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Abstract—Non-radiative dielectric waveguide (NRD guide) is a
promising platform for realizing compact millimeter waveguide
circuits. NRD guide devices have been simulated by several
numerical simulation approaches so far and these approaches
basically treat three dimensional structure because electric and
magnetic fields in NRD guides vary in whole directions. In this
paper, we propose a two-dimensional full-vectorial finite element
analysis for efficient simulation of NRD guide devices.

Index Terms—Non-radiative dielectric waveguide (NRD guide),
finite element method (FEM), full-vectorial analysis.

I. INTRODUCTION

In recent progress of wireless communication systems,
such as 5G and beyond 5G, utilization of the higher fre-
quency band is extensively explored. Non-radiative dielectric
waveguide (NRD guide) is one of promising platforms, in
which compact millimeter-wave circuit can be realized thanks
to its non-radiative nature[1]-[12]. In order to design high
performance devices with novel functions, several kinds of
optimization technique for electromagnetic wave devices have
been proposed and developed[13]-[16]. In such optimization
techniques, numerical simulation is required to be iteratively
carried out to optimize a lot of design variables, thus, im-
provement of the computational efficiency of the simulation
is highly desired. NRD guide devices have been simulated
by several numerical simulation approaches so far and these
approaches basically treat three dimensional structure[16] be-
cause electric and magnetic fields of non-radiative modes in
NRD guides vary in whole x-, y-, and z-directions even if the
structure is uniform in the direction vertical to metal plates.
These field variations are not the same for all the electromag-
netic field components even along the uniform direction. Thus,
the non-radiative modes in NRD guides are hybrid modes and
mode coupling between different polarization modes occurs if
the structure varies arbitrarily on the circuit plane. Therefore,
three-dimensional analysis has been employed so far. In this
paper, we first propose two-dimensional full-vectorial finite
element analysis for efficient simulation of NRD guide de-
vices with uniform structure in the vertical direction to metal
plates. It is shown that our formulation can treat polarization
coupling between LSM01 and LSE01 modes even in the two-
dimensional analysis.
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Fig. 1. Image of NRD guide circuit and non-radiative modes (LSM01, LSE01)
of the NRD guide.
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Fig. 2. Edge/Nodal hybrid element with curved boundary.

II. TWO-DIMENSIONAL FULL-VECTORIAL FINITE
ELEMENT METHOD

Considering an NRD guide device as shown in Fig. 1,
propagating behavior in NRD guides is governed by Maxwell’s
equation, and its functional for waveguide analysis by finite
element method is written as follows:

F =

∫∫∫ [
(∇×H∗) ·

(
1

εr
∇×H

)
− k20H

∗ ·H
]
dV

−
∫∫ {

H∗ ·
(
in × 1

εr
∇×H

)}
dS. (1)

where k0 is a free-space wavenumber and εr is a relative
permittivity distribution. In this type of NRD guide devices,
because of the uniformity of the structure along the z-
direction, electric and magnetic fields, Ei and Hi (i = x, y, z)
in LSMn1 and LSEn1 modes (n = 0, 1, · · ·) can be expressed
as follows:

Ex = ϕx(x, y) sin
(π
a
z
)
, Hx = ψx(x, y) cos

(π
a
z
)
,
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Ey = ϕy(x, y) sin
(π
a
z
)
, Hy = ψy(x, y) cos

(π
a
z
)
,

Ez = ϕz(x, y) cos
(π
a
z
)
, Hz = ψz(x, y) sin

(π
a
z
)
.

In order to obtain finite element expression for waveguide
analysis, discretizing computational domain into curvilinear
edge/nodal hybrid elements [17]-[19] as shown in Fig. 2,
approximating magnetic field component by

ψ(x, y) =
(
ix{U}T + iy{V }T

)
{ψt}+ iz{N}T {ψz}

= {N}T {ψ} (2)

and applying variational principle, then, the following linear
equation is derived:(

[K]− k20 [M ]
)
{ψ} = {u} (3)

[K] =

[
[Ktt] [Ktz]
[Kzt] [Kzz]

]
, [M ] =

[
[Mtt] [0]
[0] [Mzz]

]
,

{ψ} =

[
{ψt}
{ψz}

]
, {u} =

[
{ut}
{uz}

]
where {U}，{V } are shape functions of edge element, {N}
is a shape function of nodal element, and the submatrices are
defined by

[Ktt] =
∑
e

∫ ∫
e

[(
px{V }{V }T + py{U}{U}T

)(π

a

)2

+pz

(
∂{V }
∂x

−
∂{U}
∂y

)(
∂{V }T

∂x
−

∂{U}T

∂y

)]
dxdy

[Ktz ] =
∑
e

∫ ∫
e

[(
px{V }

∂{N}T

∂y
+ py{U}

∂{N}T

∂x

)(
π

a

)]
dxdy

[Kzt] =
∑
e

∫ ∫
e

[(
px

∂{N}
∂y

{V }T + py
∂{N}
∂x

{U}T
)(

π

a

)]
dxdy

[Kzz ] =
∑
e

∫ ∫
e

[(
py

∂{N}
∂x

∂{N}T

∂x
+ px

∂{N}
∂y

∂{N}T

∂y

)]
dxdy

[Mtt] =
∑
e

∫ ∫
e

[
qx{U}{U}T + qy{V }{V }T

]
dxdy

[Mzz ] =
∑
e

∫ ∫
e

qz{N}{N}T dxdy

{u} =

∫
Γ

{{N} · (in × [p]∇×H)} dΓ, [p] = diag{px, py , pz}

where Γ is the input boundary, and if perfectly matched layer
(PML)[20] is placed outside the real computational domain to
express semi-infinite region[21], pi, qi (i = x, y, z) is defined
as follows:

px =
1

εr
· sx
sy
, py =

1

εr
· sy
sx
, pz =

1

εr
· 1

sxsy

qx =
sy
sx
, qy =

sx
sy
, qz = sxsy,

and si is stretching parameters along the i-direction in PML
region.

Assuming the inputting direction is the x-direction, bound-
ary condition at Γ where eigenmode with a propagation
constant, β, is launched is given by

{u} =

[
[Btx] [Bty] [0]
[Bzx] [0] [Bzz]

] {ψx}Γ
{ψy}Γ
{ψz}Γ

 (4)
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Fig. 3. Dispersion relation of guided modes in an NRD guide and field
distribution of LSM01 mode at frequency of 60 GHz.

where

ψΓ = ix{N}T {ψx}Γ + iy{V }T {ψy}Γ + iz{N}T {ψz}Γ (5)

[Btx] =
∑
Γ

∫
Γ

1

εr
{V }

∂{N}T

∂y
dy

[Bty ] =
∑
Γ

∫
Γ

jβ
1

εr
{V }{V }T dy

[Bzx] =
∑
Γ

∫
Γ

−
1

εr

(
π

a

)
{N}{N}T dy

[Bzz ] =
∑
Γ

∫
Γ

jβ
1

εr
{N}{N}T dy

. LSM mode in the input port is obtained by solving the
following wave equation:

∂

∂y

(
1

εr

∂ψz

∂y

)
+

(
k20 −

β2 + (π/a)2

εr

)
ψz = 0 (6)

ϕx =
1

jωε0εr

(π
a

) ∂ψz

∂y
ψx =

1

jβ

(π
a

)
ψz

ϕy =
1

ωε0εrβ

{
β2 +

(π
a

)2
}
ψz ψy = 0

ϕz =
1

ωε0εrβ

(π
a

) ∂ψz

∂y
.

where ε0 is the permittivity of vacuum and ω is the angular
frequency.

Although wave equation for LSE mode is given by

∂

∂y

(
∂ϕz
∂y

)
+

(
εrk

2
0 −

(
β2 + (π/a)2

))
ϕz = 0, (7)

both LSE and LSM modes can be treated by (3) because (3)
is derived from full-vectorial expression (1).

III. NUMERICAL EXAMPLES

A. Guided Mode Analysis

In order to confirm the validity of two-dimensional finite
element analysis, first, we calculate the guided modes in the
NRD guide with height of a = 2.25 mm and width of
b = a. The relative permittivity of the dielectric material
is assumed to be εr = 2.2, and surrounding material is
assumed to be air with relative permittivity of εair = 1.
Figure 3 shows the results obtained by two-dimensional (2D)
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Fig. 4. Top view of simple 90 degree bend.
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Fig. 5. Propagating field (|Hz |) in the simple 90 degree bend calculated by
(a) 2D FEM and (b) 3D FEM.

analysis and three-dimensional (3D) analysis. In this analysis,
the results in 2D analysis are analytically calculated and those
in 3D analysis are obtained by FEM with edge/nodal hybrid
triangular elements [19]. We can see that both results are in
good agreement.

B. Wave Propagation Analysis

Next, we consider a waveguide bend as shown in Fig. 4.
The height and width of the input and output waveguides
are a = 2.25 mm and b = a, respectively. The inner and
outer radius of the waveguide bend are R1 = 3.875 mm
and R2 = 6.125 mm, respectively. We consider the case
that the LSM01 mode with operating frequency of 60 GHz
is launched into port 1. Figure 5 shows the propagating
fields obtained by 2D FEM and 3D FEM [22]. We can see
that both results are in good agreement and the normalized
transmission power as LSM01 is only 0.21 in both analyses due
to mode conversion from LSM01 to LSE01. In this analysis,
only 0.4 GB of memory and 4.5 seconds of computational
time are required in 2D analysis, whereas about 20 GB of
memory and 109 seconds of computational time are required
in 3D analysis using a PC with Intel(R) Xeon(R) CPU E5-
2660 v4 @ 2.00GHz. In 2D analysis, we can get sufficient
numerical convergence using even fewer discretization. In this
3D analysis, the numercal accuracty is within relative error of
about 0.5% in the normalized transmission power. To obtain
more accurate results, further computational cost is required.

Finally, we consider a waveguide bend as shown in Fig. 6.
The shape of this bend is represented by 20 control points
(N = 10) placed on the material boundary and these control
points are optimized by the simple gradient method where the
sensitivities with respect to the design variables are calculated
by forward difference formula. In this example, the control
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Fig. 6. Top view of design model of 90 degree bend.

(a) (b)

Fig. 7. Propagating field (|Hz |) in the designed 90 degree bend calculated
by (a) 2D FEM and (b) 3D FEM.

TABLE I
COMPARISON OF S-PARAMETERS AT f = 60 GHZ OBTAINED BY 2D-FEM
AND 3D-FEM FOR BEND SHOWN IN FIG. 4 AND OPTIMIZED BEND SHOWN

IN FIG. 6.

Bend in Fig. 4 Bend in Fig. 6
S-parameter Output mode 2D 3D 2D 3D

LSM01 −6.74 −6.59 −0.13 −0.15|S21| [dB] LSE01 −1.04 −1.05 −16.1 −17.1
LSM01 −35.3 −32.2 −25.1 −21.1|S11| [dB] LSE01 −34.1 −34.2 −23.0 −21.5

points are placed at equal intervals in the angular direction
and only the distance from the center is designed. Figure 7
shows the propagating fields in the designed waveguide bend
obtained by 2D FEM and 3D FEM. We can see that both
results are in good agreement and the normalized transmission
power as LSM01 is improved up to 0.97 because mode
conversion to LSE01 mode can be suppressed. In Table I, S-
parameters are listed for two bends shown in Fig. 4 and Fig. 6.

IV. CONCLUSION

We proposed two-dimensional finite element analysis of
NRD guide devices with uniformity along the vertical direc-
tion and derived the formulation by using edge/nodal hybrid
triangular elements. To show the validity and usefulness of
this approach, two kinds of waveguide bends were calculated
by the proposed 2D FEM and the conventional 3D FEM and
the good agreement between both results was confirmed. We
think this 2D FEM is very useful in future toplogy optimal
design of NRD guide devices.
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