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Abstract A framed surface is a smooth surface in the Euclidean space with a moving frame.
The framed surfaces may have singularities. We treat smooth surfaces with singular points,
that is, singular surfaces more directly. By using the moving frame, the basic invariants
and curvatures of the framed surface are introduced. Then we show that the existence and
uniqueness for the basic invariants of the framed surfaces. We give properties of framed
surfaces and typical examples. Moreover, we construct framed surfaces as one-parameter
families of Legendre curves along framed curves. We give a criteria for singularities of
framed surfaces by using the curvature of Legendre curves and framed curves.
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1 Introduction

The geometry of smooth surfaces in the Euclidean space is a classical object. Recently,
smooth surfaces with singular points are more important for differential geometry, differ-
ential equations and physics (for instance, [1,2,4–7,12,14–16,18–21,23–26,28]). One of
the idea to treat the smooth surfaces with singular points is that we consider the fronts or
frontals as smooth surfaces with singular points (cf. [1,2,20,21,26,28]).

In this paper, we give an other consideration of smooth surfaces with singular points.
The idea is a generalisation of not only the Legendre curves [8] but also framed curves in
the Euclidean space [11]. It is also related the Cartan’s moving frame (cf. [17]).
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A framed surface in the Euclidean space is a smooth surface with a moving frame. The
framed surface is a generalisation of not only regular surfaces but also frontals at least lo-
cally. The framed surfaces may have singularities. We would like to treat the surfaces with
singular points more directly. In fact, we introduce the basic invariants of the framed sur-
face in§2. Then we give the existence and uniqueness theorem of the basic invariants for
the framed surface in§3. We investigate properties of the framed surfaces. We give a cur-
vature and a concomitant mapping of the framed surfaces in§4. These mappings are useful
to recognize a Legendre immersion or a framed immersion. Moreover, we construct framed
surfaces as one-parameter families of Legendre curves along framed curves in§5. As an
application of the construction, we give a criterion that the framed surface is locally diffeo-
morphic to the cuspidal edge, swallowtail and cuspidal cross cap by using the curvatures of
the Legendre curves and the framed curves. We give concrete examples in§6.

All mappings and manifolds considered here are differential of classC∞.

2 Definitions and notations

LetR3 be the 3-dimensional Euclidean space equipped with the inner producta·b= a1b1+
a2b2 + a3b3, wherea = (a1,a2,a3) andb = (b1,b2,b3) ∈ R3. The norm ofa is given by
|a|=

√
a·a and the vector product is given by

a×b=

∣∣∣∣∣∣
e1 e2 e3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣ ,
where{e1,e2,e3} is the canonical basis onR3. LetU be a simply connected domain ofR2

andS2 be the unit sphere inR3, that is,S2 = {a∈ R3||a| = 1}. We denote a 3-dimensional
smooth manifold{(a,b) ∈ S2×S2|a·b= 0} by ∆ .

Definition 1 We say that(x,n,s) : U → R3 ×∆ is a framed surfaceif xu(u,v) · n(u,v) =
0,xv(u,v) · n(u,v) = 0 for all (u,v) ∈ U , wherexu(u,v) = (∂x/∂u)(u,v) and xv(u,v) =
(∂x/∂v)(u,v). We say thatx : U →R3 is aframed base surfaceif there exists(n,s) : U → ∆
such that(x,n,s) is a framed surface.

We also say that(x,n) : U → R3 ×S2 is a Legendre surface(respectively, aLegendre
immersion) if xu(u,v) ·n(u,v) = 0,xv(u,v) ·n(u,v) = 0 for all (u,v)∈U . We say thatx : U →
R3 is a frontal (respectively, afront) if there existsn : U → S2 such that(x,n) is a Legendre
surface (respectively, Legendre immersion). For definition and properties of frontals see [1,
2].

Suppose thatx : U → R3 is a regular surface. Then(x,n) : U → R3×S2 is a Legendre
immersion, wheren= xu×xv/|xu×xv|. There exists a smooth mappings : U → S2 such that
(x,n,s) is a framed surface. Actually we may takes= xu/|xu| or s= xv/|xv|.

By definition, the framed base surface is a frontal. On the other hand, the frontal is
a framed base surface at least locally. In this paper, we consider framed base surfaces as
singular surfaces. If we do not confuse in the sentence, we also say thatx is a framed surface.

We denotet(u,v) = n(u,v)× s(u,v). Then{n(u,v),s(u,v), t(u,v)} is a moving frame
alongx(u,v). Thus, we have the following systems of differential equations:(

xu

xv

)
=

(
a1 b1

a2 b2

)(
s
t

)
, (1)
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su

tu

=

 0 e1 f1
−e1 0 g1

− f1 −g1 0

n
s
t

 ,

nv

sv

tv

=

 0 e2 f2
−e2 0 g2

− f2 −g2 0

n
s
t

 , (2)

whereai ,bi ,ei , fi ,gi : U → R, i = 1,2 are smooth functions and we call the functionsbasic
invariantsof the framed surface. We denote the above matrices byG ,F1,F2, respectively.
We also call the matrices(G ,F1,F2) basic invariantsof the framed surface(x,n,s). Note
that(u,v) is a singular point ofx if and only if detG (u,v) = 0.

Since the integrability conditionsxuv= xvu andF2,u−F1,v =F1F2−F2F1, the basic
invariants should be satisfied the following conditions:

a1,v−b1g2 = a2,u−b2g1,

b1,v−a2g1 = b2,u−a1g2,

a1e2+b1 f2 = a2e1+b2 f1,

(3)


e1,v− f1g2 = e2,u− f2g1,

f1,v−e2g1 = f2,u−e1g2,

g1,v−e1 f2 = g2,u−e2 f1.

(4)

3 Properties of framed surfaces

We consider basic properties of framed surfaces. We give fundamental theorems for framed
surfaces, that is, the existence and uniqueness theorems for the basic invariants of framed
surfaces.

Definition 2 Let (x,n,s),(x̃, ñ, s̃) : U →R3×∆ be framed surfaces. We say that(x,n,s) and
(x̃, ñ, s̃) arecongruent as framed surfacesif there exist a constant rotationA∈ SO(3) and a
translationa∈ R3 such that

x̃(u,v) = A(x(u,v))+a, ñ(u,v) = A(n(u,v)), s̃(u,v) = A(s(u,v)),

for all (u,v) ∈U .

The existence theorem of framed surfaces follows from the existence of solutions of
partial differential equations.

Theorem 1 (The Existence Theorem for framed surfaces)Let U be a simply connected
domain inR2 and let ai ,bi ,ei , fi ,gi : U →R, i = 1,2 be smooth functions with the integrabil-
ity conditions(3) and(4). Then there exists a framed surface(x,n,s) : U → R3×∆ whose
associated basic invariants is(G ,F1,F2).

Proof. Since the integrability condition(4), there exists an orthonormal frame{n,s, t} such
that the condition(2) holds. Moreover, by the integrability condition(3), there exists a
smooth mappingx : U → R3 such that the condition(1) holds. Therefore, there exists a
framed surface(x,n,s) : U → R3×∆ whose associated basic invariants is(G ,F1,F2). 2

Theorem 2 (The Uniqueness Theorem for framed surfaces)Let (x,n,s),(x̃, ñ, s̃) : U →
R3 × ∆ be framed surfaces with basic invariants(G ,F1,F2),(G̃ ,F̃1,F̃2), respectively.
Then(x,n,s) and(x̃, ñ, s̃) are congruent as framed surfaces if and only if the basic invariants
(G ,F1,F2) and(G̃ ,F̃1,F̃2) coincide.
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In order to prove the uniqueness theorem, we prepare the following two lemmas.

Lemma 1 If (x,n,s) and (x̃, ñ, s̃) are congruent as framed surfaces, then(G ,F1,F2) =

(G̃ ,F̃1,F̃2).

Proof. By Definition 2 and a direct calculation, we obtain the lemma. 2

Lemma 2 If (G ,F1,F2) = (G̃ ,F̃1,F̃2) and (x,n,s)(u0,v0) = (x̃, ñ, s̃)(u0,v0) for some
point (u0,v0) ∈U, then(x,n,s) = (x̃, ñ, s̃).

Proof. Firstly, we show(n,s, t) = (ñ, s̃, t̃), wheren×s= t andñ× s̃= t̃. We define a function
f : U →R by f (u,v) = n(u,v) · ñ(u,v)+s(u,v) · s̃(u,v)+ t(u,v) · t̃(u,v). By the definition of
the basic invariants, we have

fu = (e1− ẽ1)(s· ñ)+( f1− f̃1)(t · ñ)+(ẽ1−e1)(n· s̃)
+( f̃1− f1)(n· t̃)+(g1− g̃1)(t · s̃)+(g̃1−g1)(s· t̃).

By the assumptionF1 = F̃1, we havefu(u,v) = 0 for all (u,v)∈U . Similarly, we also have
fv(u,v) = 0 for all (u,v)∈U . Moreover, by the assumption(n,s)(u0,v0) = (ñ, s̃)(u0,v0), we
have f (u0,v0) = 3. It conclude thatf (u,v) = 3 for all (u,v) ∈ U . Hence, we haven · ñ =
s· s̃= t · t̃ = 1. It follows thatn= ñ,s= s̃ andt = t̃.

Next, we showx = x̃. By the assumptionG1 = G̃1, we havexu = a1s+ b1t = ã1̃s+
b̃1̃t = x̃u and xv = a2s+ b2t = ã2̃s+ b̃2̃t = x̃v. Then, we have(x− x̃)u = (x− x̃)v = 0.
Sincex(u0,v0) = x̃(u0,v0), we havex(u,v) = x̃(u,v) for all (u,v) ∈ U . Therefore, we have
(x,n,s) = (x̃, ñ, s̃). 2

Proof of Theorem 2.The necessary part of the theorem is Lemma 1.
We prove the sufficient part of the theorem. Fixing a point(u0,v0) ∈ U , there exist

A ∈ SO(3) anda ∈ R3 such that(x,n,s)(u0,v0) = (Ãx+ a,Añ, Ãs)(u0,v0). By Lemmas 1
and 2, we have(x,n,s) = (Ãx+ a,Añ, Ãs), that is,(x,n,s) and (x̃, ñ, s̃) are congruent as
framed surfaces. 2

Let (x,n,s) : U → R3 ×∆ be a framed surface with basic invariants(G ,F1,F2). We
consider rotations and reflections of the vectorss, t. We denote(

sθ (u,v)
tθ (u,v)

)
=

(
cosθ(u,v) −sinθ(u,v)
sinθ(u,v) cosθ(u,v)

)(
s(u,v)
t(u,v)

)
,

whereθ : U → R is a smooth function. Thenn× sθ = tθ and{n,sθ , tθ} is also a moving
frame alongx. It follows that(x,n,sθ ) is a framed surface. We call the frame{n,sθ , tθ} a
rotation frameby θ of the framed surface(x,n,s). We denote by(G θ ,F θ

1 ,F
θ
2 ) the basic

invariants of(x,n,sθ ). Moreover, we consider a moving frame{nr ,sr , tr}= {−n, t,s} along
x and call it areflection frameof the framed surface(x,n,s). We denote by(G r ,F r

1,F
r
2) the

basic invariants of(x,nr ,sr).
By a direct calculation, we have the following.

Proposition 1 Under the above notations, we have the relations between the basic invari-
ants(G ,F1,F2) and(G θ ,F θ

1 ,F
θ
2 ), (G

r ,F r
1,F

r
2), respectively.

(1) For any smooth functionθ : U → R,

G θ = G

(
cosθ sinθ
−sinθ cosθ

)
=

(
a1 cosθ −b1 sinθ a1 sinθ +b1 cosθ
a2 cosθ −b2 sinθ a2 sinθ +b2 cosθ

)
,
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F θ
1 =

 0 e1 cosθ − f1 sinθ e1 sinθ + f1 cosθ
−e1 cosθ + f1 sinθ 0 g1−θu

−e1 sinθ − f1 cosθ −g1+θu 0

 ,

F θ
2 =

 0 e2 cosθ − f2 sinθ e2 sinθ + f2 cosθ
−e2 cosθ + f2 sinθ 0 g2−θv

−e2 sinθ − f2 cosθ −g2+θv 0

 .

(2)

G r = G

(
0 1
1 0

)
=

(
b1 a1

b2 a2

)
,F r

1 =

 0 − f1 −e1

f1 0 −g1

e1 g1 0

 ,F r
2 =

 0 − f2 −e2

f2 0 −g2

e2 g2 0

 .

Especially, we have (
eθ

i
f θ
i

)
=

(
cosθ −sinθ
sinθ cosθ

)(
ei

fi

)
, i = 1,2.

We consider the integrability conditions(3) and(4) of (x,n,sθ ) and(x,nr ,sr), respec-
tively. Since

xu = a1s+b1t = aθ
1sθ +bθ

1 tθ = ar
1sr +br

1t
r ,xv = a2s+b2t = aθ

2sθ +bθ
2 tθ = ar

2sr +br
2t

r ,

we also have 
aθ

1,v−bθ
1gθ

2 = aθ
2,u−bθ

2gθ
1 ,

bθ
1,v−aθ

2gθ
1 = bθ

2,u−aθ
1gθ

2 ,

aθ
1eθ

2 +bθ
1 f θ

2 = aθ
2eθ

1 +bθ
2 f θ

1 ,

for anyθ : U → R, and 
ar

1,v−br
1gr

2 = ar
2,u−br

2gr
1,

br
1,v−ar

2gr
1 = br

2,u−ar
1gr

2,

ar
1er

2+br
1 f r

2 = ar
2er

1+br
2 f r

1.

Proposition 2 Let(x,n,s) :U →R3×∆ be a framed surface with basic invariants(G ,F1,F2).
Then the following are equivalent for any smooth functionθ : U → R.

(1) F2,u−F1,v = F1F2−F2F1.
(2) F θ

2,u−F θ
1,v = F θ

1 F θ
2 −F θ

2 F θ
1 .

(3) F r
2,u−F r

1,v = F r
1F r

2 −F r
2F r

1.

Proof. We prove that(1) is equivalent to(2). We define matricesR(θ) andΘ by

R(θ) =

1 0 0
0 cosθ −sinθ
0 sinθ cosθ

 , Θ =

0 0 0
0 0 −θ
0 θ 0

 .

Then we haveF θ
1 =Θu+R(θ)F1R(−θ) andF θ

2 =Θv+R(θ)F2R(−θ) by Proposition 1
(1). By a direct calculation, we have

F θ
2,u−F θ

1,v = Θvu+R(θ)uF2R(−θ)+R(θ)F2,uR(−θ)+R(θ)F2R(−θ)u

−Θuv−R(θ)vF1R(−θ)−R(θ)F1,vR(−θ)−R(θ)F1R(−θ)v.
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On the other hand,

F θ
1 F θ

2 −F θ
2 F θ

1 = ΘuR(θ)F2R(−θ)+R(θ)F1R(−θ)Θv−ΘvR(θ)F1R(−θ)
−R(θ)F2R(−θ)Θu+R(θ)(F1F2−F2F1)R(−θ).

By using the relationsΘuR(θ)=R(θ)u, R(−θ)Θu =R(−θ)u,ΘvR(θ)=R(θ)v andR(−θ)Θv =
R(−θ)v, we haveR(θ)(F2,u −F1,v)R(−θ) = R(θ)(F1F2 −F2F1)R(−θ). SinceR(θ)
andR(−θ) are invertible matrices, we conclude that(1) is equivalent to(2).

Next, we prove that(1) is equivalent to(3). We define a matrixRby

R=

−1 0 0
0 0 1
0 1 0

 .

Then we haveF r
1 = RF1RandF r

2 = RF2Rby Proposition 1(2). Thus, we have

F r
2,u−F r

1,v = RF2,uR−RF1,vR= R(F2,u−F1,v)R.

On the other hand,

F r
1F r

2 −F r
2F r

1 = RF1RRF2R−RF2RRF1R= R(F1F2−F2F1)R.

Note thatR2 is equal to the unit matrix. SinceR is an invertible matrix, we conclude that(1)
is equivalent to(3). 2

Next we consider a parameter change of the domainU and a diffeomorphism of the
target spaceR3.

Proposition 3 Let(x,n,s) :U →R3×∆ be a framed surface with basic invariants(G ,F1,F2).
Let φ : V → U,(p,q) 7→ φ(p,q) = (u(p,q),v(p,q)) be a parameter change, that is, a dif-
feomorphism of the domain. Then(x̃, ñ, s̃) = (x,n,s)◦φ : V → R3×∆ is a framed surface.
Moreover, the basic invariants(G̃ ,F̃1,F̃2) of (x̃, ñ, s̃) is given by(

ã1 b̃1

ã2 b̃2

)
(p,q) =

(
up vp

uq vq

)
(p,q)

(
a1 b1

a2 b2

)
(φ(p,q))(

ẽ1 f̃1 g̃1

ẽ2 f̃2 g̃2

)
(p,q) =

(
up vp

uq vq

)
(p,q)

(
e1 f1 g1

e2 f2 g2

)
(φ(p,q)).

Proof. By the chain rule, we have

x̃p(p,q) = xu(φ(p,q))up(p,q)+xv(φ(p,q))vp(p,q)

= {a1(φ(p,q))s(φ(p,q))+b1(φ(p,q))t(φ(p,q))}up(p,q)

+{a2(φ(p,q))s(φ(p,q))+b2(φ(p,q))t(φ(p,q)))}vp(p,q)

= {a1(φ(p,q))up(p,q)+a2(φ(p,q))vp(p,q)}̃s(p,q)

+{b1(φ(p,q))up(p,q)+b2(φ(p,q))vp(p,q)}̃t(p,q),

x̃q(p,q) = xu(φ(p,q))uq(p,q)+xv(φ(p,q))vq(p,q)

= {a1(φ(p,q))s(φ(p,q))+b1(φ(p,q))t(φ(p,q))}uq(p,q)

+{a2(φ(p,q))s(φ(p,q))+b2(φ(p,q))t(φ(p,q)))}vq(p,q)

= {a1(φ(p,q))uq(p,q)+a2(φ(p,q))vq(p,q)}̃s(p,q)

+{b1(φ(p,q))uq(p,q)+b2(φ(p,q))vq(p,q)}̃t(p,q).
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It follows that we have the first equation. The second equation in the proposition is proved
similarly as the above by using the chain rule. 2

Proposition 4 Let (x,n,s) : U →R3×∆ be a framed surface. LetΦ : R3 →R3 be a diffeo-
morphism. Then there exists a smooth mapping(nΦ ,sΦ ) : U → ∆ such that(Φ ◦x,nΦ ,sΦ ) :
U → R3×∆ is a framed surface.

Proof. We denote the Jacobian matrix ofΦ at x by DΦ (x). SinceΦ is a diffeomorphism,
DΦ (x) ∈ GL(3,R). We define a mapping(nΦ ,sΦ ) : U → ∆ by

(nΦ ,sΦ )(u,v) =

(
n(u,v) T(DΦ )−1(x(u,v))
|n(u,v) T(DΦ )−1(x(u,v))|

,
s(u,v)DΦ (x(u,v))
|s(u,v)DΦ (x(u,v))|

)
,

whereTA is the transpose of the matrixA. Then we show that(Φ ◦x,nΦ ,sΦ ) : U → R3×∆
is a framed surface. In fact, since(d/du)(Φ ◦x)(u,v) = xu(u,v)DΦ ◦x(u,v) and(d/dv)(Φ ◦
x)(u,v) = xv(u,v)DΦ ◦x(u,v), we have(

d
du

(Φ ◦x)

)
·nΦ =

1
|nT(DΦ )−1 ◦x|

xu(DΦ ◦x)((DΦ )−1 ◦x)Tn=
1

|nT(DΦ )−1 ◦x|
xu

Tn= 0,(
d
dv

(Φ ◦x)

)
·nΦ =

1
|nT(DΦ )−1 ◦x|

xv(DΦ ◦x)((DΦ )−1 ◦x)Tn=
1

|nT(DΦ )−1 ◦x|
xv

Tn= 0.

Note that all vectors in this proof are row vectors. Moreover, we have

nΦ ·sΦ =
1

|n T(DΦ )−1 ◦x||sDΦ ◦x|
n(T(DΦ )−1 ◦x)(TDΦ ◦x)Ts

=
1

|n T(DΦ )−1 ◦x||sDΦ ◦x|
nTs= 0.

Therefore,(Φ ◦x,nΦ ,sΦ ) : U → R3×∆ is a framed surface. 2

4 Curvatures of framed surfaces

Let (x,n,s) : U → R3×∆ be a framed surface with basic invariants(G ,F1,F2).

Definition 3 We define a smooth mappingCF = (JF ,KF ,HF) : U → R3 by

JF = det

(
a1 b1

a2 b2

)
,KF = det

(
e1 f1
e2 f2

)
,HF =−1

2

{
det

(
a1 f1
a2 f2

)
−det

(
b1 e1

b2 e2

)}
.

We callCF = (JF ,KF ,HF) acurvature of the framed surface.

Remark 1By the integrability condition(4), we haveKF = g1,v−g2,u.

For concrete examples of curvatures of framed surfaces, see§6.
Suppose thatx : U → R3 is a regular surface. Then there exists(n,s) : U → ∆ such that

(x,n,s) is a framed surface, see§2. LetE = xu ·xu,F = xu ·xv,G= xv ·xv be the coefficients
of the first fundamental form andL =−xu ·nu,M =−xu ·nv,N =−xv ·nv be the coefficients
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of the second fundamental form. The relationship between the first, second fundamental
invariants and the basic invariant is as follows:

E = a2
1+b2

1, F = a1b1+a2b2, G= a2
2+b2

2,

L =−a1e1−b1 f1, M =−a1e2−b1 f2, N =−a2e2−b2 f2.

By the integrability condition(3), we haveM =−a2e1−b2 f1. We denote the Gauss curva-
ture and the mean curvature of the regular surfacex by K andH. Then

K =
LN−M2

EG−F2 , H =
EN−2FM+GL

2(EG−F)2 .

By a direct calculation, we give a relationship between the Gauss curvature, the mean cur-
vature and the curvature of the framed surface(x,n,s) as follows.

Proposition 5 Under the above notation, we have K= KF/JF and H= HF/JF .

Let (x,n,s) : U → R3×∆ be a framed surface with basic invariants(G ,F1,F2). Note
that the conditionH2

F(u,v)−JF(u,v)KF(u,v)≥ 0 holds for all(u,v) ∈U .
We give a relation between the curvature of the framed surface and the framed surfaces

which given by a rotation frame and a reflection frame. We denote the curvaturesCθ
F =

(Jθ
F ,K

θ
F ,H

θ
F ) of the framed surface(x,n,sθ ) andCr

F = (Jr
F ,K

r
F ,H

r
F) of the framed surface

(x,nr ,sr), respectively.

Proposition 6 Under the above notation, we have the following.
(1) (Jθ

F ,K
θ
F ,H

θ
F ) = (JF ,KF ,HF) for any smooth functionθ : U → R.

(2) (Jr
F ,K

r
F ,H

r
F) = (−JF ,−KF ,HF).

Proof. (1) By Proposition 1(1), we have

Jθ
F = det

(
aθ

1 bθ
1

aθ
2 bθ

2

)
= det

{(
a1 b1

a2 b2

)(
cosθ sinθ
−sinθ cosθ

)}
= JF ,

Kθ
F = det

(
eθ

1 f θ
1

eθ
2 f θ

2

)
= det

{(
e1 f1
e2 f2

)(
cosθ sinθ
−sinθ cosθ

)}
= KF .

We showHθ
F = HF . By Proposition 1(1), we also have(

aθ
1 f θ

1
aθ

2 f θ
2

)
=

(
a1 cosθ −b1 sinθ e1 sinθ + f1 cosθ
a2 cosθ −b2 sinθ e2 sinθ + f2 cosθ

)
,(

bθ
1 eθ

1
bθ

2 eθ
2

)
=

(
a1 sinθ +b1 cosθ e1 cosθ − f1 sinθ
a2 sinθ +b2 cosθ e2 cosθ − f2 sinθ

)
.

It follows that

det

(
aθ

1 f θ
1

aθ
2 f θ

2

)
= a1e2 cosθ sinθ −b1 f2 sinθ cosθ +a1 f2 cos2 θ −b1e2 sin2 θ

−e1a2 cosθ sinθ + f1b2 cosθ sinθ +e1b2 sin2 θ − f1a2 cos2 θ ,

det

(
bθ

1 eθ
1

bθ
2 eθ

2

)
= a1e2 cosθ sinθ −b1 f2 cosθ sinθ −a1 f2 sin2 θ +b1e2 cos2 θ

−e1a2 cosθ sinθ + f1b2 sinθ cosθ −e1b2 cos2 θ + f1a2 sin2 θ .
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Thus, we have

Hθ
F = −1

2

{
det

(
aθ

1 f θ
1

aθ
2 f θ

2

)
−det

(
bθ

1 eθ
1

bθ
2 eθ

2

)}
= −1

2
(a1 f2 cos2 θ −b1e2 sin2 θ +e1b2 sin2 θ − f1a2 cos2 θ

+a1 f2 sin2 θ −b1e2 cos2 θ +e1b2 cos2 θ − f1a2 sin2 θ)

= −1
2
(a1 f2− f1a2−b1e2+e1b2) = HF .

(2) By Proposition 1(2), we have

Jr
F = det

(
ar

1 br
1

ar
2 br

2

)
= det

{(
a1 b1

a2 b2

)(
0 1
1 0

)}
=−JF ,

Kr
F = det

(
er

1 f r
1

er
2 f r

2

)
= det

{(
e1 f1
e2 f2

)(
0 1
1 0

)}
=−KF .

Moreover,

Hr
F = −1

2

{
det

(
ar

1 f r
1

ar
2 f r

2

)
−det

(
br

1 er
1

br
2 er

2

)}
= −1

2

{
det

(
b1 −e1

b2 −e2

)
−det

(
a1 − f1
a2 − f2

)}
= HF .

2

Let φ : V → U,(p,q) 7→ φ(p,q) = (u(p,q),v(p,q)) be a parameter change. By Propo-
sition 3, (x̃, ñ, s̃) = (x,n,s) ◦ φ : V → R3 × ∆ is a framed surface with basic invariants
(G̃ ,F̃1,F̃2). We denote the curvature of the framed surface(x̃, ñ, s̃) by (J̃F , K̃F , H̃F).

Proposition 7 Under the above notation, the curvature(J̃F , K̃F , H̃F) : V → R3 is given by

(J̃F(p,q), K̃F(p,q), H̃F(p,q))

= (Jφ (p,q)JF(φ(p,q)),Jφ (p,q)KF(φ(p,q)),Jφ (p,q)HF(φ(p,q))),

where Jφ is the Jacobian of the parameter changeφ .

Proof. We haveJ̃F(p,q) = Jφ (p,q)JF(φ(p,q)) and K̃F(p,q) = Jφ (p,q)KF(φ(p,q)) by
Proposition 3. Since(

ã1 f̃1
ã2 f̃2

)
(p,q) =

(
up vp

uq vq

)
(p,q)

(
a1 f1
a2 f2

)
(φ(p,q)),(

b̃1 ẽ1

b̃2 ẽ2

)
(p,q) =

(
up vp

uq vq

)
(p,q)

(
b1 e1

b2 e2

)
(φ(p,q)),

we haveH̃F(p,q) = Jφ (p,q)HF(φ(p,q)). 2

The curvature is useful to recognize that the framed base surface is a front or not.

Proposition 8 Let (x,n,s) : U →R3×∆ be a framed surface and p∈U. Then(x,n) : U →
R3×S2 is a Legendre immersion around p if and only if CF(p) ̸= 0.



10 Tomonori Fukunaga, Masatomo Takahashi

Proof. We show the necessarily part of the proposition, that is, ifCF(p) = 0, then(x,n) :
U →R3×S2 is not a Legendre immersion atp. SinceJF(p) = 0, there existk1,k2 ∈R such
thatk2

1+k2
2 ̸= 0 andk1(a1,a2)+k2(b1,b2) = 0 at p. Moreover, sinceKF(p) = 0, there exist

h1,h2 ∈ R such thath2
1 + h2

2 ̸= 0 andh1(e1,e2) + h2( f1, f2) = 0 at p. We divide into the
following four cases:k1h1 ̸= 0, k2h1 ̸= 0, k1h2 ̸= 0 andk2h2 ̸= 0.

Suppose thatk1h1 ̸= 0. In this case, we have(a1,a2) =−(k2/k1)(b1,b2) and(e1,e2) =
−(h2/h1)( f1, f2) at p. Thus,(

xu nu

xv nv

)
(p) =

(
b1w1 f1w2

b2w1 f2w2

)
(p),

wherew1 =−(k2/k1)s+ t andw2 = −(h2/h1)s+ t. Sincew1 andw2 are non-zero vectors,

rank

(
xu nu

xv nv

)
(p)< 2 if and only if det

(
b1 f1
b2 f2

)
(p) = 0.

Now suppose that det

(
b1 f1
b2 f2

)
(p) ̸= 0. By the assumptionHF(p) = 0, we have

0 = det

(
a1 f1
a2 f2

)
(p)−det

(
b1 e1

b2 e2

)
(p) =

(
−k2

k1
+

h2

h1

)
det

(
b1 f1
b2 f2

)
(p).

It follows that

−k2

k1
+

h2

h1
= 0. (5)

On the other hand, by the integrability condition (4),

0= det

(
a1 e1

a2 e2

)
(p)+det

(
b1 f1
b2 f2

)
(p) =

(
h2k2

h1k1
+1

)
det

(
b1 f1
b2 f2

)
(p).

Hence, we have

h2k2

h1k1
+1= 0. (6)

By the equations (5) and (6), we haveh2
2/h2

1+1= 0, and this is a contradiction. Therefore,

we conclude det

(
b1 f1
b2 f2

)
(p) = 0. It follows that(x,n) is not an immersion atp. The other

cases are also proved similarly.

Conversely, if rank

(
xu nu

xv nv

)
(p) < 2, then there existk1,k2 ∈ R such thatk2

1 + k2
2 ̸= 0

andk1(a1,b1,e1, f1)+ k2(a2,b2,e2, f2) = 0 at p. By substituting this relations intoCF , we
haveCF(p) = 0. 2

Remark 2By Propositions 5 and 8, if(x,n) is a Legendre immersion aroundp∈U andp is
a singular point ofx, then the Gauss curvatureK or the mean curvatureH must be divergence
at the pointp.
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By Proposition 8, ifCF(p) = 0, thenx is not a front but a frontal at the point, that is,
(x,n) is not an immersion. How about the condition that the framed surface is an immersion
or not? Let(x,n,s) : U →R3×∆ be a framed surface with basic invariants(G ,F1,F2). We
define a smooth mappingIF : U → R8 by

IF =

(
CF ,det

(
a1 g1

a2 g2

)
,det

(
b1 g1

b2 g2

)
,det

(
e1 g1

e2 g2

)
,det

(
f1 g1

f2 g2

)
,det

(
a1 e1

a2 e2

))
.

We call the mappingIF : U →R8 aconcomitant mappingof the framed surface(x,n,s). We
say that(x,n,s) : U → R3×∆ is aframed immersionif (x,n,s) is an immersion.

Proposition 9 Let (x,n,s) : U → R3×∆ be a framed surface and p∈U. Then(x,n,s) is a
framed immersion around p if and only if IF(p) ̸= 0.

Proof. We show the necessarily part of the proposition, that is, ifIF(p) = 0, then(x,n,s) is
not a framed immersion atp. It is enough to show that

rank

(
xu nu su

xv nv sv

)
(p)< 2.

The above condition is equivalent to the following conditions,

rank

(
xu nu

xv nv

)
(p), rank

(
xu su

xv sv

)
(p), rank

(
nu su

nv sv

)
(p)< 2.

By the assumptionCF(p) = 0 and Proposition 8, rank

(
xu nu

xv nv

)
(p)< 2.

We show rank

(
xu su

xv sv

)
(p)< 2. By the definition of the basic invariants, we have

(
xu su

xv sv

)
=

(
a1s+b1t −e1n+g1t
a2s+b2t −e2n+g2t

)
.

SinceJF(p) = 0 and det

(
e1 g1

e2 g2

)
(p) = 0, there existk1,k2 ∈ R such thatk2

1 + k2
2 ̸= 0 and

k1(a1,a2)+ k2(b1,b2) = 0 at p. Moreover, there existh1,h2 ∈ R such thath2
1+h2

2 ̸= 0 and
h1(e1,e2)+h2(g1,g2) = 0 at p. We divide into the following four cases:k1h1 ̸= 0, k2h1 ̸= 0,
k1h2 ̸= 0 andk2h2 ̸= 0.

Suppose thatk1h1 ̸= 0. In this case, we have(a1,a2) =−(k2/k1)(b1,b2) and(e1,e2) =
−(h2/h1)(g1,g2) at p. Thus,(

xu su

xv sv

)
(p) =

(
b1w1 g1w2

b2w1 g2w2

)
(p),

wherew1 = −(k2/k1)s+ t andw2 = (h2/h1)n+ t. Sincew1 andw2 are non-zero vectors,

rank

(
xu su

xv sv

)
(p) < 2 if and only if det

(
b1 g1

b2 g2

)
(p) = 0. By the assumptionIF(p) = 0, we

have det

(
b1 g1

b2 g2

)
(p) = 0. Therefore, rank

(
xu su

xv sv

)
(p)< 2. The other cases are also proved

similarly.
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Next, we show rank

(
nu su

nv sv

)
(p)< 2. By the definition of the basic invariants, we have

(
nu su

nv sv

)
(p) =

(
e1s+ f1t −e1n+g1t
e2s+ f2t −e2n+g2t

)
(p).

Since we assumeKF(p) = 0 and det

(
e1 g1

e2 g2

)
(p) = 0, there existk1,k2,h1,h2 ∈R such that

k2
1+k2

2 ̸= 0,h2
1+h2

2 ̸= 0, k1(e1,e2)+k2( f1, f2) = 0 andh1(e1,e2)+h2(g1,g2) = 0 at p. We
divide into the following four cases:k1h1 ̸= 0, k2h1 ̸= 0, k1h2 ̸= 0 andk2h2 ̸= 0.

Suppose thatk1h1 ̸= 0. In this case, we have(e1,e2) = −(k2/k1)( f1, f2) and(e1,e2) =
−(h2/h1)(g1,g2) at p. Thus,

(
nu su

nv sv

)
(p) =

(
f1w1 g1w2

f2w1 g2w2

)
(p),

wherew1 = −(k2/k1)s+ t andw2 = (h2/h1)n+ t. Sincew1 andw2 are non-zero vectors,

rank

(
nu su

nv sv

)
(p) < 2 if and only if det

(
f1 g1

f2 g2

)
(p) = 0. By the assumptionIF(p) = 0, we

have det

(
f1 g1

f2 g2

)
(p) = 0. Therefore, rank

(
nu su

nv sv

)
(p)< 2. The other cases are also proved

similarly. Therefore,(x,n,s) is not an immersion atp.

Conversely, if rank

(
xu nu su

xv nv sv

)
(p)< 2, then there existk1,k2 ∈ R such thatk2

1+k2
2 ̸= 0

andk1(a1,b1,e1, f1,g1)+k2(a2,b2,e2, f2,g2) = 0 atp. By substituting this relations intoIF ,
we haveIF(p) = 0. 2

As a summary, we have the following result.

Corollary 1 Let (x,n,s) : U → R3×∆ be a framed surface and p∈U.
(1) x is an immersion (a regular surface) around p if and only if JF(p) ̸= 0.
(2) (x,n) is a Legendre immersion around p if and only if CF(p) ̸= 0.
(3) (x,n,s) is a framed immersion around p if and only if IF(p) ̸= 0.

Let (x,n,s) : U → R3×∆ be a framed surface withIF . We denoteIF = (IF,1, · · · , IF,8)
andCF = (JF ,KF ,HF) = (IF,1, IF,2, IF,3). Let φ : V →U,(p,q) 7→ φ(p,q) = (u(p,q),v(p,q))
be a parameter change of the domain. We denote the concomitant mapping of the framed
surface(x̃, ñ, s̃) = (x,n,s)◦φ : V → R3×∆ by ĨF . By Proposition 3, we have the following
proposition.

Proposition 10 Under the above notation, the concomitant mappingĨF : V → R8 is given
by

(ĨF,1(p,q), · · · , ĨF,8(p,q)) = (Jφ (p,q)IF,1(φ(p,q)), · · · ,Jφ (p,q)IF,8(φ(p,q))).

Remark 3We denote the concomitant mapping of the framed surface which given by a
rotation frame (respectively, a reflection frame) byIθ

F (respectivelyI r
F ). By Proposition 1
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(1) and(2), we have the following.

Iθ
F,4 = det

(
aθ

1 gθ
1

aθ
2 gθ

2

)
= IF,4 cosθ − IF,5 sinθ −det

(
a1 θu

a2 θv

)
cosθ +det

(
b1 θu

b2 θv

)
sinθ ,

Iθ
F,5 = det

(
bθ

1 gθ
1

bθ
2 gθ

2

)
= IF,4 sinθ + IF,5 cosθ −det

(
a1 θu

a2 θv

)
sinθ −det

(
b1 θu

b2 θv

)
cosθ ,

Iθ
F,6 = det

(
eθ

1 gθ
1

eθ
2 gθ

2

)
= IF,6 cosθ − IF,7 sinθ −det

(
e1 θu

e2 θv

)
cosθ +det

(
f1 θu

f2 θv

)
sinθ ,

Iθ
F,7 = det

(
f θ
1 gθ

1
f θ
2 gθ

2

)
= IF,6 sinθ + IF,7 cosθ −det

(
e1 θu

e2 θv

)
sinθ −det

(
f1 θu

f2 θv

)
cosθ ,

Iθ
F,8 = det

(
aθ

1 eθ
1

aθ
2 eθ

2

)
= (cos2 θ −sin2 θ)IF,8−cosθ sinθ

{
det

(
a1 f1
a2 f2

)
+det

(
b1 e1

b2 e2

)}
,

and

I r
F,4 = det

(
ar

1 gr
1

ar
2 gr

2

)
= det

(
b1 −g1

b2 −g2

)
=−det

(
b1 g1

b2 g2

)
,

I r
F,5 = det

(
br

1 gr
1

br
2 gr

2

)
= det

(
a1 −g1

a2 −g2

)
=−det

(
a1 g1

a2 g2

)
,

I r
F,6 = det

(
er

1 gr
1

er
2 gr

2

)
= det

(
f1 g1

f2 g2

)
,

I r
F,7 = det

(
f r
1 gr

1
f r
2 gr

2

)
= det

(
e1 g1

e2 g2

)
,

I r
F,8 = det

(
ar

1 er
1

ar
2 er

2

)
= det

(
b1 − f1
b2 − f2

)
=−det

(
b1 f1
b2 f2

)
= det

(
a1 e1

a2 e2

)
,

that is,I r
F = (−JF ,−KF ,HF ,−IF,5,−IF,4, IF,7, IF,6, IF,8).

Proposition 11 Let(x,n,s) :U →R3×∆ be a framed surface with basic invariants(G ,F1,F2).
(1) Suppose that(g1,g2) ̸= (0,0) at p∈U. If

det

(
a1 g1

a2 g2

)
= det

(
b1 g1

b2 g2

)
= det

(
e1 g1

e2 g2

)
= det

(
f1 g1

f2 g2

)
= 0

at p, then IF(p) = 0.
(2) Suppose that(g1,g2) = (0,0) at p∈U. If CF(p) = 0, then IF(p) = 0.

Proof. (1) By the assumptions, there existki ∈ R, i = 1, . . . ,4 such that

(a1,a2) = k1(g1,g2),(b1,b2) = k2(g1,g2),(e1,e2) = k3(g1,g2),( f1, f2) = k4(g1,g2)

at p∈U . It follows thatIF(p) = 0.
(2) SinceCF(p) = 0 and Proposition 8,(x,n) is not an immersion atp∈U . It follows

that det

(
a1 e1

a2 e2

)
= 0. Hence we haveIF(p) = 0. 2

Next, we consider parallel surfaces of framed surfaces. For a framed surface(x,n,s) :
U → R3×∆ , we define a parallel surfacexλ : U → R3 of the framed surface byxλ (u,v) =
x(u,v)+λn(u,v), whereλ ∈ R.
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Proposition 12 Under the above notations, xλ is a framed base surface. Indeed,(xλ ,n,s) :
U → R3×∆ is a framed surface.

Proof. By definition,

xλ
u = xu+λnu = (a1+λe1)s+(b1+λ f1)t,

xλ
v = xv+λnv = (a2+λe2)s+(b2+λ f2)t.

Thus,xλ
u · n = xλ

v · n = 0. Since(x,n,s) is a framed surface, we haven · s= 0. Therefore,
(xλ ,n,s) is a framed surface. 2

By a direct calculation, we have the following proposition.

Proposition 13 Let(x,n,s) :U →R3×∆ be a framed surface with basic invariants(G ,F1,F2)
and the concomitant mapping IF . Then, the basic invariant(G λ ,F λ

1 ,F λ
2 ) and the concomi-

tant mapping IλF of the parallel surface(xλ ,n,s) are given by

G λ = G +λ
(

e1 f1
e2 f2

)
, F λ

1 = F1, F λ
2 = F2,

Jλ
F = JF −2HF λ +KF λ 2, Kλ

F = KF , Hλ
F = HF −KF λ ,

Iλ
F,4 = IF,4+λ IF,6, Iλ

F,5 = IF,5+λ IF,7, Iλ
F,6 = IF,6, Iλ

F,7 = IF,7, Iλ
F,8 = IF,8.

5 Framed surfaces as one-parameter families of Legendre curves along framed curves

We consider a framed curve in the Euclidean space ([11]) and a one-parameter family of
Legendre curves ([8,27]). We construct framed surfaces as one-parameter families of Leg-
endre curves along the framed curves. The idea is a cut off the surface by a plane of a special
direction along a space curve.

Let I ,J ⊂ R be intervals with parametersu,v, respectively. Fora,b∈ R3, we denote the
orthonormal plane ofa throughb by ⟨a⟩⊥b, that is,

⟨a⟩⊥b = {x∈ R3|a· (x−b) = 0}.

If b is the origin, then we denote⟨a⟩⊥0 by ⟨a⟩⊥ briefly.
Let (γ ,ν1,ν2) : I → R3×∆ be a framed curve with the curvature(ℓ,m,n,α), see Ap-

pendix A (cf. [11]). We denoteµ(u) = ν1(u)×ν2(u). For eachu∈ I , we consider a Legen-
dre curve(x(u, ·),νL(u, ·)) : J → ⟨µ(u)⟩⊥γ(u)× (S2∩⟨µ(u)⟩⊥), that is,xv(u,v) ·νL(u,v) = 0

for all (u,v) ∈ I × J. We identify the Euclidean planeR2 and the plane⟨µ(u)⟩⊥γ(u) via

(a1,a2) 7→ γ(u) + a1ν1(u) + a2ν2(u), andS1 and S2 ∩ ⟨µ(u)⟩⊥ via (b1,b2) 7→ b1ν1(u) +
b2ν2(u). We consider induced inner product on⟨µ(u)⟩⊥ by (a1ν1(u)+a2ν2(u)) ·(b1ν1(u)+
b2ν2(u)) = a1b1 + a2b2. Under the identification,(x(u, ·),νL(u, ·)) is a Legendre curve in
the sense of Appendix B (cf. [8]). The curvature of the Legendre curve(x(u, ·),νL(u, ·)) is
denoted by(ℓL(u, ·),β L(u, ·)). By definition, there exist functionsx1,x2 : I × J → R such
that x : I × J → R3 is given byx(u,v) = γ(u)+ x1(u,v)ν1(u)+ x2(u,v)ν2(u). We assume
that x1 andx2 are smooth functions, namely,x is a smooth surface. We denoteνL(u,v) =
νL

1 (u,v)ν1(u)+ νL
2 (u,v)ν2(u) andµL(u,v) = −νL

2 (u,v)ν1(u)+ νL
1 (u,v)ν2(u). We also as-

sume thatνL
1 andνL

2 are smooth functions. It follows that the curvature of the Legendre
curve(ℓL,β L) : I ×J → R2 is a smooth mapping.
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Theorem 3 Under the above notations, suppose that there exists a smooth functionθ : I ×
J→R such that xu(u,v)·n(u,v)=0 for all (u,v)∈ I×J, where n(u,v)= cosθ(u,v)νL(u,v)+
sinθ(u,v)µ(u). We define s: I×J→S2 by s(u,v)=−µL(u,v). Then(x,n,s) : I×J→R3×∆
is a framed surface with basic invariants,

a1(u,v) = (x1u(u,v)−x2(u,v)ℓ(u))νL
2 (u,v)− (x2u(u,v)+x1(u,v)ℓ(u))νL

1 (u,v),

b1(u,v) = sinθ(u,v)
(
(x1u(u,v)−x2(u,v)ℓ(u))νL

1 (u,v)+(x2u(u,v)+x1(u,v)ℓ(u))νL
2 (u,v)

)
−cosθ(u,v)(α(u)+x1(u,v)m(u)+x2(u,v)n(u)),

a2(u,v) = −β L(u,v),

b2(u,v) = 0,

e1(u,v) = sinθ(u,v)(n(u)νL
1 (u,v)−m(u)νL

2 (u,v))

+cosθ(u,v)(νL
1u(u,v)νL

2 (u,v)−νL
2u(u,v)νL

1 (u,v)− ℓ(u)),

f1(u,v) = −θu(u,v)−m(u)νL
1 (u,v)−n(u)νL

2 (u,v),

g1(u,v) = sinθ(u,v)(νL
2u(u,v)νL

1 (u,v)−νL
1u(u,v)νL

2 (u,v)+ ℓ(u))

+cosθ(u,v)(n(u)νL
1 (u,v)−m(u)νL

2 (u,v)),

e2(u,v) = −cosθ(u,v)ℓL(u,v),

f2(u,v) = −θv(u,v),

g2(u,v) = sinθ(u,v)ℓL(u,v).

Proof. By definition, we haven(u,v) ·s(u,v) = 0 for all (u,v) ∈ I ×J. It follows that(n,s) ∈
∆ . By the assumption, we havexu(u,v) · n(u,v) = 0 for all (u,v) ∈ I × J. Sincexv(u,v) ·
νL(u,v) = 0, we have

xv(u,v) ·n(u,v) = (x1v(u,v)ν1(u)+x2vν2(u)) · (cosθ(u,v)νL(u,v)+sinθ(u,v)µ(u))
= cosθ(u,v)(x1v(u,v)νL

1 (u,v)+x2v(u,v)νL
2 (u,v)) = 0

for all (u,v) ∈ I ×J. Hence(x,n,s) : I ×J →R3×∆ is a framed surface. We omit(u,v) and
u below. By a direct calculation, we have

xu = (x1u−x2ℓ)ν1+(x2u+x1ℓ)ν2+(α +x1m+x2n)µ,
xv = x1vν1+x2vν2,

n = cosθνL
1 ν1+cosθνL

2 ν2+sinθ µ ,
s = νL

2 ν1−νL
1 ν2,

t = n×s= sinθνL
1 ν1+sinθνL

2 ν2−cosθ µ ,
nu = (−θu sinθνL

1 +cosθνL
1u−cosθνL

2 ℓ−sinθm)ν1

+(−θu sinθνL
2 +cosθνL

1 ℓ+cosθνL
2u−sinθn)ν2

+cosθ(νL
1 m+νL

2 n+θu)µ,
su = (νL

2u+νL
1 ℓ)ν1+(−νL

1u+νL
2 ℓ)ν2+(νL

2 m−νL
1 n)µ,

nv = −θv sinθνL +cosθνL
v +θv cosθ µ ,

sv = ℓLνL.

It follows that we have the basic invariants as the above. 2



16 Tomonori Fukunaga, Masatomo Takahashi

By a direct calculation, we have the following condition:

xu(u,v) ·n(u,v) = (x1u(u,v)−x2(u,v)ℓ(u))cosθ(u,v)νL
1 (u,v)

+(x2u(u,v)+x1(u,v)ℓ(u))cosθ(u,v)νL
2 (u,v)

+(α(u)+x1(u,v)m(u)+x2(u,v)n(u))sinθ(u,v)
= 0

for all (u,v) ∈ I ×J.
By the above construction, we say that the framed surface(x,n,s) is a one-parameter

family of Legendre curves along a framed curve.
As an application of Theorem 3, we give a condition that the surfacex is diffeomorphic

to the cuspidal edge, the swallowtail and the cuspidal cross cap, see Figure 1 and Examples
1, 2 and 3 of§6 for definitions.

cuspidal edge swallowtail cuspidal cross cap
Figure 1.

We recall the criteria for singularities of frontals stated in [5,18] (see also, [15]). Let
x : U → R3 be the frontal of a Legendre surface(x,n). We define a functionλ : U → R
by λ (u,v) = det(xu,xv,n)(u,v) where(u,v) is a coordinate system onU . We callλ a dis-
criminant function(or, asigned area density function). When a singular pointp of x is non-
degenerate, that is,dλ (p) ̸= 0, there exists a smooth parametrizationδ (t) : (−ε,ε) → U ,
δ (0) = p of the singular setS(x). We call the curveδ (t) the singular curve ofx. Moreover,
there exists a smooth vector fieldη(t) alongδ satisfying thatη(t) generates kerdxδ (t). Now
we define a functionφx(t) on (−ε,ε) by φx(t) = det((x◦ δ )′,n◦ δ ,dn(η))(t). By using
these notations, we have the following theorem.

Theorem 4 ([5,18]) Let (x,n) : U → R3×S2 be a Legendre surface and p∈ U be a non-
degenerate singular point of x. Then the following assertions hold.

(1) If ηλ (p) ̸= 0, then x is a front near p if and only ifφx(0) ̸= 0 holds.
(2) The map germ x at p isA -equivalent to the cuspidal edge if and only if x is a front

near p andηλ (p) ̸= 0 hold.
(3) The map germ x at p isA -equivalent to the swallowtail if and only if x is a front

near p andηλ (p) = 0 andηηλ (p) ̸= 0 hold.
(4) The map germ x at p isA -equivalent to the cuspidal cross cap if and only ifηλ (p) ̸=

0, φx(0) = 0 andφ ′
x(0) ̸= 0 hold.

Here,ηλ : U → R means the directional derivative ofλ by the vector field̃η , whereη̃
is an extended vector field ofη to U.

In this paper, if there is no confusion, we denoteη̃ by η . By using the above theorem, we
give criteria of singular points of the framed base surface which is given by a one-parameter
family of Legendre curves along a framed curve.
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Theorem 5 Let (x,n,s) : I × J → R3 ×∆ be a one-parameter family of Legendre curves
along a framed curve. Suppose that x(u,0) = γ(u), the set of singular points ofγ is dense in
I and (0,0) is a non-degenerate singular point of x. Then we have the following two cases.

(A) Suppose thatβ L(0,0) = 0 andα(0) ̸= 0.
(1) x at (0,0) is A -equivalent to the cuspidal edge if and only ifβ L

v (0,0) ̸= 0 and
ℓL(0,0) ̸= 0.

(2) x at (0,0) is A -equivalent to the swallowtail if and only ifβ L
v (0,0) = 0,β L

vv(0,0) ̸=
0,β L

u (0,0) ̸= 0 andℓL(0,0) ̸= 0.
(3) x at (0,0) is A -equivalent to the cuspidal cross cap if and only ifβ L

v (0,0) ̸=
0, ℓL(0,0) = 0 and(ℓL ◦δ )′(0) ̸= 0.

(B) Suppose thatβ L(0,0) ̸= 0 andα(0) = 0.
(1) x at(0,0) isA -equivalent to the cuspidal edge if and only ifα ′(0) ̸=0andνL

1 (0,0)m(0)+
νL

2 (0,0)n(0) ̸= 0.
(2) x at (0,0) is A -equivalent to the swallowtail if and only ifα ′(0) = 0,α ′′(0) ̸=

0,νL
2 (0,0)m(0)−νL

1 (0,0)n(0) ̸= 0 andνL
1 (0,0)m(0)+νL

2 (0,0)n(0) ̸= 0.
(3) x at(0,0) isA -equivalent to the cuspidal cross cap if and only ifα ′(0) ̸=0,νL

1 (0,0)m(0)+
νL

2 (0,0)n(0) = 0 and((β L(νL
1 m+νL

2 n+θu)+a1θv)◦δ )′(0) ̸= 0.
Hereδ is a singular curve of x.

Proof. Let x(u,v) = γ(u)+x1(u,v)ν1(u)+x2(u,v)ν2(u). By the assumptionγ(u) = x(u,0),
we havex1(u,0) = x2(u,0) = 0 for all u ∈ I . Moreover, since the set of singular points of
γ is dense inI andxu(u,v) · n(u,v) = 0, we have sinθ(u,0) = 0 and hence cosθ(u,0) =
±1. By b2(u,v) = 0 in Theorem 3, we haveλ (u,v) = −b1(u,v)a2(u,v) = β L(u,v)b1(u,v).
Since(0,0) is a non-degenerate singular point ofx, we divide two cases:(A) β L(0,0) = 0
and b1(0,0) ̸= 0, (B) β L(0,0) ̸= 0 andb1(0,0) = 0. Moreover, we haveλu(0,0) ̸= 0 or
λv(0,0) ̸= 0. By the integrability condition ofa1e2 +b1 f2 = a2e1 +b2 f1, we haveαθv =
−β L(νL

1uνL
2 − νL

2uνL
1 − ℓ) at (0,0). The other integrability conditions automatically hold at

(0,0).
First we consider the case(A). By Theorem 3,b1(0,0) ̸= 0 if and only if α(0) ̸= 0.

Moreover,b1(u,0) =±α(u) ̸= 0 around 0∈ I . Therefore,γ is a regular curve around 0∈ I .
In this case,(u,v) is a singular point ofx if and only if β L(u,v) = 0. Sincedx= xudu+
xvdv= (a1s+b1t)du+a2sdvanda2(u,v) = −β L(u,v), the null vector fieldη is given by
∂/∂v. Therefore, the conditionηλ (0,0) ̸= 0 is equivalent toβ L

v (0,0) ̸= 0, and the conditions
ηλ (0,0) = 0 andηηλ (0,0) ̸= 0 are equivalent toβ L

v (0,0) = 0 andβ L
vv(0,0) ̸= 0. Since

(0,0) is a non-degenerate singular point ofx, we haveβ L
u (0,0) ̸= 0 or β L

v (0,0) ̸= 0. By
the integrability condition, we haveθv(0,0) = 0. By a direct calculation, we haveKF =
−ℓL(νL

1 m+νL
2 n) andHF = αℓL at (0,0). It follows thatx is a front around(0,0) if and only

if ℓL(0,0) ̸= 0 by Proposition 8. Therefore, by Theorem 4,x at (0,0) is A -equivalent to
the cuspidal edge (respectively, the swallowtail) if and only ifβ L

v (0,0) ̸= 0 andℓL(0,0) ̸= 0
(respectively,β L

v (0,0) = 0,β L
vv(0,0) ̸= 0,β L

u (0,0) ̸= 0 andℓL(0,0) ̸= 0).
We now consider the condition for the cuspidal cross cap. Sinceηλ (0,0)= β L

v (0,0) ̸= 0,
the singular curveδ is given by the formδ (t) = (t,v(t)), wherev is a smooth function with
v(0) = 0. By a direct calculation,

(x◦δ )′ = (α +x1m+x2n)µ +(x1u−β LνL
2 v′−x2ℓ)ν1+(x2u+β LνL

1 v′+x1ℓ)ν2

n◦δ = cosθ(νL
1 ν1+νL

2 ν2)+sinθ µ
dn(η) = (−θv sinθνL

1 −cosθℓLνL
2 )ν1+(−θv sinθνL

2 +cosθℓLνL
1 )ν2+θv cosθ µ .
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By straightforward calculations, we have

φx = det((x◦δ )′,n◦δ ,dn(η))

= (α +x1m+x2n)ℓL +(x1u−β LνL
2 v′−x2ℓ)(θvνL

2 −sinθ cosθℓLνL
1 )

+(x2u+β LνL
1 v′+x1ℓ)(−θvνL

1 −sinθ cosθℓLνL
2 ).

It follows that φx(0) = α(0)ℓL(0,0) and φ ′
x(0) = α(0)(ℓL ◦ δ )′(0) under the condition

φx(0) = 0. Therefore, by Theorem 5,x at (0,0) is A -equivalent to the cuspidal cross cap if
and only ifβ L

v (0,0) ̸= 0, ℓL(0,0) = 0 and(ℓL ◦δ )′(0) ̸= 0.
Second we consider the case(B). Sinceb1(0,0) = ∓α(0) = 0, 0 is a singular point

of γ. In this case,(u,v) is a singular point ofx if and only if b1(u,v) = 0. Sincedx=
xudu+ xvdv= (a1s+ b1t)du+ a2sdv= a1sdu− β Lsdv on the singular set ofx, the null
vector fieldη is given byβ L(u,v)∂/∂u+a1(u,v)∂/∂v. Note that we havea1(u,0) = 0 for
all u∈ I . Therefore, the conditionηλ (0,0) ̸= 0 is equivalent toα ′(0) ̸= 0, and the conditions
ηλ (0,0) = 0 andηηλ (0,0) ̸= 0 are equivalent toα ′(0) = 0 andα ′′(0) ̸= 0. Since(0,0) is a
non-degenerate singular point ofx, we haveb1u(0,0) ̸= 0 orb1v(0,0) ̸= 0, that is,α ′(0) ̸= 0
or νL

2 (0,0)m(0)−νL
1 (0,0)n(0) ̸= 0. By a direct calculation and the integrability condition,

we haveKF = −ℓL(νL
1 m+ νL

2 n) andHF = (1/2)β L(νL
1 m+ νL

2 n) at (0,0). It follows that
x is a front around(0,0) if and only if νL

1 (0,0)m(0)+ νL
2 (0,0)n(0) ̸= 0 by Proposition 8.

Therefore, by Theorem 4,x at (0,0) is A -equivalent to the cuspidal edge (respectively, the
swallowtail) if and only if α ′(0) ̸= 0 andνL

1 (0,0)m(0) + νL
2 (0,0)n(0) ̸= 0 (respectively,

α ′(0) = 0,α ′′(0) ̸= 0,νL
2 (0,0)m(0)−νL

1 (0,0)n(0) ̸= 0 andνL
1 (0,0)m(0)+ νL

2 (0,0)n(0) ̸=
0).

We now consider the condition for the cuspidal cross cap. Sinceηλ (0,0) ̸= 0 is equiv-
alent toα ′(0) ̸= 0, the singular curveδ is given by the formδ (t) = (u(t), t), whereu is a
smooth function withu(0) = 0. By a direct calculation andb1(u(t), t) = 0,

(x◦δ )′ = (α +x1m+x2n)u′µ +(x1uu′−β LνL
2 −x2ℓu

′)ν1+(x2uu′+β LνL
1 +x1ℓu

′)ν2

= tanθ((x1u−x2ℓ)νL
1 +(x2u+x1ℓ)νL

2 )u
′µ

+(x1uu′−β LνL
2 −x2ℓu

′)ν1+(x2uu′+β LνL
1 +x1ℓu

′)ν2

n◦δ = cosθ(νL
1 ν1+νL

2 ν2)+sinθ µ
dn(η) = (sinθ(−θuβ LνL

1 −β Lm−θva1νL
1 )+cosθ(β LνL

1u−β Lν2ℓ−a1ℓ
LνL

2 ))ν1

+(sinθ(−θuβ LνL
2 −β Ln−θva1νL

2 )+cosθ(β LνL
2u+β Lν1ℓ+a1ℓ

LνL
1 ))ν2

+cosθ(β L(νL
1 m+ν2n+θu)+a1θv)µ.

By straightforward calculations, we have

φx = det((x◦δ )′,n◦δ ,dn(η))

= sinθ
(
(x1u−x2ℓ)νL

1 +(x2u+x1ℓ)νL
2

)
u′

×
(

sinθβ L(−νL
1 n+νL

2 m)+cosθ(β LνL
1 νL

2u−β LνL
2 νL

1u+β Lℓ+a1ℓ
L)
)

+(x1uu′−β LνL
2 −x2ℓu

′)
(

cos2 θνL
2 (β L(νL

1 m+νL
2 n+θu)+a1θv)

−sinθ(sinθ(−θuβ LνL
2 −β Ln−θva1νL

2 )+cosθ(β LνL
2u+β LνL

1 ℓ+a1ℓ
LνL

1 ))
)

+(x2uu′+β LνL
1 +x1ℓu

′)
(
−cos2 θνL

1 (β L(νL
1 m+νL

2 n+θu)+a1θv)

+sinθ(sinθ(−θuβ LνL
1 −β Lm−θva1νL

1 )+cosθ(β LνL
1u−β LνL

2 ℓ−a1ℓ
LνL

2 ))
)
.
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It follows thatφx(0) =−(β L(0,0))2(νL
1 (0,0)m(0)+νL

2 (0,0)n(0)), andφ ′
x(0) = (β L(νL

1 m+
νL

2 n+ θu)+ a1θv) ◦ δ )′(0) under the conditionφx(0) = 0. Therefore, by Theorem 5,x at
(0,0) is A -equivalent to the cuspidal cross cap if and only ifα ′(0) ̸= 0,νL

1 (0,0)m(0) +
νL

2 (0,0)n(0) = 0 and(β L(νL
1 m+νL

2 n+θu)+a1θv)◦δ )′(0) ̸= 0. This complete the proof of
the Theorem. 2

Remark 4Under the same assumptions in Theorem 5, ifγ(u) is the image of the singular
curve ofx, then it holds that the singular set isS(x) = {(u,0)|u ∈ I} and one has the case
(A). Since the null vector fieldη and the singular directionδ ′ are linearly independent at
(0,0), the singular point(0,0) can not be the swallowtail.

Remark 5The conditionsνL
2 (0,0)m(0)−νL

1 (0,0)n(0) ̸= 0,νL
1 (0,0)m(0)+νL

2 (0,0)n(0) ̸= 0
in Theorem 5(B) (2) is equivalent to the condition(m(0),n(0)) ̸= (0,0).

Corollary 2 Let (x,n,s) : I × J → R3 ×∆ be a one-parameter family of Legendre curves
along a framed curve. Suppose thatγ : I → R3 is a regular curve, x(u, ·) : J → ⟨µ(u)⟩⊥γ(u) is

diffeomorphic to the3/2-cusp at0∈ J and x(u,0) = γ(u) for all u ∈ I. Then x: I ×J → R3

is a front around(u,0). More precisely,(x,n) : I × J → R3 ×S2 is a Legendre immersion
around(u,0). Moreover, x is diffeomorphic to the cuspidal edge at(u,0).

Proof. Sinceγ is a regular curve, we haveα(u) ̸= 0 for all u∈ I . Moreover,x(u, ·) is diffeo-
morphic to the 3/2-cusp at 0∈ J if and only if xv(u,0) = 0 and det(xvv(u,0),xvvv(u,0)) ̸= 0,
for all u∈ I (cf. [4,9,13]). By the definition of the curvature(ℓL(u,v),β L(u,v)) of the Leg-
endre curve(x(u, ·),νL(u, ·)), we have

xv(u,v) = β L(u,v)µL(u,v),

xvv(u,v) = β L
v (u,v)µL(u,v)−β L(u,v)ℓL(u,v)νL(u,v)

xvvv(u,v) = (β L
vv(u,v)−β L(u,v)(ℓL(u,v))2)µL(u,v)−2β L

v (u,v)ℓ
L(u,v)νL(u,v).

It follows thatβ L(u,0) = 0,β L
v (u,0) ̸= 0 andℓL(u,0) ̸= 0 for all u∈ I . Sincex(u,0) = γ(u),

we havex1(u,0) = x2(u,0) = 0 for all u∈ I . Thereforex1u(u,0) = x2u(u,0) = 0. Moreover,
by the conditionxu(u,v) ·n(u,v) = 0 for all (u,v) ∈ I ×J, we haveα(u)sinθ(u,0) = 0 and
hence sinθ(u,0) = 0. Thena1(u,0) = 0,b1(u,0) =−cosθ(u,0)α(u),a2(u,0) =−β L(u,0),
b2(u,0) = 0, e2(u,0) = −cosθ(u,0)ℓL(u,0), f2(u,0) = −θv(u,0),g2(u,0) = 0. It follows
thatHF(u,0) = (1/2)cos2 θ(u,0)α(u)ℓL(u,0) ̸= 0 for all u∈ I . By Proposition 8,(x,n) is a
Legendre immersion around(u,0). Hence,x is a front around(u,0). Moreover, by Theorem
5 (A) (1), x is diffeomorphic to the cuspidal edge at(u,0). 2

We also have the following result.

Theorem 6 Suppose that x: U → R3 is diffeomorphic to the cuspidal edge at0∈U. Then
there exist a parameter changeφ : I ×J→U around0 and a smooth mapping(n,s) : I ×J→
∆ such that the framed surface(x◦ φ ,n,s) : I × J → R3 ×∆ is given by a one-parameter
family of3/2-cusp at0∈ J along a regular curveγ : I → R3 around0∈ I.

Proof. The normal form of cuspidal edge by using coordinate transformations on the source
and isometries on the target is given by [20]. Since the property of one-parameter family of
Legendre curves along a framed curve are invariant as isometries on the target, there exists a
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parameter changeφ : I ×J →U around 0 such that̃x= x◦φ is given by the following form
around(0,0) ∈ I ×J:

x̃(u,v) =

(
u,a(u)+

v2

2
,b(u)+v2b2(u)+v3b3(u,v)

)
,

wherea(0) = ȧ(0) = b(0) = ḃ(0) = b2(0) = 0 andb3(0,0) ̸= 0, by the proof of Theorem
3.1 in [20]. Here we relabelled the coefficient functions.

We define a regular curveγ : I → R3,γ(u) = (u,0,0). If we take(ν1,ν2) : I → ∆ by
ν1(u)= (0,1,0),ν2(u)= (0,0,1), then(γ,ν1,ν2) : I →R3×∆ is a framed curve. Bỹxv(u,v)=
(0,v,2vb2(u)+3v2b3(u,v)+v3b3v(u,v)), we haveνL(u,v) = νL

1 (u,v)ν1(u)+νL
2 (u,v)ν2(u)

andµL(u,v) =−νL
2 (u,v)ν1(u)+νL

1 (u,v)ν2(u), where

νL
1 (u,v) = − 2b2(u)+3vb3(u,v)+v2b3v(u,v)√

(2b2(u)+3vb3(u,v)+v2b3v(u,v))2+1
,

νL
2 (u,v) =

1√
(2b2(u)+3vb3(u,v)+v2b3v(u,v))2+1

.

It follows that the curvature of the Legendre curve(x̃(u, ·),νL(u, ·)) is given by

ℓL(u,v) =
3b3(u,v)+5vb3v(u,v)+v2b3vv(u,v)

(2b2(u)+3vb3(u,v)+v2b3v(u,v))2+1
,

β L(u,v) = −v
√

(2b2(u)+3vb3(u,v)+v2b3v(u,v))2+1.

We denote

ϕ(u,v) =
a′(u)(2b2+3vb3(u,v)+v2b3v(u,v))+b′(u)+v2b′2(u)+v3b3u(u,v)√

(2b2(u)+3vb3(u,v)+v2b3v(u,v))2+1
.

Then we define a smooth mapping(n,s) : I ×J → ∆ by

n(u,v) =
1√

1+ϕ2(u,v)
νL(u,v)− ϕ(u,v)√

1+ϕ2(u,v)
µ(u),s(u,v) =−µL(u,v).

Sincẽxu(u,v) = (1,a′(u),b′(u)+v2b′2(u)+v3b3u(u,v)), we havẽxu(u,v) ·n(u,v) = 0 for all
(u,v) ∈ I × J. It follows from Theorem 3 that(x̃,n,s) is a framed surface. Moreover, since
x1(u,v) = a(u)+v2/2 andx2(u,v) = b(u)+v2b2(u,v)+v3b3(u,v), we have

(x1,x2)v(u,v) = (v,2vb2(u)+3v2b3(u,v)+v3b3v(u,v)),

(x1,x2)vv(u,v) = (1,2b2(u)+6vb3(u,v)+6v2b3v(u,v)+v3b3vv(u,v)),

(x1,x2)vvv(u,v) = (0,6b3(u,v)+18vb3v(u,v)+9v2b3vv(u,v)+v3b3vvv(u,v)).

It follows that (x1,x2)v(u,0) = 0 and det((x1,x2)vv(u,0),(x1,x2)vvv(u,0)) = 6b3(u,0) ̸= 0
around(0,0) ∈ I ×J. Therefore,(u,0) is a 3/2-cusp of̃x(u, ·) around 0∈ I . 2

The singularities of the swallowtail and of the cuspidal cross cap are more complicated
(cf. [6,22,25]). The corresponding results for Corollary 2 and Theorem 6 of the swallowtail
and the cuspidal cross cap (and other singularities) are future problems (cf. [10]).
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6 Examples

We give typical examples of singularities of smooth surfaces. We detect the basic invariants
and curvatures of framed surfaces.

Example 1 (cuspidal edge)A singular pointp ∈ U of a mappingx : U → R3 is called a
cuspidal edgeif the map germx at p is A -equivalent (right-left equivalent) to the(u,v) 7→
(u,v2,v3) at 0. Letx : R2 → R3 be given byx(u,v) = (u,v2,v3). If we take(n,s) : U → ∆ ,
n(u,v) = (1/

√
9v2+4)(0,−3v,2),s(u,v) = (1,0,0), then(x,n,s) : U →R3×∆ is a framed

surface. Sincet(u,v) = (1/
√

9v2+4)(0,2,3v), we have the following basic invariants.(
a1 b1

a2 b2

)
=

(
1 0
0 v

√
9v2+4

)
,

(
e1 f1 g1

e2 f2 g2

)
=

(
0 0 0
0 −6/(9v2+4) 0

)
.

It follows that the curvatureCF of (x,n,s) is given by

JF(u,v) = v
√

9v2+4, KF(u,v) = 0, HF(u,v) =
3

9v2+4
.

Example 2 (swallowtail)A singular pointp∈U of a mappingx : U → R3 is called aswal-
lowtail if the map germx at p is A -equivalent to the(u,v) 7→ (3u4+u2v,−4u3−2uv,v) at 0.
Let x : R2 → R3 be given byx(u,v) = (3u4+u2v,−4u3−2uv,v). If we take(n,s) : U → ∆ ,
n(u,v) = (1/

√
1+u2+u4)(1,u,u2),s(u,v) = (1/

√
1+u2)(u,−1,0), then (x,n,s) : U →

R3×∆ is a framed surface.
Sincet(u,v) = (1/

√
1+u2+u4

√
1+u2)(u2,u3,−1−u2), we have the following basic

invariants.(
a1 b1

a2 b2

)
=

(12u2+2v)
√

1+u2 0
u(2+u2)√

1+u2
−
√

1+u2+u4√
1+u2

 ,

(
e1 f1 g1

e2 f2 g2

)
=

(
− 1√

1+u2+u4
√

1+u2
− u(2+u2)

(1+u2+u4)
√

1+u2

u2

(1+u2)
√

1+u2+u4

0 0 0

)
.

It follows that the curvatureCF of (x,n,s) is given by

JF(u,v) = 2(6u2+v)
√

1+u2+u4, KF(u,v) = 0, HF(u,v) =− 1+5u2+5u4+u6

2(1+u2+u4)(1+u2)
.

Example 3 (cuspidal cross cap)A singular pointp∈U of a mappingx : U → R3 is called
a cuspidal cross capif the map germx at p is A -equivalent to the(u,v) 7→ (u,v2,uv3) at 0.
Let x : R2 → R3 be given byx(u,v) = (u,v2,uv3). If we take(n,s) : U → ∆ ,

n(u,v) =
1√

4v6+9u2v2+4
(−2v3,−3uv,2),s(u,v) =

1√
1+v6

(1,0,v3),

then(x,n,s) : U → R3×∆ is a framed surface.
Sincet(u,v) = (1/

√
4v6+9u2v2+4

√
1+v6)(−3uv4,2v6+2,3uv), we have the follow-

ing basic invariants.(
a1 b1

a2 b2

)
=

√
1+v6 0
3uv5√
1+v6

v
√

4v6+9u2v2+4√
1+v6

 ,

(
e1 f1 g1

e2 f2 g2

)
=

 0 − 6v
√

1+v6

4v6+9u2v2+4
0

− 6v2√
4v6+9u2v2+4

√
1+v6

6u(2v6−1)

(4v6+9u2v2+4)
√

1+v6

9uv3√
4v6+9u2v2+4(1+v6)

 .
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It follows that the curvatureCF of (x,n,s) is given byJF(u,v) = v
√

4v6+9u2v2+4,

KF(u,v) =− 36v3

(4v6+9u2v2+4)3/2
, HF(u,v) =− 3u(5v6−1)

4v6+9u2v2+4
.

Example 4 (cross cap)A singular pointp ∈ U of a mappingx : U → R3 is called across
cap if the map germx at p is A -equivalent to the(u,v) 7→ (u,v2,uv) at 0. Letx : R2 → R3

be given byx(u,v) = (u,v2,uv). Then it is well-known that the cross cap is not a frontal.
However, if we consider the polar coordinateφ : R×R → R2,(r,θ) 7→ (r cosθ , r sinθ),
thenx◦φ is a frontal and the images are the same (cf. [7]). Note thatφ is not diffeomorphic
but surjective. We rewritex◦φ asx : R×R→ R3, x(r,θ) = (r cosθ , r2 sinθ , r2 cosθ sinθ).
In this case, if we take(n,s) : R×R→ ∆ ,

n(r,θ) =
1√

4r2 sin4 θ +3sin2 θ +1
(−2r sin2 θ ,−cosθ ,2sinθ),

s(r,θ) =
1√

3sin2 θ +1
(0,2sinθ ,cosθ),

then(x,n,s) : R×R→ R3×∆ is a framed surface. Since

t(r,θ)=
1√

(4r2 sin4 θ +3sin2 θ +1)(3sin2 θ +1)
(−(3sin2 θ +1),2r sin2 θ cosθ ,−4r sin3 θ),

we have the following basic invariants.

(
a1 b1

a2 b2

)
=

 2r sinθ(sin2 θ+1)√
3sin2 θ+1

−cosθ
√

4r2 sin4 θ+3sin2 θ+1√
3sin2 θ+1

r2 cosθ
√

3sin2 θ +1 r sinθ
√

4r2 sin4 θ+3sin2 θ+1√
3sin2 θ+1

 ,

(
e1 f1 g1

e2 f2 g2

)
= 0 2sin2 θ

√
3sin2 θ+1

4r2 sin4 θ+3sin2 θ+1
0

2√
(4r2 sin4 θ+3sin2 θ+1)(3sin2 θ+1)

2r sinθ cosθ(3sin2 θ+2)

(4r2 sin4 θ+3sin2 θ+1)
√

3sin2 θ+1

4r sin2 θ√
4r2 sin4 θ+3sin2 θ+1(3sin2 θ+1)


It follows that the curvatureCF of (x,n,s) is given by

JF(r,θ) =
r2(2sinθ(sin2 θ +1)+cos2 θ +1)

√
4r2 sin4 θ +3sin2 θ +1

3sin2 θ +1
,

KF(r,θ) = − 2sin2 θ
(4r2 sin4 θ +3sin2 θ +1)2/3

,

HF(r,θ) = −2cosθ(−3r2 sin6 θ +8r2 sin4 θ +3r2 sinθ +3sin2 θ +2)

(4r2 sin4 θ +3sin2 θ +1)(2sin2 θ +1)
.

Especially,CF(r,θ) ̸= 0 for any(r,θ) ∈ R×R, that is,x is a front by Proposition 8.
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A Framed curves in the Euclidean space

We quickly review on the theory of framed curves in the Euclidean space, see detail [11].
A framed curve in the Euclidean space is a smooth curve with a moving frame. We say that(γ ,ν1,ν2) :

I → R3×∆ is a framed curveif γ̇(t) ·ν1(t) = 0 andγ̇(t) ·ν2(t) = 0 for all t ∈ I . We say thatγ : I → R3 is a
framed base curveif there exists(ν1,ν2) : I → ∆ such that(γ ,ν1,ν2) is a framed curve.

We putµ(t) = ν1(t)× ν2(t). Then{ν1(t),ν2(t),µ(t)} is a moving frame along the framed base curve
γ(t) in R3 and we have the Frenet-Serret type formula, ν̇1(t)

ν̇2(t)
µ̇(t)

=

 0 ℓ(t) m(t)
−ℓ(t) 0 n(t)
−m(t) −n(t) 0

 ν1(t)
ν2(t)
µ(t)

 , γ̇(t) = α(t)µ(t)

whereℓ(t) = ν̇1(t) ·ν2(t), m(t) = ν̇1(t) ·µ(t),n(t) = ν̇2(t) ·µ(t) andα(t) = γ̇(t) ·µ(t). We call the functions
(ℓ,m,n,α) the curvature of the framed curve. Note thatt0 is a singular point ofγ if and only if α(t0) = 0.

Definition 4 Let (γ,ν1,ν2) and(γ̃ , ν̃1, ν̃2) : I →R3×∆ be framed curves. We say that(γ ,ν1,ν2) and(γ̃, ν̃1, ν̃2)
arecongruent as framed curvesif there exist a constant rotationA∈ SO(3) and a translationa∈R3 such that
γ̃(t) = A(γ(t))+a, ν̃1(t) = A(ν1(t)) andν̃2(t) = A(ν2(t)) for all t ∈ I .

Theorem 7 (The Existence Theorem for framed curves, [11])Let(ℓ,m,n,α) : I →R4 be a smooth mapping.
There exists a framed curve(γ ,ν1,ν2) : I → R3×∆ whose curvature of the framed curve is(ℓ,m,n,α).

Theorem 8 (The Uniqueness Theorem for framed curves, [11])Let (γ ,ν1,ν2) and(γ̃ , ν̃1, ν̃2) : I → R3×∆
be framed curves with the curvature(ℓ,m,n,α) and(ℓ̃,m̃, ñ, α̃), respectively. Then(γ ,ν1,ν2) and(γ̃ , ν̃1, ν̃2)

are congruent as framed curves if and only if the curvatures(ℓ,m,n,α) and(ℓ̃,m̃, ñ, α̃) coincide.

B Legendre curves in the Euclidean plane

We quickly review on the theory of Legendre curves in the unit tangent bundle overR2, see detail [8].
We say that(γ ,ν) : I → R2×S1 is a Legendre curveif (γ,ν)∗θ = 0 for all t ∈ I , whereθ is a canonical

contact form on the unit tangent bundleT1R2 = R2×S1 overR2 (cf. [1,2]). This condition is equivalent to
γ̇(t) · ν(t) = 0 for all t ∈ I . We say thatγ : I → R2 is a frontal if there existsν : I → S1 such that(γ ,ν) is
a Legendre curve. Examples of Legendre curves see [13,14]. We denoteJ(a) = (−a2,a1) the anticlockwise
rotation byπ/2 of a vectora= (a1,a2) ∈ R2. We putµ(t) = J(ν(t)). Then{ν(t),µ(t)} is a moving frame
of a frontalγ(t) in R2 and we have the Frenet type formula,(

ν̇(t)
µ̇(t)

)
=

(
0 ℓ(t)

−ℓ(t) 0

)(
ν(t)
µ(t)

)
, γ̇(t) = β (t)µ(t),

whereℓ(t) = ν̇(t) ·µ(t) andβ (t) = γ̇(t) ·µ(t). We call the pair(ℓ,β ) the curvature of the Legendre curve.

Definition 5 Let (γ ,ν) and(γ̃, ν̃) : I → R2×S1 be Legendre curves. We say that(γ ,ν) and(γ̃ , ν̃) arecon-
gruent as Legendre curvesif there exist a constant rotationA ∈ SO(2) and a translationa ∈ R2 such that
γ̃(t) = A(γ(t))+a andν̃(t) = A(ν(t)) for all t ∈ I .

Theorem 9 (The Existence Theorem for Legendre curves, [8])Let (ℓ,β ) : I → R2 be a smooth mapping.
There exists a Legendre curve(γ ,ν) : I → R2×S1 whose curvature of the Legendre curve is(ℓ,β ).

Theorem 10 (The Uniqueness Theorem for Legendre curves, [8])Let (γ ,ν) and (γ̃ , ν̃) : I → R2 ×S1 be

Legendre curves with the curvatures of Legendre curves(ℓ,β ) and(ℓ̃, β̃ ), respectively. Then(γ ,ν) and(γ̃ , ν̃)
are congruent as Legendre curves if and only if the curvatures(ℓ,β ) and(ℓ̃, β̃ ) coincide.
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