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Abstract

So far, an optimal design method for 2D and 3D design of optical waveguide devices topology optimization based
on a function expansion method has been reported. In this paper, we improve the conventional function-expansion-
based topology optimization method to design three-dimensional photonic devices with structural variation in the depth
direction. In order to design realistic 3D optical waveguide devices, we consider a layered structure and design each
layer by using function-expansion-based topology optimization method. In this approach, undesired floating structures
are avoided and layer thickness can be optimized. The validity of this method is verified through design examples of a
polarization splitter and rotator (PSR) and a crossing waveguide which have two-layer structure.

Keywords: Topology optimization, Function expansion method, Finite element method(FEM), Optical waveguide
device

1. Introduction

Due to the spread of the Internet and smartphones,
communication traffic is increasing, and high speed and
large capacity optical communication systems are more
and more required. In order to respond to such demands,
it is indispensable to develop higher performance compact
photonic devices, and the related researches are actively
conducted. Especially, silicon nanophotonics has great
possibility to realize such devices, and extensive researches
on these devices are being carried out.

Recently, topology optimization methods have begun
to be used to realize high-performance optical waveguide
devices [1–8]. In the topology optimization, we can find
out optimum structures that realize desired characteristics
without any past experience and knowledge. The topology
optimal design method of photonic devices using function
expansion method for structural representation has been
also proposed [9–13]. The function expansion method has
advantages that it allows design with a high degree of free-
dom using a small number of design variables and it can
easily suppress gray area which is an intermediate mate-
rial region artificially arranged in the ordinal sensitivity
analysis.

In order to realize high-performance optical waveguide
devices with smaller footprint, it has been shown that uti-
lizing an asymmetric structure along the depth direction
is an effective way [14–18]. The waveguide devices in [14]
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achieves high performance operation within a small foot-
print and the polarization rotator (PR) shown in [15] can-
not be essentially realized unless the structural asymmetry
in the depth direction is utilized. In [19], the function-
expansion-based topology optimization for layered three-
dimensional optical waveguide devices has been proposed.
However, the obtained device structure by this approach
has some undesired floating structure. Moreover, layer
thickness is fixed before in-plane optimization and cannot
be optimized.

In this paper, in order to make it possible to design
three dimensional optical waveguide devices with layered
structure along depth direction by using function-expansion-
based topology optimization, we make several improve-
ments to the conventional one. First, we divide a design
region into a few layers, and independently express the
material distribution within each layer. At that time, in
order to avoid floating structures which do not have sup-
port underneath them, we apply appropriate constraint
to the structure definition function. In addition, in or-
der to simplify an optimized device structure, we intro-
duce a structural smoothing filter. Moreover, in this de-
sign approach, we improve the conventional approach to
be able to optimize not only in-plane structures but also
layer thicknesses.

We verify the effectiveness of the proposed approach
through design examples of optical waveguide devices with
asymmetric structure in the depth direction. In Section 2,
we illustrate the proposed design approach. A few numer-
ical results are shown in Section 3 and the conclusion is
given in Section 4.
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2. Topology optimization method for photonic de-
vices with layered structure

2.1. Representation of refractive index distribution for lay-
ered structure by function-expansion method

Considering an optical waveguide device as shown in
Fig. 1, and assuming the light is launched into the port 1,
we consider the problem to optimize the refractive index
profile that can realize the desired transmission character-
istics.

In order to express a layered structure, we have ex-
tended the function expansion method [9] and have ex-
pressed the refractive index distribution as follows:

n2
i (x, y, z) = n2

a + (n2
b − n2

a)H (wi(x, z)) (1)

wi(x, z) =

N∑
j=1

c
(i)
j fj(x, z) (i = 1, 2, 3 · · · ) (2)

where ni is the refractive index distribution in the i-th
layer and the function H(wi) is used to binarize a contin-
uous value of wi(x, z) into either 0 or 1. Where na and nb

(na < nb) are the refractive indices of two considered mate-
rials, respectively. In order to enable a sensitivity analysis
described in Section 2.3, the refractive index distribution
ni(x, y, z) has to be defined as a continuous function. In
this work, we employ a modified Heaviside function with
transition region as H(wi) [9].

The function wi(x, z) which determines the geometry
of the i-th layer is independently optimized in each layer
like Fig. 2. In this expression, the device structure is de-

termined by the amplitude coefficient c
(i)
j of each basis

function given in each layer and these coefficients are the
design variables in function expansion method. In this pa-
per, Fourier series [11] is employed as a basis of structural
definition function. This expression realize optimal de-
sign of photonic devices with asymmetric structure along
the depth direction. However, since each layer is indepen-
dently designed, floating structures may appear and such
structures are difficult to fabricate.

In order to avoid floating structures, we revise (1) as
the following expression:

n2
i = n2

a + (n2
b − n2

a)Li (i = 1, 2, 3 . . . ) (3)

Li = L1 +

i∑
k=2

(1− Lk−1)H(wk) (i ≥ 2) (4)

L1 = H(w1). (5)

The structure in i-th layer is given as an ORed structure
of the structure defined by wi and that in the upper layer.
By using this expression, appearance of floating structure
can be forbidden. In the case of two layered structure, (3)
in each layer is expressed as follows:

n2(x, y, z) =

{
n2
a + (n2

b − n2
a)H(w1) (upper layer)

n2
a + (n2

b − n2
a)HOR(w1, w2) (lower layer)

(6)

Figure 1: Optimization problem of 3D optical waveguide.

Design region

w1(x, z)

w2(x, z)
x, z

x, z

nbna

Figure 2: Representation of layered structure by function expansion
method

HOR(w1, w2) = H(w1) +H(w2)−H(w1)H(w2). (7)

2.2. Full-vectorial finite element method of photonic de-
vices

In order to analyze three-dimensional photonic devices,
we employ the full-vectorial finite element method (FV-
FEM). The basic equation to express the light propagating
behavior in photonic devices is given as follows:

∇× (p∇×Φ)− k20qΦ = 0 (8)

where k0 is a free-space wavenumber, and p, q, and Φ are
defined as follows:{

p = 1 q = n2 for Φ = E
p = 1/n2 q = 1 for Φ = H

(9)

where n is a refractive index distribution. Applying FV-
FEM with tetrahedral edge element to (8), the following
simultaneous linear equation is obtained [10]:

[P ]{Φ} = {u} (10)

where [P ] is a FEM matrix and {u} is a vector related to
an incidence condition. Once the propagating field {Φ} is
obtained, the scattering parameter from port 1 into port n
is calculated as follows:

Sn1 = {gn}T {Φ} (11)
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where {gn} is the vector related to the modal field in
port n.

2.3. Sensitivity analysis

2.3.1. Sensitivity analysis based on adjoint variable method

In order to optimize design variables, we have to evalu-
ate sensitivity of device performance with respect to each
design variables. For an in-plane structure in each layer,
we employ the adjoint variable method(AVM) to efficiently
evaluate the sensitivity and optimize the design variables
by using the gradient descent method. The sensitivity of

the scattering parameter Sn1 with respect to c
(i)
j is ex-

pressed as follows [11]:

∂Sn1

∂c
(i)
j

= −{λn}T
∂[P ]

∂c
(i)
j

{Φ} (12)

where the adjoint variable {λn} is calculated by

[P ]T {λn} = {gn}. (13)

Once we get {λn}, we can efficiently estimate sensitivity
of each design parameter.

Here, in order to derive ∂[P ]/∂c
(i)
j , the derivative of the

relative permittivity has to be required and is expressed
as follows:

∂εr

∂c
(i)
j

= fj(x, z)(εrb − εra)Ldi (14)

Ldi = Ld1 +

i∑
k=2

(
H(wk) + (1− Lk−1)

∂H(wk)

∂wk

)
(i ≥ 2)

(15)

Ld1 =
∂H(w1)

∂w1
. (16)

Using the sensitivities, design variables are updated as
follows:

c
′(i)
j = c

(i)
j + δc × (−∇

c
(i)
j
C) (17)

where ∇
c
(i)
j
C is the gradient of the objective function with

respect to the design variables and δc is the mobility of the
design variables.

2.3.2. Sensitivity analysis for layer thickness

Although AVM is also possible to be utilized to evalu-
ate the sensitivity of Sn1 to the layer thickness, the gray
area is required along the depth direction and the device
performance is more sensitive to the structural deviation
from the binarized device structure in the depth direction.
Therefore, in this optimization, we employ the forward dif-
ference method instead of AVM for the sensitivity analysis
with respect to the layer thickness because the number of
design variables is small in the depth direction and only
one variable is required to design two-layered structure. In
the optimization process, the layer thickness is updated as
follows:

h′
i = hi + δh × |Sn1(hi +∆h)|2 − |Sn1(hi)|2

∆h
(18)

PML

Port 2

Port 4

Design Region

Port 1 Port 3

y z
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Figure 3: Design model of waveguide Crossing.

where ∆hi is the difference interval and δh is the mobility
of the design variables of layer thickness.

3. Design examples

In this section, we show optimal design examples of
optical waveguide devices using the optimization method
described in the previous section.

3.1. Crossing waveguide

We consider a crossing waveguide as shown in Fig. 3.
In this optimization, we impose a symmetry condition in
the x and z directions and a 90 degree rotational symme-
try condition so that the output characteristics in through
and cross ports are equal for incidence to any port. The
structural parameters are let to be w = 500 nm, h = 220
nm, Wx = Wz = 3 µm, Wy = 220 nm, s = 1.5 µm, l = 0.5
µm, dx = dz = 0.5 µm, and dy = 0.2 µm. The refractive
indices of the materials are assumed to be na = 1, nb = 3.4
and nc = 1.45. The objective function to be minimized is
given as follows:

minimize C = (1− |S31(λi)|2)2 (i = 1, 2, 3). (19)

In this design, in order to achieve desired property within
the optical C-band, the wavelengths considered in (19) are
set to be λ1 = 1.530, λ2 = 1.550, and λ3 = 1.565 µm.
In the iteration process, these wavelengths are cyclically
considered in (19). In order to obtain smooth conver-
gence of optimization, it may be effective to use an ob-
jective function in which three wavelengths are simultane-
ously considered. On the other hand, optimization search
is sometimes trapped around local minimum in some op-
timization problems with multiple-peak. In order to es-
cape from a local minimum, some kind of randomness is
sometimes effective. Therefore, we use cyclic strategy in
this optimization process expecting that a trapping around
a local minimum at one wavelength is solved when the
other wavelength is considered. In addition, it is reported

3
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Figure 4: Output characteristics during the optimization process in
the design of a waveguide crossing.

(a) (b)

(c) (d)

Figure 5: Initial structure and optimized structure with different
numbers of expansion terms in optimization. (a) initial structure,
(b) Nx = Nz = 4, (c) Nx = Nz = 8, (d) Nx = Nz = 16.

that, by aiming wideband operation, complex fine struc-
tures which are often appeared in the topology optimiza-
tion can be suppressed to some extent[13]. Here, two lay-
ered structure is considered so as to obtain a low loss and
low crosstalk device as shown in [14] and the thickness of
lower and upper layers are set to be h1 = h2 = 110 nm
in an initial structure. The maximum core height is fixed
to h = h1 + h2 = 220 nm. Each parameter in equation
(18) is set to be δ = 0.01, h = 1 nm. In this study, aim-
ing for achieving smaller crossing waveguide, the design
region size is reduced to a quarter of the crossing in [14].
Figure 4 shows the improvement of the objective function
in the optimization process. In this optimization, single
iteration with FEM analysis and sensitivity analysis takes
about 17 minuites using our handmade solver[10] and PC
with an Intel Xeon CPU X5650 (2.67 GHz). The required
computer memory is about 28 Gbyte. In this design ex-
ample, Fourier series is employed as a structure defini-
tion function, wi(x, z) and the number of expansion terms
are same in both layers and set to Nx = Nz = 4, 8, or

|S31|2=0.957

(a) (b)

Figure 6: Optimization results of waveguide crossing at wavelength
of 1.55 µm. (a) 3D structure. (b) propagating field.

 0

 0.2

 0.4

 0.6

 0.8

 1.0

 1.50  1.52  1.54  1.56  1.58  1.60

−50

−40

−30

−20

−10

 0

N
o
rm

al
iz

ed
 o

u
tp

u
t 

p
o
w

er
through port

cross port

input port

C
ro

ss
 t

al
k
 [

d
B

]

Wavelength [µm]

Figure 7: Wavelength dependence of the optimized waveguide cross-
ing. Optimized layer thickness(red line) and fixed layer thick-
ness(blue line).

16. The layer thicknesses are (h1, h2) = (30 nm, 190 nm),
(43 nm, 177 nm), (40 nm, 180 nm) for Nx = Nz = 4, 8,
or 16, respectively. Although it is seen that the values
of objective function are oscillating, this is because the
considered wavelength is cyclically changed in this design.
This treatment is sometimes effective to escape from local
optima. Figure 5 shows the initial structure used in this
optimization and the optimized device structures. The up-
per layer is drawn in black and lower layer is shown in gray.
Although the transmittance in the optimized device with
Nx = Nz = 16 is slightly higher than the other optimized
device with fewer degree-of-freedom, the device structure
is considerably complicated compared with the other ones.
In the view of actual fabrication, we employ the optimized
device with Nx = Nz = 4 and evaluate a wavelength de-
pendence of this device. Figure 6 shows the optimized de-
vice structures and the propagating fields at wavelength of
λ = 1.55 µm and Fig. 7 shows the wavelength dependence
of the transmittance and crosstalk in the optimized device.
In order to show the effectiveness of this optimization with
tunable layer thickness, the results obtained by the con-
ventional optimization with fixed layer thickness are also
shown. Here, in the conventional approach, layer thick-
nesses are fixed to h1 = h2 = 110 nm. It is seen that higher
transmittance (≥ 0.916) and lower crosstalk (≤ −24 dB)
while wavelength of 1.50 µm to 1.60 µm are obtained in
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Figure 8: Structural tolerance of the optimized crossing waveguide
as shown in Fig. 6 when wavelength is λ1 = 1.55 µm. (a) dilation in
the xz-plane, (b) deviation of h1.

this optimization compared with those obtained in the con-
ventional one.

Finally, in order to check the structural tolerance of
the designed crossing waveguide, we calculate the trans-
mission property when the device structure is deviated
from the optimized one. Figure 8 shows structural tol-
erance of the designed crossing waveguide (Nx = Nz = 4)
for a structural deviation in the xz-plane and a deviation
of the upper layer thickness, h1, respectively. In the case
of the structural tolerance in the xz-plane, the core region
is uniformly dilated or eroded in the normal direction to
the material boundary. In the case of the tolerance to the
layer thickness, the total core height h = h1 + h2 is fixed
to 220 nm, thus, h2 decreases when h1 increases. In both
cases, relatively high transmission and low cross talk are
maintained within 20 nm structural deviation due to the
relatively simple optimized device structure.

3.2. Polarization rotator and splitter

As a design example of polarization coupling device,
we consider a design example of PSR. In order to realize
polarization conversion, structural asymmetry along the
depth direction has to be required and layered structure
considered here is thought to be effective.

In this optimization, we consider the design model as
shown in Fig. 9. The structural parameters are let to be
w = 0.4 µm，h = 0.3 µm，l = 0.5 µm，Wx = 3 µm, Wy =

z
x

yy z

x

Design Region

ll

w
port 1

PML

port 2

hport 3

dz Dz

Dx

dx

Wy

na or nb

dy dyDy

Wx

dx

dz

Wz

s1

s2

s3 na

nb

H H

nc

Figure 9: Design model of PSR.

(a) (b)

Figure 10: (a) Initial structure, (b) optimized structure.

Hy Hy

Hx Hx

(a) Ex
11 → Ex

11 (b) Ey
11 → Ex

11

Figure 11: Propagating field in the optimized PSR.

0.3 µm，Wz = 5 µm，s1 = s3 = 2.3 µm，s2 = 4.2 µm,
Lx = 4 µm，Ly = 1.3 µm，Lz = 6 µm，H = 0.5 µm，
dx = dz = 0.5 µm, and dy = 0.2 µm. The refractive
indices of the materials are assumed to be na = 1, nb = 3.4
and nc = 1.45. We design a PSR which can split Ex

11 and
Ey

11 modes launched from port 1 into port 2 and port 3,
respectively, and convert Ey

11 mode into Ex
11 mode. The

objective function to be minimized is given as follows:

Minimize C =


(
1− |SEx

11→Ex
11

31 |2
)2

(Ex
11 incidence)(

1− |SEy
11→Ex

11

21 |2
)2

(Ey
11 incidence).

(20)
The incident wavelength is set to 1.55 µm and the number
of expansion terms is set to Nx = Nz = 16. In order
to suppress the appearance of complicated structure, we

5



Table 1: Comparsion of several silicon-based PSRs
Device Size Loss ER B Fabrication

[µm] [dB] [dB] [nm] process
Ref.[20] 47.5 < 0.57 > 20 85 Single-Etching
Ref.[21] 27 < 0.5 > 20 20 Double-Etching
Ref.[22] 8.77 < 1 > 18 41 Double-Etching
Ref.[23] 70 < 0.5 > 20 50 Single-Etching
Ref.[24]∗ > 80 0.09 > 30 160 Double-Etching
Ref.[25]∗ > 10 > 0.11 > 19 O-band Double-Etching
Our work∗ 6.0 < 1 > 20 160 Double-Etching

Size : Device length, ER : Extinction ratio, B : Bandwidth

∗: Simulation

apply the Gaussian filter [12] in the optimization process.
Figure 10 shows the initial structure and optimized

structure, where h1 = 133 nm and h2 = 167 nm. Figure 11
shows the propagating field in the optimized PSR. The
normalized output power and polarization extinction ratio
are 0.953(Ex

11 → Ex
11), 31.0 dB in port 3 and 0.960(Ey

11 →
Ex

11), 30.7 dB in port 2, respectively, thus the desired
operation of PSR is realized. In the case that the layer
thickness is fixed, the transmittance for x-polarized light
incidence is not sufficiently improved in this optimization
process. On the other hand, in the present approach where
layer thickness is optimized, the transmittance is well im-
proved, for both polarization incidences. Figure 12 shows
the improvement of the transmission and polarization ro-
tation properties in the optimization process. The device
performance is rapidly improved by about 100 iteration
steps. The slight degradation of the device performance in
the last part of the iteration is due to the effect of struc-
tural smoothing[12]. Although, in order to improve con-
vergence behavior, it may be effective to relax the struc-
tural smoothing effect during the optimization process,
overrelaxation may produce compex fine structures. To
improve our design approach into perfectly balanced op-
timization between device performance improvement and
structural smoothing is our future work. In this opti-
mization, single iteration with FEM analysis and sensitiv-
ity analysis takes about 13 minuites using our handmade
solver[10] and PC with an Intel Xeon CPU X5650 (2.67
GHz). The required computer memory is about 25 Gbyte.
Figure 13 shows the wavelength dependence of the opti-
mized structure. It is seen that the insertion loss of less
than 1 dB and the extinction ratio of higher than 20 dB
are achieved from a wavelength of 1.45 µm to 1.60 µm,
so the PSR that can operate in a wide wavelength band
can be designed. Table 1 shows a comparison of the prop-
erties of the designed PSR and previously reported ones.
Considering that the footprint of the functional area is
3× 5 µm2, the PSR designed by our method is more com-
pact and has higher performance than the PSRs reported
previously [20–25].

Finally, in order to check the structural tolerance of
the designed PSR, we calculate the transmission property
when the device structure is deviated from the optimized
one. Figure 14 shows structural tolerance of the designed
PSR for a deviation in the xz-plane and a deviation of
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the upper layer thickness, h1, respectively. In the case of
the structural tolerance in the xz-plane, the core region
is uniformly dilated or eroded in the normal direction to
the material boundary. In the case of the tolerance to the
layer thickness, the total core height h = h1 + h2 is fixed
to 300 nm, thus, h2 decreases when h1 increases. From
these results, we can see that the device performance is
more sensitive to the structural deviation in the xz-plane.
Robust optimization considering a structural tolerance is
our future work.

4. Conclusion

In this paper, we proposed an optimal design method
to design three dimensional optical waveguide devices with
layered structure by using function-expansion-based topol-
ogy optimization. As design examples, a crossing waveg-
uide and PSR with layered structure were designed to show
the validity and usefulness of our approach. In this newly
improved design approach, the floating structure which is
hard to fabricate, is not essentially generated. In the de-
sign example, it was shown that the device performance
can be further improved by optimizing layer thickness. We
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Figure 14: Structural tolerance of the optimized PSR as shown in
Fig. 10(b). (a) dilation in the xz-plane. (b) deviaion of h1.

will apply this approach to design problems of various com-
pact and high performance photonic devices required in
the future photonic network.
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