /dut(ug), for i = 0,1, ..., k—1. In general, we may assume that (v, 1, o)
and (7,71, V) have at least first order contact at any point ¢ = tg, u = ug, up to
congruence as framed curves.

Theorem 4.8. ([10]) If (v,v1,v2) and (3,71,02) have at least (k + 1)-th order
contact at t = tg, u = ug then

(d'F/dt")(to) = (d'F/du’)(uo), (4.1)

for i = 0,1,....k — 1. Conversely, if conditions (4.1) hold, then (v,v1,v2) and
(7,71, 72) have at least (k4 1)-th order contact at t = to, u = ug, up to congruence
as framed curves.

By using the induction, we have the following Proposition, in detail see [11].

Proposition 4.9. Let (y,vi,v2) : I — R3 x A, t — (y(t),v1(t),v2(t)) and
F,o1,72) + T — R¥ x A, u — (F(u),01(u), 2(u)) be framed immersions with
F(t) # 0 and f(u) # 0, respectively. If (v, v1,1,) and (3,71, 72) have at least (k+2)-
th order contact att = tg, u = ug for k € N, then (Ev(y), u,n1) and (Ev(F), b, 1)
have at least k-th order contact at t = tg, u = ug.

Proposition 4.10. Let (y,n1,n3) : I — R x A be a framed immersion with
f(t) = L(t)M?(t) # 0, where {n(t),na(t), u(t)} is the Frenet type frame. Then we
have the following:

(1) There ezists a rotated frame {{(t),m1(t), n2(t)} along Ev(y)(t) by O(t) such
that (v,m1,m9) and (Ev(y), @, T1) are congruent as framed immersions if and
only if L(t) = —M(t) and a(t) = agy(t) for allt € 1.

(2) There exists a reflected frame {p(t), n1(t), —na(t)} along Ev(y)(t) by 0(t) such
that (y,m1,m2) and (Ev(Y), B, 11) are congruent as framed immersions if and

only if L(t) = M(t) and at) = —ag,(t) for allt € 1.

Proof. Suppose that there exists a rotated frame {f(t), 1 (t), n2(t)} along Ev(v)(t)
by 6(t) such that (v, n1,n2) and (Ev(y), &, 71) are congruent as framed curves. By
Theorem 2.5 and Proposition 3.4, we have

(L(6), M(£),0,a(6)) = (=M () = 6(8), ~L(t) sin 6(t), L(¢) cos 6(2), e (1))
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for all ¢ € I. Since L(t)cos6(t) = 0 and L(t) # 0 for all ¢ € I, we have cos6(t) = 0
and 0(t) = 0. If sinf(t) = —1, then L(t) = —M(t) and M(t) = L(t). It follows
that L(t) = M(t) = 0. Since f(t) # 0, the case does not occur. It follows that
sin 6(t) = 1. Hence, we have L(t) = —M (t) and a(t) = ag,(t) for all t € I.
Conversely, suppose that L(t) = —M(t) and a(t) = ag,(t) for all ¢ € I. We
take a rotated frame {f@(t),71(t), n2(t)} along Ev(y)(t) by 6(t) = w/2. Then, the
curvature of (Ev(7), m(t), 71 (t)) is given by (=M (t), —L(t), 0, agy(t)). By Theorem
2.5, (y,n1,n2) and (Ev(y), , 1) are congruent as framed curves. Therefore the
assertion (1) holds.
By the similar arguments to the above, we have the assertion (2). O

Remark 4.11. A function L(t)/M(t) is constant if and only if v is a framed helix,
see [9]. Therefore, if M (t) = £L(t) for all ¢t € I, then ~ is a framed helix.

4.5. The k-th evolutes of framed immersions

In this subsection we consider repeated evolutes of framed immersions. By Propo-
sition 3.4, we have fe,(t) = —L?(t)M(t) # 0. It follows that the evolute Ev(y)
has the evolute Ev(Ev(7))(t). We denote Ev0(y)(t) = (1), Evi(v)(t) = Ev(y)(t),
{vi(t),va(t), ' ()} = {ma(t), na(t), ma(t)} and (£1(8), ma(t), na(t), aa (t)) = (—=M(1),
0, L(t), agy(t)) and for convenience. We give the form of the k-th evolute of the
framed immersion, where k is a natural number greater than or equal to 2. We
define EvF(7)(t) = Ev(Ev*~L(7))(¢) and

k(t):{ Vll (t) (k : Odd) k(t):{ V21 (t) (k : Odd) , /J'k(t) k(t) k(t),

"1 p(t) (k:even) ' 2 “uX(t) (k: even) BEAE:

[ 4(t) (k:odd) B [ m(t) (k:odd)
() = { ni(t) (k:even) ’ mi(t) =0, ni(t) = { ((t)  (k:even)

o (t) = —— U1 (t)n2_ (1) ng-1(t)

d (ak_l(t)hk_l(t) - o'zk_l(t)nk_l(t)> L o1 (D (1)
dt

inductively.

Theorem 4.12. Let (y,v1,12) : I — R3 x A be a framed immersion with f(t) # 0
and k > 2. Then (Ev*(y),vF,vE) : T — R3 x A is a framed immersion with the
curvature (L, mg, ng, o), where the k-th evolute of the framed immersion is given

by

e AL = T

Proof. We give a proof by using the induction on k. First we consider the case of
k = 2. By the definition of the evolute,

(e5] (t)’fll (t) — éq (t)m (t) 1/11
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Since
de2 _(_d (oa(®)n ( ) —a)m))  a@®hal))
=00 = (- (P ) )1
we have Ev2(y)(t) - p(t) = 0 and Ev2(y)(t) - (—va(t)) = 0. Hence, (Ev2(7), v}, v3)
is a framed immersion. Moreover, we have lo(t) = ny(t), ma(t) = 0, na(t) = £1(t)
and

as(t) = —

d (65} (t)n1 (t) — dl (t)n1 (t) Oél(t)gl (t)
dt( AGEI0) >+ m()

The assertion in the case of £ = 2 holds.
Suppose that the assumption holds for the case of the k-th evolute. By the defi-
nition,

o ()1 (1) — du () n (1) i

£ ()(0) = £t (o)(e) — TSI ) - S k),

Since

d o kg1 o d (an(t)nn(t) = dn(t)n(t) ()t
dtew(v)(t)—( dt( OO )+ 0 )1@),

we have Svkﬂ(’y)(t) -pk(t) = 0 and Svkﬂ(fy)(t) - (—vh(t)) = 0. It follows that
(Evk‘Irl (), uf“, V§+1) is a framed immersion. Moreover, by a direct calculation, the
curvature is given by £r11(t) = ng(t), me+1(t) = 0, ng41(t) = Le(t) and a1 (t).

O

By the similar argument to the proof of Proposition 4.10, we have the following
proposition.

Proposition 4.13. Let (y,ny,n2) : I — R3 x A be a framed immersion with
f(t) = L(t)M?(t) # 0, where {n(t),na(t), u(t)} is the Frenet type frame.

(1) Suppose that k is an odd number.

(a) There exists a rotated frame { (t),m1(t), n2(t)} along Ev*(y)(t) by O(t)
such that (v,m1,m2) and (Ev* (), @, 1) are congruent as framed immer-
and a(t) = ag(t) for allt € I.

(v
sions if and only if L(t) = —M(t)
o

(b) There exists a reflected frame { t) 1y (t), —na(t)} along EvF(y)(t) by O(t)
such that (y,m1,m2) and (Ev8(7), 1, 1) are congruent as framed immer-
sions if and only if L(t) = M(t) and ( )= —ay(t) forallt € 1.

(2) Suppose that k is an even number.

(c) There exists a rotated frame {ma(t), =11 (), w(t)} along EvF(y)(t) by O(t)
such that (y,m1,m2) and (Ev*(y), Mo, —11) are congruent as framed im-
mersions if and only if a(t) = ay(t) for allt € I,

(d) There does not exist a reflected frame {na(t), —m1 (), —pu(t)} along Ev*(v)(t)
by 0(t) such that (y,m1,m2) and (EvF (), ne, —11) are congruent as framed
1MMErsions.
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5. Examples

We give examples to understand the phenomena for evolutes and focal surfaces of
framed immersions.

Example 5.1. Let n be a natural number greater than or equal to 2 and let

(v,v1,2) : R — R® x A be ~(t) = (t”/n,t"+1/(n+1)7t"+2/(n+2)),Vl(t) =

(—t,1,0)/VI+12,1a(t) = (—t3,—t3,1+3)/\/ A +3) (1 + 12+ t*). By a direct
3

calculation, we have f(t) = 2/(1+t?>+t*)2 # 0. The evolute and focal surface
are given by

o)) = (((n =20 = 1) + 02 + n(n + 3)¢%) "/ (2n),
—(n=2)(n+ 1) +nn+2)>+ (n+ 1)(n+4)t") "' /(n+ 1),
(n=1)(n+2) + (n+2)%2 + (n+3)(n + 4)t*) "2/ (2(n + 2)))7

FSO)N) = ("/n = (1+ 2 + 90" =2/ H P+ 247,
t"+1/<n+1>+(1+t2+t4)t”_1+2)\t\/(1+t2)/(1+t2+t4),
t"F2 /(0 +2) — \/(1+2)/(1 + 2 +t4)).

In the case of n = 2, the (2, 3,4)-type (blue curve), the evolute (red curve) and the
focal surface of the (2,3, 4)-type see Figures 4 and 5.

\/ = =

Figure 4. v and Ev(7y) Figure 5. Ev(y) and FS,

Example 5.2. Let (y,v1,10) : [0,27) — R3 x A be v(t) = (cos®t,sin®¢, cos 2t),
v1(t) = (—sint, — cost,0), vo(t) = (—4cost/5,4sint/5,3/5). We call v the astroid.
By a direct alculation, we have f(t) = 36/125 # 0. The evolute and focal surface
are given by Ev(v)(t) = (28 cos® t/3,28sin® /3, —21 cos 2t /4), FS(v)(t, \) =

4\ 2 int

cost| —+ cos? t+—5 sin?t |, fakd (70 — 12X+55cos 2t) 7§A+ cos2t |.

5 3 15 5
The astroid (blue curve), the evolute (red curve) and the focal surface of the astroid
see Figures 6 and 7.
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-4
Figure 6. v and Ev(y) Figure 7. Ev(y) and FS(7)
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