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Abstract
We define 0-enveloids for one-parameter families of Legendre curves.
The 6-enveloid for a given one-parameter family of Legendre
curves is a plane curve that cuts each member of the family in
the same constant angle 6. As an application, we consider the
definition of involutoids of frontals from the view point of 6-
enveloids. Moreover, we consider the properties of normal envelopes.
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1 Introduction

Isogonal trajectory is a classical topic in mathematics. There are many applica-
tions of isogonal trajectories to differential geometry, differential equations and
algebra [5, 7, 13, 20, 21, 23]. An isogonal trajectory of a family of plane curves
is a plane curve that cuts each member of the family in the same constant
angle 6 at some points. When 6 equals 0 and 7/2, the isogonal trajectories are
envelopes and orthogonal trajectories, respectively. Many geometric objects
can be explained from the perspective of isogonal trajectories. For instance,
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involutes and evolutes of curves are closely related to the 7/2-isogonal trajec-
tories (orthogonal trajectories) and 0-isogonal trajectories (envelopes) of the
families of tangent lines and normal lines of the original curves [2—4, 6, 10—
12, 16-18, 20, 25]. Pedal curves, which have important applications in other
subjects, can also be described by using the language of isogonal trajectories
[4, 17, 25]. From the view point of slant geometry (cf. [2, 4, 12, 17, 18]), the
isogonal trajectories are the generalizations of envelopes and orthogonal tra-
jectories [5, 13, 19, 21, 23]. If the family of curves are regular, then the angle
between isogonal trajectories and the curves of the family at the intersections
is well-defined. But we can not define isogonal trajectories for singular curves.
In reality, however, singularities always exist on curves. In Takahashi [24],
envelopes for Legendre curves in the Euclidean plane are defined. They are the
generalizations of the classical envelopes for regular plane curves. In this paper,
we will define #-enveloids for one-parameter families of Legendre curves, which
are the generalizations of the isogonal trajectories for regular plane curves.
The definition of enveloids is a generalization of the classical envelopes from
the view point of “angle”, such as “evolute” to “evolutoid”, “pedal” to “ped-
aloid” and “primitive” to “primitivoid”, see [12, 17, 18]. Although there is only
a difference in “angle” between envelopes and #-enveloids (6 # 0) in geometric
meaning, there is a great difference between the two, especially the 6-enveloids
are closely related to ordinary differential equations, see Theorems 5 and 6.

In section 2, we review the definitions of Legendre curves and one-
parameter families of Legendre curves. We also give a moving frame and a
Frenet type formula (cf. [22, 24]). In section 3, we define a 6-enveloid for a one-
parameter family of Legendre curves. We find that the #-enveloid is a frontal.
As a main result, we give the #-enveloid theorem, see Theorem 2. Moreover, we
also consider the existence and uniqueness of enveloids with initial values under
conditions, see Theorem 6. In section 4, from the view point of #-enveloids, we
define involutoids of frontals (singular curves). The involutoids are not only
the generalizations of the classical tanvolutes for regular plane curves, but also
the opposite processes of the evolutoids (cf. [2, 4, 12, 17]). We can see the
involutoids of a front without inflection points are fronts, so we give the cur-
vature. We also give the relationships between involutoids and evolutoids. In
section 5, as a special case, we consider the properties of 7 /2-enveloids (normal
envelops). The basic results on the singularity theory see [3, 6, 14, 15].

All maps considered in this paper are differentiable of class C°.

2 Legendre curves and one-parameter families
of Legendre curves

In this section, we introduce the definitions of Legendre curves and one-
parameter families of Legendre curves in the unit tangent bundle over R2. For
more details about Legendre curves and one-parameter families of Legendre
curves see [9, 22, 24].
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Let I and A be intervals in R. We say that (y,v) : I — R?xS" is a Legendre
curve if 7/ (¢) -v(t) = 0 for all ¢ € I. Moreover, if (v, ) is an immersion, we call
(7,v) a Legendre immersion. We say that ~ : I — R? is a frontal (respectively,
a front) if there exists a smooth map v : I — S such that (v, v) is a Legendre
curve (respectively, a Legendre immersion).

We denote J(x) = (—x2,21) the anticlockwise rotation by n/2 of x =
(x1,22). Then we define pu(t) = J(v(t)), thus {v(t), u(t)} is a moving frame
along ~y(t). The Frenet type formula of (v, v) is given by

() = (o ) (2
Y (t) = Bt)u(t).

The pair (¢, ) is called the curvature of (,v). In this paper, we call g an
inflection point of the Legendre curve (v,v) if £(tg) = 0, see [10, 11].

Definition 1 (cf. [22, 24]) Let (y,v) : I x A — R? x S! be a smooth mapping. We
say that (v,v) is a one-parameter family of Legendre curves if v¢(¢, X) - v(¢t,A) = 0
for all (¢,A) € I x A.

By definition, (y(,\),v(-,A)) : I — R? x S! is a Legendre curve for each
fixed A € A and v : I x A — R? is a one-parameter family of frontals.

We define u(t,A\) = J(v(t,A)). Then {v(t,\), u(t,\)} is a moving frame
along (¢, \) and the Frenet type formula is given by

(i) = (ot 6 G )
(i) = (ot ™57) (3.
W) = Bt Nnlt, ),
TEA) = AN + BNl

where
E(t, /\) = Vt(t7 >‘) : :u(t7 >‘)a m(t’ )‘) = V)\(tr /\) : p’(tv /\)a B(tv )‘) = 'Yt(tv /\) ’ u(t’ )‘)7

A(tv /\) = ’YA(t, >‘) : V(tv )‘)7 B(tv )‘) = ’Y)\(tv )‘) : :u(ta )‘)
By the integrability condition ez (t, A) = Yar(t, A), vea(t, A) = vae(t, \) and
wex(t, A) = uae(t, N), €(E, A), m(t, N), B(t, ), A(t,\) and B(t, \) satisfy

On(tN) = ma(t, ),
A8, N) = B(t, AUt \) — B(t, m(t, \),
By(t, ) = Balt, \) — A(t, Ne(t,N)
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for all (t,\) € I x A. We call the tuple (¢,m, 3, A, B) with the integreability
condition a curvature of the one-parameter family of Legendre curves (v, v).

Remark 1 Let (v,v) : I x A — R? x S be a one-parameter family of Legendre
curves with curvature (¢, m, 3, A, B). Then (v, —v) is also a one-parameter family of
Legendre curves with curvature (¢, m,—8,—A, —B).

Ezample 1 Let (y,v) :RxR — R2 x S' be given by
YA = (2= N+ N), vt N) = (449272 (=3¢, 2).

Since
Vt(t7 )‘) = (Qt, 3t2)7 "}/)\(t, )‘) = (_17 1)7
vi(t,\) = 6(4+9¢%)"¥/2(—2,-3t), vA(t,\) = (0,0)
and
u(t,\) = (4+9t%) 7% (=2, -31),

(y,v) is a one-parameter family of Legendre curves and the curvature is given by

(€,m, B, A, B)(t, )

= (6(4+9t2)71 0, —t(4+ 922 (4 + 962 V23t + 2), (4 + 9t%) V22 — 3¢1)).

In [22, 24], the existence and uniqueness theorem for one-parameter families
of Legendre curves are given.

3 0O-enveloids for Legendre curves

Let (v,v) : I x A — R?x S be a one-parameter family of Legendre curves with
curvature ({,m,3,A,B) and e : U — I x A e(u) = (t(u), A\(u)) be a smooth
curve, where I, A, U are intervals in R. Denote E(u) = v o e(u).

Definition 2 We call E a 6-enveloid and e a pre-6-enveloid (8 € [0, 7)) for the fam-
ily of Legendre curves (v, v), when the conditions (1) and (2) are satisfied.

(1) The map A : U — A is surjective and non-constant on any non-trivial subinterval
of U (The variability condition).

(2) For all u € U, E'(u) and cos@u(t(u), A(u)) + sinfv(t(u), \(u)) are linearly
dependent (The 6-parallel condition).

If we clarify 6, then we denote e[f] and FE[f] respectively. Actually, we can
prove that E[f] is a frontal, see Proporsition 1. We remark that the #-parallel
condition is equivalent to

E0] (u) - (— cos Bu(e[f] (w)) + sin Ou(e[6] (u))) = 0
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for all u € U. When 6 = 0, ¢[0] is a pre-envelope and E[0] is an envelope of
(v, v) respectively [24], when 6 = 7/2, we call e[r/2] a pre-normal envelope
and E[m/2] a normal envelope of (v, V), respectively. When + is regular, we can
easily see that they are envelopes and orthogonal trajectories of one-parameter
families of regular curves [5, 13, 19, 22-24].

However, different from the classical envelopes, the #-enveloids (6 # 0) of a
one-parameter family of Legendre curves are closely related to the solutions of
ordinary differential equations, so the #-enveloids often appear in the form of
a one-parameter family of curves, see Theorem 5 and Example 2. In this case,
we call them the one-parameter family of 6-enveloids for the one-parameter
family of Legendre curves.

Remark 2 By definition, E[f] = E[0 + «|. Therefore, we only consider 0 € [0, ).

Remark 3 For a fixed u € U, E[f](u) = y(t(u), A(u)) is not only a point on the 6-
enveloid E[f] but also a point on the frontal v(-, A(w)). Since A : U — A is surjective,
E[6] cuts each member of the family of frontals v at some points.

Proposition 1 Let (y,v): I x A — R2 x S! be a one-parameter family of Legendre
curves with curvature (¢,m, 8, A, B). If e[f] : U — I x A is a pre-6-enveloid and

E[f) =~oelf] : U — R
is a f-enveloid of (v, v), respectively. Then
(E[0], — cos B o e[f] + sinBp o elf]) : U — R* x §*
is a Legendre curve with the curvature
8)(w) = ¢ (W)(elb] () + X (wmlelo)(w)),
Bl6)(u) = — cos Ot (u)B(e[f](u)) — sin ON (u) A(e[](u)) — cos O (u) B(e[6](uw)).

Proof Denote e[f](u) = (t(u), A(u)). Since e[f] is a pre-6-enveloid of (vy,v), we have
E[0] (u) - (= cos Ov o e[f](u) + sin Oy o e[f](u)) = 0

for all uw € U by the 6-parallel condition. Then
(E[0], — cos O o e[f] + sinBp o elf]) : U — R? x §*

is a Legendre curve. The moving frame of (E[0](u), — cos fvoe[0](u) +sinOuoe[f](u))
is given by

{—cosOv o e[f](u) + sinfu o e[f](u), — cos Ou o e[f](u) — sin Ov o e[f](u)}.
Therefore, we have the curvature
200](u) = %(sinﬁu oe[f](u) — cosOr o e[f](u)) - (— cosOu o elf](u) — sin v o e[f](u))
= (sinOpue(e[6](w))t' (u) + sin Ouy (e[6] (w))A (u) — cos Gy (e[6] (w))t' (u)
—cos Oy (e[f](u )) "(w)) - (= cos O o e[f](u) — sin v o e[f](u))
=t'(u ) (e[0](w)) + X (w)m(e[6](u)),
BlO)(u) = E[6] (u) - (— cos O o e[0] (u) — sin 0 o e[6)(u))
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(t' (u)ye(e[O](u) + X (u)yx(e[f] (1)) - (— cos Op o [0 (u) — sin v o e[0] (w))
= —cos 0t (u)B(e[f](u)) — sin OX (u)A(e[f](w)) — cos ON (u) B(e[6](w)).

]

Now we give the #-enveloid theorem for one-parameter families of Legendre
curves.

Theorem 2 Let (y,v) : I x A — R2 x S! be a one-parameter family of Legendre
curves with curvature (¢,m, 3, A, B) and e[f] : U — I x A be a smooth curve which
satisfies the variability condition. Then e[0] is a pre-6-enveloid of (v, v) if and only if

sin 0’ (u)B(e[0](u)) — cos ON (u) A(e[0](u)) + sin ON (u) B(e[f](u)) = 0 (1)
for all w € U.

Proof Let e[f] be a pre-f-enveloid and FE[f] = v o e[f] be a f-enveloid of (v,v),
respectively. By differentiate E[0](u) = v o e[f](u), we have

E6] (u) = ¢’ (u)ye (e[6](w)) + X' (w)yx(e[6] (w)).
Since
Vet A) = B, Mu(t, ), ya(t, A) = A, Nv(t, A) + B(t, Mp(t, A),
we have
E0) (u) = t' (u) B(e[0] (w)) u(e[f] (w))+X' (w) (A(e[0] () v (e[6] (w))+B(e[f] () p(e]8) (w)))-
By the 6-parallel condition
EI0) () - (— cos 0u(e[f)(w)) + sin Op(el6](w))) = 0,
we have
sin 0t' (u) B(e[0](u)) — cos O (u) A(e[f](w)) + sin X (u) B(e[f](u)) =
for all u € U.
On the other hand, suppose that
sin 0t' (u)B(e[6] (u)) — cos ON (u) A(e[d](u)) + sin O (u) B(e[f](u)) =
for all uw € U. Since
E[6) (u) - (— cos 0w (e[6) (u)) + sin Op(e[6)(v)))
= sin 0t (u)B(e[0] (u)) — cos O (u) A(e[0](u)) + sin OX (u) B(e[d](u)) = 0,

e[0] satisfies the f-parallel condition. Therefore e[f] is a pre-6-enveloid of (v, v). O

Remark 4 By Theorem 2, the pre-envelope e[0] satisfies A(e[0](u)) = 0 for all u € U,
see [24].

Proposition 3 Let (v,v) : I x A — R? x S' be a one-parameter family of Legendre
curves. If e[f] : U — I x A is a pre-6-enveloid and E[f] = yoe[f] : U — R? is a
0-enveloid of (v, v), respectively. Then e[f] and E[0] are also a pre-6-enveloid and a
f-enveloid of (v, —v), respectively.



Springer Nature 2021 BTEX template

Enveloids of Legendre curves 7

Proof By Remark 1, (v, —v) is a one-parameter family of Legendre curves. By the
f-enveloid theorem, we have the same pre-6-enveloids and #-enveloids of (y,r) and

('77 _V)' O

Let ®: 1 x A — I x A ®(s,k) = (¢(s, k), (k) be a one-parameter family
of parameter changes, that is, ® is a diffeomorphism by the above form.

Proposition 4 Let (y,v): I XA — R? x S! be a one-parameter family of Legendre
curves with curvature (¢, m,,A,B), e[f] : U — I x A be a pre-f-enveloid and
E[6] = yoe[f] : U — R? be a -enveloid of (v, ), respectively. If & : T x A — I x A
is a one-parameter family of parameter changes, then

(F,7)=(yo®,vo®): I x A —R?x S

is also a one-parameter family of Legendre curves. Moreover, o lo eld] : U — IxA
is a pre-f-enveloid of (7,7) and E[f] is also a 6-enveloid of (3,7).
Proof We denote
Y(s,k) =v(D(s, k), v(s, k) =v(P(s,k)), fi(s, k) = pu(P(s, k)).
Since
ﬁS(& k) = (255(8, k)’yt(q)(sv k))? ’Yt(tv )‘) ' V(tv )‘) =0

for all (t,\) € I x A, we have Js(s, k) - (s, k) = 0 for all (s, k) € I x A. Then (7, 7) is
a one-parameter family of Legendre curves with the moving frame {7 (s, k), (s k)}
Since @ is a diffeomorphism and ®(s, k) = (¢(s, k), p(k)), @1 : I x A — I x A is
given by ®1(t,A) = (¥(t, A), o 1 (A)). We denote e[f](u) = (t(u), A(w)). It follows
that @1 o e[f](u) = (Y(t(u), A(w)),© (AM(w))). Since A : U — A is surjective and

L. A — A is a diffeomorphism, ¢t oA : U — A is also surjective. Moreover,
d(e™ (M (w)))/du = (=1 (A(u))N (u), thus the variability condition still holds. The
curvature of (¥,7) is given by

Us, k) = Us(s,k) - [i(s, k) = ps(s, k)0(D(s, k),
(s, k) = Fg(s, k) - fi(s, k) = op(s, K)U(D(s, k) + ' (k)m(®(s, k)),
B(s k) = Fs(s, k) - fi(s, k) = ¢s(s, k) B(R(s, k),

A(s, k) = (s, k) - U(s, k) = ¢ (k) A(D(s, k),

B(s, k) = Fp(s, k) - (s, k) = (s, k)B(D(s,k)) + &' (k) B(D(s, k))

By a direct calculation, we have

sing (4160 3) 0 l6)() ) F@~ o l6)(w)

~cost (4607 )0 cll() ) A(@ o lo](w)
+sind (e W o ellw)) B@ o clplw)
= 0016 B0 1) + (6, ) o NN (1)@ 0 DAL )
—eos0((6 ™ N ()¢ (™ () A1)
sin 051 ()N (1)) (66(8 ™ 0 elf] () Beld] () + ' (6™ (M) Bleld] ()
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= sinft’ (u)B(e[0](u)) — cos ON (u) A(e[0](w)) + sin X (u) B(e[6](w)).
Since e[f] is a pre-f-enveloid of (y,v), by Theorem 2, we have
sin 0t' (u)B(e[6] (u)) — cos O (u) A(e[0](u)) + sin OX (u)B(e[f](u)) = 0

for all w € U. Thus, ® ' oelf] : U — I x A is a pre-f-enveloid of (3,7) and
Elf] =~oe[f] =yo®o® Loeld is a h-enveloid of (7,7). O

By Theorem 2, if § # 0, the pre-6-enveloids are actually the solutions of
specific differential equations that are related to the curvature. Therefore, the
#-enveloids often appear in the form of one-parameter families of curves, which
is different from the classical envelopes (cf. [24]). In this case, we call them the
one-parameter families of #-enveloids for the one-parameter families of Leg-
endre curves. Moreover, we can also consider the existence and uniqueness of
#-enveloids with initial values under conditions, see Theorem 6. In the follow-
ing theorem, we first give the relationships between the existence of 6-enveloids
and the existence of the solutions of ordinary differential equations related to
the curvature, and the theorem also gives a general method to find -enveloids.

Theorem 5 Let (y,v) : R x A — R? x S! be a one-parameter family of Legendre
curves with curvature (¢,m, 8, A, B). If @ # 0, then there exists a pre-6-enveloid e[6] :
U—RxA, e[](u) = (t(u), A\(u)) of (y,v), where A : U — A is a diffeomorphism, if
and only if the following ordinary differential equation

Bly,) T = cot0A(y, u) — Bly,u) 2)

has a solution y = y(u) on the whole interval A, where cot§ = 1/tan6 = cos6/sin 6.

Proof By Theorem 2, if e[f] : U — R x A, e[6](u) = (t(u), A(u)) is a pre--enveloid
of (v,v), we have
sin 0t' (u)B(e[6] (u)) — cos ON (u) A(e[f](u)) + sin N (u) B(e[](u)) = 0,

that is, e[f](u) = (t(u), A(u)) satisfies (1). If ¢(u) = y and A(u) = z, then we have an
ordinary differential equation (2). Since A : U — A, A(u) = z is a diffeomorphism,
we have the inverse mapping AliA U, )\71(3@) = u. Then we have y = t(u) =
t(A"(2)), and we denote y = y(z) = t(A\"1(x)).

Next we will verify that y = y(z) is a solution of (2) on the whole interval A. By
y =y(x) = t(A" (), A~H(x) = u, we have

=0T @O @) = W

By (1), it is easy to obtain that y = y(z) satisfies (2), which means y = y(z) is a
solution of (2). Moreover, since A : U — A is a diffeomorphism, we have y = y(z) is
a solution of (2) on the whole interval A.

Conversely, if (2) has a solution y = y(u) on the whole interval A, then we have

Bly(w), u)y' (u) = cot 0A(y(u), u) — B(y(u), u).
Let e[0] : A = R x A, e[f](u) = (y(u),u), then e[] satisfies the variability condition.
Moreover, we have

sin 0y’ (u) B(y(u), u) — cos OA(y(u), u) + sin OB (y(u),u) = 0
for all u € A. By Theorem 2, e[f] is a pre-6-enveloid of (v,v). O
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Remark 5 Sometimes for the sake of calculation, the pre-6-enveloids might be of the
form (u,y(u)), see Example 2.

By Theorem 5, e[f] : A — R x A, e[f](u) = (y(u),u) is a pre-f-enveloid of
(7,v) : Rx A — R? x St if y = y(u) is a solution of

d
Bly.u) 50 = cot0A(y,u) — By, u)

on the whole interval A. Then we consider the standard form of the above
ordinary differential equation, that is

dy _ cot0A(y,u) — By, u)
du By, u) '

We denote F(y,u) = (cot0A(y,u) — B(y,u))/B(y,u). Since we consider the
Legendre curves, 5(y, ) may be equal to 0 at some points, which means F'(y, u)
may not be well defined at some points. Therefore, we consider the condition
that F: R x A — R is a smooth function. In the following theorem, by the
Lipschitz condition of ordinary differential equations with initial values (cf.[1]),
we give the existence and uniqueness theorem of 8-enveloids with initial values.

Theorem 6 Let (y,v) : Rx A — R? x S be a one-parameter family of Legen-
dre curves with curvature (¢,m, S, A, B). Suppose that v(yo,uo) is an initial point
of the one-parameter family of frontals v, where yg € R, ug € A. If F(y,u) =
(cot 0A(y,u) — B(y,u))/B(y, u) satisfies the globally Lipschitz condition on the strip
area S = {(y,u) | y € R,u € A}, that is

| F(y1,u) = F(y2,u) [< K [y1 — y2 |
for some constant K > 0 and for all (y1,u), (y2,u) in S, then there exists a unique
solution y = y(u) of the initial value problem
dy _
du

on the whole interval A. Moreover, there exists a unique pre-f-enveloid e[f] : A —
R x A, e[0](u) = (y(u),u) of (,v) which satisfies y(ug) = yo.

F(yvu)v y(u()) = Yo,

Proof By the Lipschitz condition of ordinary differential equations with initial values,
see [1], we obtain the theorem. O

Ezample 2 Let (y,v) : Rx R — R2 x S' be a one-parameter family of Legendre
curves given by

Yt N) = = NN, vt ) = 4+ 9t2)"V2(=3t,2),
see Fig. 1. We consider § = w/4. By Example 1, the curvature of (v,v) is
(¢,m, B, A, B)(t, \)
= (6(4+9t2)71 0, —t(4+ 922 (4 + 962 V23t + 2), (4 + 9£%) "2 (2 — 3¢)).
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By Theorem 5, we have the following ordinary differential equation

dy 6y
-y 4+9y2@:7W. (3)
By a direct calculation, we have
dy 6
du ~ 4+ 9y2’
Let F(y,u) = —6/(4 4+ 9y?), we have

| —54y3 + 54y7 |
(4+9y3)(4+ 9y3)

| F(y1,u) — F(y2,u) | =

| y1 +y2 |
=54 |y1 —y2 |
(4+9y3) (4 +943)
ly1 [+ y2 |
< 54|y —y2 |
(4+9y%) (4 + 9y3)
| y1 | | 2 | )
< 54|y — +
o1 y2|((4+9y%> (4+942)
<9y —y2 |-

Therefore, F(y,u) satisfies the Lipschitz condition, and there exists a unique pre-
f-enveloid e[f] : R — R x R, e[f](u) = (y(u),u) if we choose an initial point by
Theorem 6.

However, the forms of the solutions of (4) are complicated. Hence we consider
the ordinary differential equation (5),

fTZ =23y (5)
Then the general solution of (5) is given by
2 13
U=-3Yy-3Y +¢

where c¢ is a constant. Therefore, the one-parameter family of pre-m/4-enveloids of
(v,v) is given by

eS[r/4] : R — R x R, ef[n/4](u) = (u, fgu — %ug + c) ,
where ¢ is a constant, see Remark 5. Note that y = 0 is also a solution of (3), then
elr/4] : R = R x R, e[n/4](u) = (0, u)
is also a pre-mw/4-enveloid of (v, v). Therefore, we have
2

E[r/4)(u) = v o e[r/4](u) = <2u +u? 4 %u?’ —6-3

3
Elr/4)(u) = yoe[r/4)(u) = (—u,u)
are 7/4-enveloids of (v,v), see Figs. 2 and 3. Where E€[r/4] is a one-parameter
family of m/4-enveloids of (y,v). Note that E[r/4] is passing through 3/2-cusps of
(v,v), see Fig. 4.

u—l—lug—i—c
2 b



Springer Nature 2021 BTEX template

Enveloids of Legendre curves 11

\

Fig. 1 One-parameter family of frontals v (the red curves).

, of fr
—

_—/
//// e
Fig. 2 The one-parameter family of 7/4-enveloids E¢[r/4] (the blue
curves).

Fig. 3 The 7/4-enveloid E[r/4] (the green curve).

%
O

i

Fig. 4 v (the red curves), the oné—paramete family of 7/4-enveloids

\\\ \ %
E°|n/4] (the blue curves) and the 7/4-enveloid E[r/4] (the green
curve).
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4 Involutoids of frontals in the Euclidean plane
from the view point of #-enveloids

In this section, we introduce involutoids of frontals in the Euclidean plane from
the view point of #-enveloids. The notion of involutes and evolutes for regular
plane curves are familiar objects in differential geometry. The evolute of a reg-
ular plane curve can be described as an envelope of the family of normal lines of
the original curve, conversely, the original curve is the evolute of the involute.
In Giblin and Warder [12], for plane curves, the notion of evolutoid was intro-
duced. It is a generalization of the classical evolute. They consider the process
of when the envelope of the tangent lines changes to the normal lines of the
given curve. In Apostol and Mnatsakanian [2], the notion of tanvolutes for reg-
ular plane curves was introduced. The tanvolute of a regular plane curve is not
only the generalization of involute but also the opposite process of the evolu-
toid. In Izumiya and Takeuchi [17], the evolutoids of frontals (singular curves)
were introduced, the authors find some relationships between evolutoids and
pedaloids, they also find some relationships between primitivoids and inver-
sions of plane curves [18]. In Aydin Sekerci and Izumiya [4], the evolutoids and
pedaloids in the Minkowshi plane are also investigated.

However, for singular plane curves, the definition of tanvolutes is vague. We
will define involutoids of frontals (singular curves) in the Euclidean plane from
the view point of #-enveloids. Actually, for regular plane curves, the involutoids
are the tanvolutes. Hence the involutoids are the generalizations of the classical
tanvolutes for regular plane curves. Firstly, we review the definitions of evolutes
and involutes of fronts without inflection points. Let (v,v) : I — R? x S* be a
Legendre curve with curvature (¢, 8). Suppose that ¢(t) # 0 for all ¢ € I. Then
(7,v) is a Legendre immersion.

In Fukunaga and Takahashi [10], the evolute of a front v without inflection
points is defined by

Ev(y)(t) = () — altv(D),
where a(t) = S(t)/4(t). Moreover, Ev(7y) is also a front.

In Fukunaga and Takahashi [11], the involute of a front y without inflection
points at to (tg € I) is defined by

Tno(y, o) () = (¢) — ( / ﬂ(t)dt) u(t).

Moreover, Inv(v,tp) is also a front.

The definition of #-evolutoid of a Legendre curve is as follows.

Definition 3 (cf. [17]) Let (y,v) : I — R? x S* be a Legendre curve with curvature
(¢, B8). Suppose that there exists a(t) such that 3(¢t) = «(¢)£(t) for any ¢ € I. Then
the #-evolutoid of + is given by

Ev(y)[0](t) = v(t) — a(t) sin O(cos Ou(t) + sin Ov(t)).
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By definition, we have

Ev(MO](t) = (1), Ev()[r/2](t) = Ev(v) (D).

In Izumiya and Takeuchi [17], for a Legendre immersion (v,r) with-
out inflection points, the 6-evolutoid Ev(y)[f] is a front, more precisely,
(Ev(y)[0),velf]) : T — R? x St is a Legendre immersion with the moving frame

{velf], uel6]}, where
velf](t) = — cos Qv (t) + sinOu(t), pelb](t) = —sinbv(t) — cos Ou(t),
and the curvature of (Ev(7)[0], ve[6]) is given by
Le[0](t) = £(t), Bel0](t) = o () sin 6 — B(t) cos 6.

Now we give the definition of #-involutoids of frontals.

Definition 4 Let (y,v) : I — R% x S be a Legendre curve with curvature (¢, ). If
0 # 0, then the f-involutoid of v at tg € I is defined by

t t t
o t0)B1(0) =2(0) = (& o O [ garelio* *Otar) ),

where cot @ = 1/tan = cos6/sin 6. If § = 0, Inv(vy, tp)[0](t) = (t).

When 6 = 7/2, the 7/2-involutoid is the classical involute given by

Ino(y, to)/2)(8) = (1) — ( t ﬁ(t)dt) ().

Let A be an interval of R and (v,v) : A — R% x SY, A = (y(\),v(N)) be a
Legendre curve with curvature (¢, 3). The family of tangent lines of v at v()\)
is given by 7 : R x A — R2, (¢, \) = v(A\) + tu()). Since F¢(t, A) = u(N), we
have 3;(t, A)-v(\) = 0 for all (¢, \) € Rx A. Therefore, (7,7) : Rx A — R?x S1
is a one-parameter family of Legendre curves, where 7(t, A) = v(\). Moreover,
we define 1(t,\) = J(¥(t, A)) = p(A\). We call (7,7) a one-parameter family of
Legendre tangent lines of (v, v) and the curvature of (¥, 7) is given by

0t N) = Dy(t, \) - fi(t, A) = 0,
Mt A) = Da(t, A) - Ji(t, A) = m(N),
Bt A) = Fult, A) - fi(t, ) = 1,
A(t,A) = At N) - v(t, N) = —tl(N),
B(t,A) = Aa(t, ) - Ji(t, \) = B(N)

As an application of #-enveloids, we consider #-involutoids as the #-enveloids
of the one-parameter family of Legendre tangent lines (7,7). Suppose that
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eld] : U — R x A, elf](u) = (t(u),\(u)) is a pre-f-enveloid of (7,7). When
6 = 0, we assume that (7, ) has no inflection points.

Proposition 7 Under the above notations, we have the following.

(1) If @ = 0, then 7 o e[0](u) = y(u) = Inv(y,u0)[0](u), where e[0] : A — R x A,
e[0](u) = (0, u) is the pre-envelope of (7,7) and ug € A.

(2) If 0 # 0, then

5o eld)(u) = (u) — <6— S coto(u)du / B(u)elo ot oL du) ()

= Inv(y,u0)[0])(u),
where e[f] : A = R X A,

e[@](u) _ (_e— f;‘u cot 9€(u)du/ B(u)ef;o cot 9@(u)dudu’ u)

0

is the pre-6-enveloid of (7,7) and ug € A.

Proof (1) Suppose that e[0] : U — R X A is a pre-envelope of (7, 7). By Theorem 2,
e[0] satisfies A(e[0](u)) = 0 for all u € U, thus —t(u)¢(A(u)) = 0 for all u € U. Since
(7, v) has no inflection points, we have t(u) = 0 for all u € U. We take U = A and
let A(u) = u which satisfies the variability condition. Then e[0] : A — R x A is given
by e[0](u) = (0,u). Moreover, 7 o e[0](u) = v(u) is an envelope of (7,7).

(2) Suppose that e[f] : U — R x A is a pre-f-enveloid of (7,7). By Theorem 2,
e[0] satisfies

sin 03 (e[] (u))t' (u) — cos OA(e[0])(w)) N (w) 4 sin 0B (€[] (u)) N (u) = 0
N7

for all w € U. By the curvature of (3,7), we have
sin 0’ (u) 4 cos Ot(u) (A (u))N (u) + sin O8(A(u))N (u) = 0,
then we have
¢/ (u) = (= cot Bt (w)e(A(w)) — B(A(w))A (u)
for all w € U. Let t(u) = y and A(u) = z, we have

dy _ B
T cot Oyl(x) — B(x).

By solving the above ordinary differential equation with the initial value y(zg) = 0,
where xg = A(ug), up € A, we have the solution

@ z -
y=—e" fzo cot 04(z)dx / ﬂ(a:)efzo cot GZ(m)dzdx.
zo

We take U = A and let A(u) = u which satisfies the variability condition, then we
have u
t(u) — e f“ro cot 04(u)du ﬂ(u)ef“o cot %(u)dudu.
uo

Thus e[f] : A — R x A is given by
u u u
e[@](u) _ (767 ‘f“O cot Gé(u)du/ ,B(u)efuo cot GZ(u)duduyu) )
uQ

Moreover,
% o elf](u) = y(u) — (67 fuuo cot 04(u)du / ﬁ(u)ef:() cot Hﬁ(u)dudu) ()
uo

is a f-enveloids of (7, 7). O
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Proposition 8 Let (y,v) : I — R? x S! be a Legendre immersion with curvature
(¢,B8) and without inflection points. For any ¢y € I, the 6-involutoid Inv(y,to)[f] :
I — R? (0 # 0) is a front. More precisely, (Inv(y, to)[0], cos v —sin Op) : I — R? x S*
is a Legendre immersion with the curvature

wlo1(e) = 0t srloje) = Y00 )

where

t t t
WO)(t) = ¢~ fto cot 04(t)dt B(t)efto cot M(t)dtdt.
to

Proof By the Frenet formula of

o
L (1, 0)[6)(E) = B + (cot BEIo)(E) — B + (o)D)
= w([0](£)€(t)(cot Ou(t) + v(t)).

v), we have

Then we have

(;tlnv('y, to)[ﬁ](t)) - (cosOv(t) — sinOu(t)) = 0,
thus (Inv(v,tp)[d], cos v — sinfu) is a Legendre curve. Moreover, we denote

vr[0](t) = cos Qv (t) — sin Ou(t),
then we define
wr(0](t) = J(vr[0](t)) = sinOv(t) + cos Opu(t).
Thus we have the curvature
400 = (o) - uilolo

— (U(8) (cos Ou(t) + sin Bu(1))) - jur[6)(8) = £(8),

(G010 - urlolo)

(w[O](t)e(t)(cot Ou(t) + v(t))) - (cosOu(t) + sinbv(t))
_wl0l)

sin 6

Brlo](t)

d

We can see t; € I is a singular point of the 6-involutoid Inuv(vy,to)[d] if

Next we give the relationships between evolutoids and involutoids.

Proposition 9 Let tg € I and (v,v) : I — R? x S' be a Legendre immersion with
curvature (¢, 8) and without inflection points. If 6 # 0, we have

(1) Ev(Inv(y, to)[m — O])[0)(t) = (1),

(2) Inu(Eu(n)[0) to)lr — 0)() = ~(t) + (5(2) — (B(2)/£(t))sin 0)(cos Op(t) +
sin Qv (t)),

where

5(t) = el cororeloOd tﬁg[e](t)67 J1, cototelo)t 5,

to
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to cot 04(t)dt

Proof (1) Since w[f](t) = e~ Jig cot0(dt fti) ﬁ(t‘)eft dt, we have

t t t
wlr — 0)(t) = efto cot 04(t)dt ﬂ(t)e_ ff«o cot ‘%(t)dtdt.

to

By Proposition 8, we have

Ev[0](Inv(, to)[m — 0])(t)

= Inv(y,to)[m — 0](t) — <%) sin O(cos Ouy[m — 0](t) + sinOvy[m — 6](t))
=7(t) —wlr —0(t)u(t) + W(COS2 Op(t) — cos @ sin Qv (t)

+ cos @sin Qv (t) + sin? Ou(t))
=7(t).
(2) By the definition of #-involutoids and the curvature of 6-evolutoids, we have
Inv(Ev(y)[0], o) [r — 0](t)
= Ev(M)[01(t) — 6(t)pe0](1)
=5(t) — BE®) sin @(cos Ou(t) 4 sin Ov(t)) — 6(t)(— cos Ou(t) — sinOv(t))

£(t)
=(t) + (5(75) — i((z)) sin 9) (cos Ou(t) + sinOu(t)).

O

For the special case when 6(¢t) — (B(¢)/4(t))sinf = 0, we have
Inw(Ev()[0), to)[r — 0](t) = ~(t).

Remark 6 When 6 = 0, Ev()[0](t) = v(t) and Inv(vy,to)[x](t) = ~(t). Therefore, we
have

(1) Ev(Inw(y, to)[x])[0](t) = (1),

(2) Inv(Ev(1)[0], to)[x](t) = ().

Remark 7 When 0 = 7/2, Ev(y)[r/2](t) = Ev(y)(t) and Inv(vy,to)[n/2](t) =
Inv(y,to)(t). Therefore, we have
(1) Ev(Inu(y, to))(t) = (1),
E2) Inv(Ev(y), to)(t) =~(t) — (B(to)/E(to))v (1),
1

see [11].

5 Normal envelopes

Normal envelopes (7/2-enveloids) are the special cases of §-enveloids. As the
corollaries of Proposition 1 and Theorem 2, we give the basic properties of
normal envelopes.
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Corollary 1 Let (y,v) : I x A — R? x S be a one-parameter family of Legendre
curves with curvature (¢, m,3,A,B). If n: U — I x A, n(u) = (t(u), A(w)) is a pre-
normal envelope and N = yon : U — R? is a normal envelope of (v, v), respectively.
Then (N, pon): U — R? x St is a Legendre curve with the curvature

n(u) = ¢ (w)(n(u)) + X (wym(n(w)),
Bn(u) = =X (u)A(n(u)).

Corollary 2 Let (v,v) : IXA — R2 x S! be a one-parameter family of Legendre curves
with curvature (¢,m,3,A,B) and n : U — I x A, n(u) = (¢(u), \(u)) be a smooth
curve which satisfies the variability condition. Then n is a pre-normal envelope of
(v, v) if and only if

t' (u)B(n(w)) + X (u)B(n(u)) = 0
for all u € U.

Then we give the relationships between envelopes and normal envelopes
of one-parameter families of Legendre curves by using pre-envelopes and pre-
normal envelopes.

Proposition 10 Let (y,v): I XA — R%2x S! bea one-parameter family of Legendre
curves with curvature (¢,m, 8, A, B). Suppose that e : U — I x A is a pre-envelope
and n : U — I X A is a pre-normal envelope of (7, V), respectively. If e and n intersect
at a point ug € U, then ug is a singular point of the normal envelope N = yon.

Proof Let e(u) = (t1(u), A1(u)) and n(u) = (t2(u), A2(u)). Suppose that e and n
intersect at ug, we have

e(uo) = (t1(u0), A1 (uo)) = (t2(uo), A2(uo)) = n(uo)-
By Theorem 2, we have A(e(ug)) = 0. Then by Corollary 1, we have

B (u0) = =3 (ug)A(n(ug)) = 0.

Thus ug is a singular point of the normal envelope N. O

Ezample 8 Let (v,v) : [0,27) x R — R? x S! be a one-parameter family of Legendre
curves given by

v(t,\) = (cost + A, sint), v(t,A) = (cost,sint).
The curvature of (v, v) is given by
¢, m,B,A,B)(t,\) = (1,0,1,cost, —sint).

Since A(t,\) = cost, it follows that e : R — [0,27) X R, e(u) = (7/2,u), (37/2,u)
are pre-envelopes of (v, ) respectively. Therefore, the envelopes E = yoe: R — R?
of (y,v) are given by E(u) = voe(u) = (u, 1), (u, —1) respectively. Moreover, let
n®: R — [0,27) x R, n°(u) = (2arctanexp(cu), u), where c¢ is a constant. Then n®
satisfies the variability condition and

()8 (w) + X () B(n"(w)) = 22

= 2T expl2cu) sin(2 arctan exp(cu)).
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Let a = arctan exp(cu), then tan o = exp(cu) and

2tana exp(cu)
1+tan?a 1+ exp(2cu)’
Thus ' (v)B(n°(u)) + N (u)B(n°(u)) = 0 for all u € U. By Corollary 2, n° is a one-
parameter family of pre-normal envelopes of (v, v) and the one-parameter family of
normal envelopes N¢ = v on® : R — R? of (7, v) is given by

sin(2 arctan exp(cu)) = sin 2o =

N(u) = von(u) = (cos(2arctan exp(cu)) + u, sin(2 arctan exp(cu))).

For the pre-envelope e(u) = (m/2,u) and the pre-normal envelope n'(u) =
(2arctan exp(u),u), we have e and n' intersect at u = 0, see Fig. 5. By Proposition
10, u = 0 is a singular point of Nl7 see Fig. 6.

-

Fig. 5 The pre-envelope e (the red curve) and the pre-normal envelope
n! (the blue curve).

Fig. 6 v (the blue curves), the envelope E (the green curve) and the
normal envelope N! (the red curve).

Proposition 11 Let (y,v): I XA — R? x S! be a one-parameter family of Legendre
curves. Suppose that e : U — I X A is a pre-envelope and n : U — I x A is a pre-
normal envelope of (v, v), respectively. If ¢ and n are regular and tangent to each
other at ug € U. Then ug is a singular point of the envelope £ = yoe.

Proof Let e(u) = (t1(u), A1(u)) and n(u) = (t2(u), A2(u)). Suppose that e tangent
to m at ug, we have a constant k£ such that

(t1(u0), M (u0)) = k(ta(u0), A2 (u0)), (t1(uo), M (uo)) = (t2(uo), A2 (uo))-
By Proposition 10, we have N’ (ug) = (0,0). Moreover,

E'(uo) = t1(uo)ve(t1 (o), M (uo)) + X1 (u0)ya (t1(w0), M (uo)) = kN (ug).
Therefore, we have E’(ug) = (0,0). O

Ezample 4 Let (y,v) : RXxR — R? x S' be a one-parameter family of Legendre
curves given by

A3 tA Al t )

t7>‘: o 77+
(&) (3 V1I+A2 4 1422
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v(t,A) = (—\/liAz’_\/liA?)'

The curvature of (v, v) is given by

1 ) 1
A, B = —s,—1,=A"V1 2 —_— .
(£7m767 ) )(t7>‘) (071+A27 3 )\ +)\ +t1+)\270>
Since A(t,A) = —A2V1+ A2 +t(1+ 27! wehave e : R — R x R, e(u) = (u?(1 +
u2)3/2, u) is a pre-envelope of (v, v). Therefore, the envelope E = yoe: R — R? of
(v,v) is given by
3 4

E(u) =~voe(u) = (% — u3(1 + uz), UZ —|—u2(1 + u2)> .
Moreover, let n° : R — R xR, n®(u) = (¢, u), where ¢ is a constant. Then n® satisfies
the variability condition and

' (w)B(n" (w)) + N (u) B(n"(u)) = 0

for all u € R. By Corollary 2, n¢ is a one-parameter family of pre-normal envelopes
of (v,v) and the one-parameter family of normal envelopes N = yon®: R — R? of
(v,v) is given by

u73 _cu u;l . c )
3 Vi+uw? 4 V142

We take the pre-envelope e(u) = (u?(1 4+ u?)%/%,u) and the pre-normal envelope
n®(u) = (0,u) as an example. By a direct calculation,

Ne(w) = yon(u) = (

¢ () = (2u(l + 1?2 + 3u3V1 + u2,1), n° (u) = (0,1),
¢(0) = (0,1), n”(0) = (0,1),

and

¢(0) = (0,0), n’(0) = (0,0).
Thus e and n° are regular and tangent to each other at u = 0, see Fig. 7. By
Proposition 11, u = 0 is a singular point of E, see Fig. 8.

k

Fig. 7 The pre-envelope e (the blue curve) and the pre-normal envelope
n® (the red curve).
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Fig. 8 v (the red curves), the envelope E (the blue curve) and the
normal envelope N° (the green curve).

Proposition 12 Let (y,v): I XA — R? x S! be a one-parameter family of Legendre
curves with curvature (¢,m, 8, A, B). Suppose that e : U — I x A is a pre-envelope
and n: U — I x A is a pre-normal envelope of (v, v), respectively. We assume that
e and n are regular. If v¢(e(ug)) and vy(e(up)) are linearly independent, e and n
intersect with each other but do not tangent to each other at ug € U, then ug is a
regular point of the envelope F = yoe.

Proof Let e(u) = (t1(u),A\1(u)) and n(u) = (t2(u), A2(u)). Suppose that e and n
intersect with each other at up, we have (t1(up), A1(uo)) = (t2(uo), A2(uo)). Since
e and n do not tangent to each other at wug, we have that (¢](ug), \j(up)) and
(th(up), Ny (ug)) are linearly independent. If ug is a singular point of E, by Proposition
1, we have

t1(u0)B(t1(uo), M1 (uo)) + X1 (uo) B(t1 (uo), A1 (ug)) = 0.
By Corollary 2, we have
t3(u0) B(t2(uo), A2(u0)) + A2 (uo) B(ta(uo), A2(uo)) = 0.
Since () (ug), N (up)) and (t5(up), \5(ug)) are linearly independent, we have
B(t1(uo), A1(uo)) = 7¢(t1(uo), A1(uo)) - u(t1(uo), A1 (uo)) =0,
B(t1(uo), A1(u0)) = ya(t1(uo), A1(uo)) - pt1(uo), A1 (uo)) = 0.

It means that v¢(¢1 (ug), A1 (up)) and vy (¢1(ug), A1 (up)) are linearly dependent, which
is contrary to the assumption. |

We give two examples of normal envelopes and envelopes of one-parameter
families of Legendre curves that constructed by two Legendre curves.

Ezample 5 (cf. [24]) Let (7, v) : [0,27) % [0, 27) — R? x S* be a one-parameter family
of Legendre curves given by

(t,2) = cos A n cosA —sin A cos®t — 1
TEAZ A sin A sin A cos A sin® ¢ ’

cos A —sin A sint
v(t,A) = (sin/\ cos \ ) (Cost>’
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see Fig. 9. The curvature of (v, v) is given by

€, m,B,A,B)(t,\) = (—1,1,3sintcost, 2cos’t — 1,sintcost).
Let ng : [0,27) — [0,27) x [0,27),ng(u) = (k7/2,u) (k = 0,1,2,3). By Corollary
2, ny, is a family of pre-normal envelopes of (v, v). Therefore, the normal envelopes
Ny =~ony : [0,27) = R? of (v, v) are given by

(cosu,sinu), (—sinu,cosu), (—cosu,sinu), (sinwu, —cosu),
respectively. Actually, the normal envelopes N;. are orthogonal to each curve of the
family at singular points, see Fig. 10. Moreover, let e : [0,27) — [0,27) X [0, 27),
ex(u) = ((2km+m)/4,u) (k =0,1,2,3). By Theorem 2, e, is a family of pre-envelopes
of (v, v). Therefore the envelopes E = yoey : [0,27) — R? of (v,v) are given by

1 2kw + 1 . 2kw +
Ep(u) = (5 cos <u+ T) ) 5 sin (u+ T)) ,
where k = 0,1, 2, 3, see Fig. 10.

1.0

-15!

Fig. 9 One-parameter family of astroids v (the red curves), see [24].

Fig. 10 v (the red curves), the envelopes (the blue curves) and the
normal envelopes (the green curves).

Ezample 6 Let (v,v) : [0,27) x [0,27) — R? x S be a one-parameter family of
Legendre curves given by

Ccos A cos A —sin A 1—cos’t
15 A) = (sin/\> T (sin)\ cos \ > ( sin® ¢ )’
cos A —sin A —sint
v(t,A) = (sin)\ cos A )( cost )’
see Fig. 11. The curvature of (7, v) is given by
€,m,B,A,B)(t,\) = (1,1, —3sintcost, 1 — 2cos’t + 2cost,—2sint + sintcost).
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Since A(t,\) = 1—2cos? t+2cost, it follows that e : [0,27) — [0,27) x [0, 27), e(u) =
(arccos((1 — v/3)/2),u) is a pre-envelope of (y,v) and the envelope E = voe :
[0,27) — R? of (v,v) is given by

cos u cosu —sinu 1-— 1-v3)3
B(u) =7yoe(u) = <sinu) + (sinu cosu ) ( (\%5)%/2) ) ’
Moreover, let n; : [0,27) — [0,27) x [0,27),n1(u) = (0,u),n2(u) = (7, u) respec-
tively. By Corollary 2, n1 and ny are pre-normal envelopes of (v, v) and the normal
envelopes of (y,v) are given by Nj(u) = voni(u) = (cosu,sinu) and Na(u) =
v ong(u) = (3cosu,3sinu), respectively. Note that Ni and Na are orthogonal to
each curve of the family at singular points, see Fig. 12.

Fig. 12 v (the red curves), the envelope E (the green curve) and the
normal envelopes N; and Ny (the green curves).

Evolutes and involutes of curves have been studied comprehensively both
in regular condition and in singular condition [6, 8, 10, 11, 16, 25, 26]. Now
we give the definitions of evolute and involute of a one-parameter family of
Legendre curves.

Definition 5 Let (y,v) : I x A — R? x S! be a one-parameter family of Legendre
curves with curvature (¢, m, 3, A, B). Suppose that £(¢t,\) # 0 for all (¢,\) € I x A,
then the evolute of (v, v) is given by

Bt \)

Ev(EN) =7t N) GV,

By a direct calculation, (Ev(vy),u) : I x A — R? x S! is a one-parameter
family of Legendre curves with curvature ({g, mg, B¢, As, Be), where
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(1, 2) = €00, 2), me(1,X) = m(t, ), et 0) = PP ),
Act ) = BN = P00, Bet ) = a0+ PP,

Definition 6 Let (y,v): I x A — R? x S' be a one-parameter family of Legendre
curves with curvature (¢, m, 8, A, B). Then the involute of (v, v) at ¢y € I is given by

t
Inv(y,to)(t,A) = (¢, A) — < ) B(t, )\)dt) u(t, ).

By a direct calculation, (Inv(vy,to), 1) : I x A — R? x St is a one-parameter
family of Legendre curves with curvature (¢;,mr, 81, A1, Br), where

G A) = 06 A), mi(tN) = m(t, A), Bi(tA) = m/ﬁm

Ar(t,\) = B(t,\) — /t Ba(t,N)dt, Br(t,\) = —A(t, \) — m(t,A)/ B(t, N)dt

Proposition 13 Let (v,v) : I XA — R%2x S' bea one-parameter family of Legendre
curves with curvature (¢, m, 8, A, B). We assume that £(¢,\) # 0 for all (¢,\) € I X A.
Ifn:U—IxA, n(u) = (t(u), \(u)) is a pre-normal envelope, Ny =~yon : U — R?
is a normal envelope of (v, ) respectively and

¥ (w) (%) on(w) — N (W A(n(w) + X (u) (%) on(u) =0

for all w € U, then n is also a pre-normal envelope of (£v(v), ). Moreover,
Ney(y) () = Inv(Ny,ug)(u) for all u € U, where Ng, () is the normal envelope of
(Ev(v), 1), Inv(N~, ug) is the involute of N at ug € U and ug satisfies 5(n(ug)) = 0.

Proof Since

¢ (255 ) 0nw) = XA + X ) (PG ) on(

for all uw € U, we have

t'(w)Be (n(u)) + X' (u) Bg (n(u)) = 0.
By Corollary 2, n is a pre-normal envelope of (£v(), ). The normal envelope of
(Ev(7), p) is given by

Neyop (1) = E0() & n(w) = 3(nw)) = G vin(w).

On the other hand, the involute of Ny at ug is given by

/\/(u)A(n(u))du> v(n(u)).

u

Inv(Ny, uo)(u) = y(n(u)) — </u

0
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Since
) (252 o) XA + X ) (252 o n) =

we have

N (W) A(n(u)) = ¢ (u) <W) o n(u) + N (u) (%) o n(u)

for all w € U. By B(n(ug)) = 0, we have

v _ Bn(w))
/uo A (w)A(n(u))du = 1n(w)

for all u € U. Therefore, we have Ng,(4)(u) = Inv(Ny,uo)(u) for all u € U.

]

Proposition 14 Let (y,v): I XA — R2 x S! be a one-parameter family of Legendre
curves with curvature (¢,m,3,A,B). If n : U — I x A, n(u) = (t(u),A(u)) is a
pre-normal envelope of (v,v), Ny = yon : U — R* is a normal envelope without

inflection points and

t
(¢ () () + X (u)m(n(u))) ( /t ﬂdt) o n(u) + N () A(n()) = 0

for all u € U, then n is also a pre-normal envelope of (Inv(y,tp), ). Moreover,
Ninw(y,to) () = Ev(Ny)(u) for all u € U, where Ny, (,4,) is the normal envelope of

(Inv(y,to), ) and Ev(N~) is the evolute of N .
Proof Since
¢
(¢ ()t + X (wmin)) ( [ 8at) on(a) + X (w)Anu) =0

for all w € U, we have

¢/ (u)Br(n(w)) + X (u) Br(n(u)) = 0.

By Corollary 2, n is a pre-normal envelope of (Inv(vy,tp), ). The normal envelope

of (Inv(y,to), 1) is given by

t
Nt (8) = v, t0) () = (n(w) = [ ) @ nuyutnta).
0
Since N5 has no inflection points, by Corollary 1, we have
¢ (u)l(n(w)) + X (wym(n(u)) # 0
for all w € U. Then the evolute of N~ is given by

E0(N) (W) = 7(n(0) = o T (1),
Since
t
(¢ (w)(n(w)) + X (w)m(n(u))) ( / Bdt) o n(u) + X (u) A(n(u) = 0,
we have

N@An@) ([N
) 3 = U, #4) o
for all u € U. Therefore, we have Ny, (4.¢,)(u) = Ev(Ny)(u) for all u € U.
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