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CONGRUENCES TO IKEDA-MIYAWAKI LIFTS AND TRIPLE
L-VALUES OF ELLIPTIC MODULAR FORMS

TOMOYOSHI IBUKIYAMA, HIDENORI KATSURADA, CRIS POOR AND DAVID S. YUEN

ABSTRACT. In this paper, we consider congruences between the Ikeda-Miyawaki
lift and other Siegel modular forms, relating these congruences to critical val-
ues of L functions by using Ikeda’s conjecture on periods. We also give general
formulas for critical values of triple L functions and prove results, both in
theory and in examples, on the relation between such congruences and critical
values.

1. INTRODUCTION

Congruences between modular forms are important in the arithmetic theory
of modular forms. In particular, congruences between lifts and non-lifts some-
times produce non-trivial elements of the Bloch-Kato Selmer group (cf. [Br],
[BDS],[DIK]). In [Kat5], the second named author considered the congruence be-
tween the Duke-Imamoglu-Tkeda lift I, (h) of a Hecke eigenform h of half-integral
weight and non-Duke-Imamoglu-Tkeda lifts, and proved that a prime ideal dividing
a certain L-value of f gives such a congruence, where f is the primitive form of
integral weight corresponding to h under the Shimura correspondence. This result
is based on the relation between the periods of I5,(h) and h proved by the second-
named author and Kawamura [KK], which forms a part of the relations conjectured
by Ikeda [Ik2]. A similar result concerning congruences between Yoshida lifts and
non-Yoshida lifts was proved by Bocherer, Dummigan, and Schulze-Pillot [BDS];
this proof is also based on period relations, this time for the Yoshida lift. In gen-
eral, the algebraic part of critical values of the standard L function sometimes gives
congruence primes between Siegel modular forms, see [Kat3]. In view of the above
results, we can expect that if there is a formula to describe the period of a lift F'
from some form G by that of G, then the critical values of some L function of G
are related to congruences between the lift F' and non-lifts.

In this article, we consider congruences between Ikeda-Miyawaki lifts and other
Siegel modular Hecke eigenforms. Let & and n be positive integers such that k+n—+1
is even. For a Hecke eigenform h of weight k + 1/2 for Ij(4) and a primitive form
g of weight k +n + 1 for SLo(Z), let Fj, 4 be the cusp form of weight k +n + 1
for Spy,,1(Z) constructed by Ikeda [Ik2]. For the precise definition of Fj 4 see
Section 3. This type of lift was conjectured by Miyawaki [Miy] in the case n = 1,
therefore we call Fj 4 the Ikeda-Miyawaki lift of » and g. We also denote by f
the primitive form of weight 2k for SLy(Z) corresponding to h under the Shimura
correspondence. Then, roughly speaking, our conjecture can be stated as follows,
(more precisely, see Conjecture B and Problem B’):
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Let P be a “big prime ideal” in the composite Q(f)Q(g) of the Hecke fields of
f and g. Then P divides the algebraic part Lqia(2k + 2n, f @ g ® g) of the triple
product L-function at 2k + 2n if and only if there exists a congruence modulo P
between Fi 4 and a cuspidal Hecke eigenform G of the same weight, where G is a
non-Ikeda-Miyawaki lift.

This type of conjecture has already been proposed in the case of the Saito-
Kurokawa lift and the Duke-Imamoglu-Tkeda lift (cf. [Kat2]). Our conjecture is
based on the conjecture concerning the period of the Tkeda-Miyawaki lift proposed
by Ikeda [Ik2] (cf. Conjecture A, Theorem 3.1 and its corollary). We note that
Bergstrom, Faber, and van der Geer [BFG] have proposed a conjecture on the
congruence of (not necessarily scalar valued) modular forms of degree three from a
different point of view. We discuss the relation between their conjecture and ours in
Section 3. Since certain types of triple L functions appear in the description of the
congruence primes, we give a concrete general formula for the special values of any
triple L function in the balanced case, and execute this calculation to give values
in several cases, including the cases which appear as examples in the conjecture
of [BFG]. Finally we construct examples of non-Tkeda Miyawaki lifts of degree 3
by using a pullback of Eisenstein series of degree 6 and prove the appropriate
congruences for these examples.

The content of this paper is as follows. In Section 2, we review the arithmetic
properties of various L-functions. In Section 3, we prove a weaker version of our
conjecture assuming Ikeda’s conjecture about the period of the Ikeda-Miyawaki lift
(cf. [Ik2]). In Section 4, we give a formula for triple L-values in the balanced case
that is a modification of Boecherer and Schulze-Pillot’s formula [BS]. Our method
relies on Ibukiyama and Zagier’s differential operators [IZ] and our formula enables
us to compute any critical values of a triple product L-function (in the balanced
case) more easily than was done in Mizumoto [Miz3] or Lanphier [La]. By using
this, it is also possible to give critical values of the symmetric cube L functions
and, as an example, we tabulate them for an elliptic cusp form of weight 16 in
Table 4. We also give norms of critical values of triple L functions in several cases,
see Tables 1, 2, 3. In particular, we show that the numerator of L4 (30, f ® ¢ ® g)
lies in a prime ideal of Q(f) above 107 in the case where f and g are primitive
forms of weights 28 and 16, respectively; this is the case k = 14 in Table 2. In
Section 5, we show this prime ideal gives a congruence between Fj, ; and a non-
Ikeda-Miyawaki lift. This example shows the validity of our conjecture in this
case, and does so without the assumption of any open conjectures. We verify our
conjecture in other cases as well. These computations of spaces of Siegel modular
cusp forms in degree three may be viewed as a continuation of the work of Miyawaki
[Miy], whose computations motivated his lifting conjectures in the first place. The
computational method used here is an application of [Kat2], where the Siegel series
for general degree n are given recursively.

Notation. We denote by Z, the ring of rational integers, and by Q, R, and C
the fields of rational numbers, real numbers, and complex numbers, respectively.
Moreover for a prime number p, we denote by Q, and Z,, the field of p-adic numbers
and the ring of p-adic integers, respectively. We also denote by ord,, the normalized
additive valuation on Q, and write e(z) = e*™* for 2 € C.



CONGRUENCES TO IKEDA-MIYAWAKI LIFTS 3

For a commutative ring R, we denote by M,,,(R) the set of (m, n)-matrices with
entries in R. In particular put M, (R) = My, (R). For an (m,n)-matrix X and an
(m,m)-matrix A, we write A[X] =X AX, where !X denotes the transpose of X.
Put GL,,,(R) = {A € M,,(R) | det A € R*}, where det A denotes the determinant
of the square matrix A, and R* denotes the unit group of R. Let S, (R) denote
the set of symmetric matrices of degree n with entries in R. Furthermore, for an
integral domain R of characteristic different from 2, let £,,(R) denote the set of half-
integral matrices of degree n over R, that is, £,,(R) is the set of symmetric matrices
of degree n whose (4, j)-component belongs to R or %R according as ¢ = j or not.
In particular we put £,, = £,,(Z) and, for each prime p, put £, , = £,(Z,). For a
subset S of M, (R) we denote by S* the subset of S consisting of non-degenerate
matrices. In particular, if S is a subset of S, (R) with R the field of real numbers,
we denote by Sso (resp. S>¢) the subset of S consisting of positive definite (resp.
semi-positive definite) matrices. Let R’ be a subring of R. Two symmetric matrices
A and A’ with entries in R are called equivalent over R’ and we write A p A’ if there
is an element X of GL,,(R’) such that A’ = A[X]. We also write A ~ A’ if there is

no fear of confusion. For square matrices X and Y we write X 1Y = ( )é 3 > .

2. SEVERAL L-VALUES

On _]-n
Put J, = < 1, 0,
subring K of R put

GSp (K) = {M € GLa,(K) | Jo[M] = u(M).J, for some (M) > 0},

> , where 1,, denotes the unit matrix of degree n. For a

and
Sp,,(K) ={M € GLyy(K) | Jo[M] = J,}.

Define the standard subgroup I O(n)(N ) by

r{™(N) :{( é g ) € Sp,,(Z) | C =0 mod N}.

If n = 1, we drop the superscript (n). Let H,, be Siegel’s upper half-space. For a

function F on H,,, an integer k and g = ( é g ) € GSp,(R), put j(g,2) =

det(CZ + D), and
(Flrg) (Z) = (det(9))*?j(g, 2) " F ((AZ + B)(CZ + D)™").

Let & be an integer or a half-integer. We denote by MK(FO(n) (N)) or M (Fén) (N))
the space of holomorphic or C'*°-modular forms, respectively, of weight x with
respect to I’én) (N). We denote by S,{(Fé") (N)) the vector subspace of M, (Fén) (N))
consisting of cusp forms. For two C°°-modular forms F' and G of weight x with
respect to Fé") (N) we define the Petersson scalar product (F,G) by

(F.G) = [Sp,(2): IV (N7 | F(2)G(2) (det(lm(2))" " dXaY,
r§m )

provided the integral converges, where @ ) is a fundamental domain in H,
0

(N)
for Iy (N). Let L, = Rq(GSp;(Q),5p,(2)), Li, = Rq(Sp,(Q).Sp,(Z)) be
the Hecke rings over Q for the Hecke pairs (GSp;' (Q), Sp,,(Z)), (Sp,,(Q), Sp,,(Z)),
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respectively. The Hecke ring Ly is a subring of L,. Let T = Sp, (Z)M Sp,,(Z) €
GSp;7(Q)) be an element of L,,. Write T' as a disjoint union 7' = U, Sp,,(Z)g. For
k € N and for F € My(Sp,,(Z)) we define the Hecke operator F|;T as

F[,T = (det M)F/ 2= t02N " p|, g,
g

We define the elements T'(p) and Tj(p?) of Ly, in a standard way (cf. [An]): T(p) =
S, (Z)(1,Lpln) Sp,,(Z) and T;(p*)=Sp,,(Z)(1n—; Lpl; Lp*1,—; Lpl;) Sp, (Z). For
any subring of R C L, we say that a modular form F € M (Sp,,(Z)) is a Hecke
eigenform with respect to R if F is a common eigenfunction of all T € R. If R = Ly,
we simply say that F' is a Hecke eigenform. In this case, we denote by Q(F') the
field generated over Q by all the Hecke eigenvalues of T' € L,, and call it the Hecke
field of F. We remark that Q(F) is a totally real algebraic number field of finite
degree over Q (cf. [Miz2]).

In this section we review several L-values of modular forms that appear in this

article. Let
o0

f(2) =) ep(m)e(mz)

m=1
be a primitive form in S (SL2(Z)). For each prime p let a, = a5, be a complex
number such that o, + o, ' = p=*/2T1/2¢,(p). We define

L(s, f) = H ((1 _ appk/271/2fs)(1 _ a;1pk/2—1/2,s)>—1

J2
We write I'c(s) = 2(27) ~°T(s) and write Tr(s) = 7—*/?T'(s/2) as usual. Forl € N
satisfying 1 <1 <k —1, put
Then there exist two (positive) real numbers Q4 (f) and Q_(f) such that for the
sign j = (—1)!, we have (cf. [Sh1])
AL f)

(1) =

i (/)
We note that Q. (f) and Q_(f) are determined by f only up to constant multiples
of Q(f)*. Fixing Q4 (f), we define an algebraic part of L(I, f) by

Lalg(la f) = jf\z(jéff))

Another rationality result (cf. [R], [Sh2]) is that

(£, 1)/ (HQ-(f) € Q(f)-

So if we change Q4 (f) by a multiple in Q(f)*, we can make Q4 (f)Q_(f) = (f, f),
though we do not assume this in this article. For two positive integers l1,lo < k—1
such that I; + Il = 1 mod 2, the value

Ice(l1)Te(l2)L(l, f)L(2, f)
(f; )

belongs to Q(f); we will denote this value by Lgiq(l1,l2; f). This value does not
depend upon the choice of QL (f).

€ Q(f)-
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Let F' be a Hecke eigenform in S;(Sp,,(Z)) with respect to L{, and let the
p-Satake parameters of F' be (1(p), - ,0n(p). We then define the standard L-
function by

TR () VRO R 1
We put
A(s, F,St) (HFC (s+k—1) ) L(s, F, St).

Here the gamma factor is different from the one which appears in the functional
equation, but this gamma factor is suitable for special values. Let p(n) = 3 or 1
according as n = 1 mod 4 and n > 5, or not. For a positive integer m such that
p(n) <m <k —nand m =n mod 2 put

A(m, F, St)
(F,F)

It is known that Lq4(m, F, St) belongs to Q(F) if all the Fourier coefficients of F'
belong to Q(F), compare [Bol], [Mizl]. When F is a Tkeda-Miyawaki lift, which we
shall treat later, the algebraicity holds also for m = 1. For general F, it is expected
that Lg4(1, F,St) € Q(F) even when n = 1 mod 4 and n > 5, but this has not
been proved in general.

Let fi(z) be a primitive Hecke eigenform in S, (SLa(Z)) for ¢ = 1,2, 3. Then we
define the triple product L-function L(s, f1 ® fo ® f3) as

L(s, 1@ fa® f3) = H H (1 — a§z17pa§2’pa937p p(k1+k2+k373)/27s>

P 4j,le{l,—1}

Lalg (m, F, St) =

—1

This satisfies a functional equation for s — k1 + ko + ks —2 —s. Note that L(s, f1 ®
fo ® f3) is symmetric in the f;, so that we may assume that k; > ko > k3 without
loss of generality. In addition, we always assume that ko + k3 > k1 hereafter in this
article; this case is called the balanced case. Then there is an integer [ satisfying
(k1 + ko +k3)/2—1<1<ko+ks—2, and for such [, we put

Lag(l, fi® fo2® f3) =
L, i@ fo® f3)'c(OTc(l — ki +1)Tc(l — ke +1)Tc(l — ks + 1)
<f17f1><f25f2><f37f3> .
Then Lg4(1, f1® f2® f3) belongs to Q(f1)Q(f2)Q(f3) ([Gal, [Or], [Sat]) and is also
symmetric in the f;. An algorithm to compute Lqiq(l, f1 ® fo ® f3) will be given in

Section 4.
Finally, we define L(s, St(f2) ® f1) as

-1

L(s,St(f2) ® f1) = H H H (1—ak, paz ppk1/2—1/2—s> ,

p ie{1,-1} je{1,—-1,0}

and put
A(s,St(f2) ® f1) =Tc(s)T'c(s — k1 4+ k2)l'c(s + k2 — 1) L(s,St(f2) ® f1).
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Moreover we fix the period Q4 (f;) satisfying (1) and for a positive integer | with
k1/2 S l S kQ*l, put

A(L,St(f2) ® f1)

(fo, F2)*Q (£1)

where j' = 4 or — according as [ is odd or even. (We note that Lqiq (I, St(f2) ® f1)
would more properly be denoted as Lq4(l, St(f2) ® f1; 2/ (f1)) since it does depend

upon the choice of Q4 (f1), but we use the above short notation.) From the Euler
product, we note that

L(s+ka—1,f2® f2®@ f1) = L(s,St(f2) ® f1)L(s, f1)

Lalg(lv St(fQ) ® fl) =

and we have

Lalg(l + k2 - 17f2 ® f2 &® fl) = Lalg(l7 St(fQ) 2y fl)Lalg(lafl) X M

(f1, f1)

We also note that A(l, f1)/Q;(f1) belongs to Q(f1)* for k1/2+1 <1 < ky—1, since
we assumed k1 /2 + 1 < ko < k1 and the Euler product of L(s, f1) converges in this
range. Hence Lq4(1, St(f2)® f1) belongs to Q(f1)Q(f2) for k1 /2+1 <1 < ko—1. We
note that L(k1/24+ k2 —1, fo® fo® f1) is always zero (cf. [Sat]), and that L(k;1/2, f)
may be zero. Therefore we cannot prove the algebraicity of L4 (k1/2,St(f2) ® f1)
by using the above argument. However, in the case k1 /2 is odd, Ichino [Ich] proved
that Laig(k1/2,St(f2) ® f1) is algebraic by using a different method.

3. IKEDA-MIYAWAKI LIFT

Throughout this section, fix positive integers k,n such that £ = n + 1 mod 2
and k > n. Let h be a Hecke eigenform in the Kohnen plus subspace S,j“ 12(I0(4))
with Fourier expansion

h(z) = Z cp(m)e(mz)
meN: (—1)km=0,1 mod 4

and let g be a primitive form in Si4p+1(SL2(Z)) with Fourier expansion

9(z) = ) cg(m)e(mz)
m=1
Moreover let
f(z) =" cs(m)e(mz)
m=1

be the primitive form in So;(SL2(Z)) corresponding to h under the Shimura cor-
respondence. Let a, € C be taken such that ay, + o' = p=#1/2¢(p). For
T € Lonyasg, define ¢, ) (T) as

k—1/2 —ordy, —n—
Caniat(T) = enlor)) 5 T ap ™07 (T, p 7 3/20,),
P

where b is the discriminant of Q(y/(—1)"+1det(27)), fr = /(—=1)"t1det(2T) /or
so that dr 3 = (—1)"*1det(2T), and F,(T, X) is a polynomial in X with coeffi-
cients in Q, which will be defined in Section 4.3. We then define a Fourier series
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Ign_i_z(h)(Z) for Z € H2n+2:

Ln2()(Z)= Y pypain(De(tx(T2)).

TeLont2¢

Then I, 12(h) is a Hecke eigenform in Siipn41(Spa,42(Z)), see [Ik1]. A proof that
I5,42(h) is a Hecke eigenform for the entire Hecke algebra 12n+2, not just the even
part L3, ., may be found in [Kat5]. We call I5,42(h) the Duke-Imamoglu-Tkeda
lift of h (or of f) to Skynt1(SPa,y0(Z)). For z € Hapyy and w = o + 4y € Hy, set

0\ i
Fao)= [ at( ) el
SL2(Z)\H:

Tkeda [Ik2] showed the following:

If Fn 4(2) is not identically zero in Skyn41(SPay41(Z)), then it is a Hecke eigen-
form with respect to L3, | and its standard L-function is given by

2n
L(s, Fi.g,St) = L(s,9,5t) [[ L(s + k +n — i, f).
i=1

This is a part of Tkeda’s results: the case r = 1 in [Ik2]. The existence of this
type of Hecke eigenform was conjectured by Miyawaki [Miy]; therefore, we call F}, 4
the Ikeda-Miyawaki lift of A and g when F}, 4 is not identically zero. It is known
that the Ikeda-Miyawaki lift 7}, 4 is a Hecke eigenform also with respect to fJ2n+1.
(See Hayashida [Haya], also Heim [He] for a special case.)

Ikeda proposed the following conjecture relating the Petersson norm of Fj, 4 to
those of f and g. Thus, if correct, we may relate the algebraic parts of L-values for
Fh,g to those of f and g as we will see in the theorems to follow.

Conjecture A. (Ikeda [Ik2]) Let k > n be positive integers with k +n odd. Let
h € S;H/Q(FO(ZL)) be a Hecke eigenform corresponding to the primitive eigenform
f € 82 (SLa(Z)) under the Shimura correspondence. Let g € Siin+1(SLa(Z)) be a
primitve eigenform and assume that the Ikeda-Miyawaki lift Fi, 4 is not identically

zero. Put £(s) = T'c(s)((s). Then

<:F e > n n—1
W — 26nk A(k +n,St(g) @ f) };[15(2i) 1;[1 A(2i+1, £,81),

where By, 1, is an integer depending only on n and k.

The expression in the above conjecture appears to be different from the one in
[Ik2] but it is the same since we have A(1, f, St) = 22%(f, f) (see [Za]).
Now we modify F 4 and put

J%h,g =(9,9)" " Fhq-

Let {g:}92, be a basis of Sgyni1(SLa(Z)) consisting of Hecke eigenforms, then we
have easily from the definition of the Ikeda-Miyawaki lift:

do
Bz 5 0 ) =3 Folastw)
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‘We have
Bz § 0 )= 5 s metu(az)etme).

w
A>0,m>0

where
A r/2
Coant+1,h(A,m) = Zchnﬁ(h)(( t/2 7{1 >)

By replacing the Hecke eigenform h by a constant multiple of h, we can assume
that every Fourier coefficient ¢;,(m) belongs to Q(f) for any m > 0. If we assume
so, then by definition, cy,, ,,n)(T) belongs to Q(f) for any T € Lany2-, and,
therefore, so does czn41,n(A, m) for any A € L2,,41- and m > 0. Hence, the A-th
Fourier coefficient cz, (A) of ﬁh,g belongs to Q(f)Q(g) for any A € Lani14,-
Actually, in this section we do not assume any normalization of h since every
complete expression below is invariant if we change h by a constant multiple.

We consider congruences of Siegel modular Hecke eigenforms to Ikeda-Miyawaki
lifts. For any integer r > 1, let L/ = Lz(M>,-(Z) N GSp,.(Q), Sp,.(Z)) be the Hecke
ring over Z associated with the Hecke pair (Ma,.(Z) NGSp,.(Q),Sp,.(Z)). Let F' and
G be Hecke eigenforms in S;(Sp,(Z)) and let K be an algebraic number field of
finite degree containing Q(F)Q(G). For a prime ideal P of O we write

G=., Fmod9y
if
Ar(T) = Aa(T) mod
for all T € L, where Ap(T) and Ag(T) are the eigenvalues of T with respect to F'

and G, respectively. We denote by K (S;(Sp,(Z))) the composite of all the Hecke
fields of Hecke eigenforms in S; (Sp,.(Z)).

Conjecture B. Let P be a “big prime ideal” of K(Sk4n+1(SPayn,1)(Z)). Then
P divides Laiq(k + n,St(g) ® f) H?;ll Lag(2i 4+ 1, f,St) if and only if there exists
a Hecke eigenform G € Siin+1(Spa,41(Z)), not coming from the Ikeda-Miyawaki
lift, such that
G =co. fh,g mod P.

The above conjecture is rather ambiguous because there are many choices for the
pair Q4 (f), Q_(f). Moreover, the word “big prime ideal” is not defined rigorously.
To avoid this ambiguity, we usually use the so called “canonical periods” in Vatsal
[Vat]. However, we do not know how to rigorously compute the algebraic part
Lag(k + n,St(g) ® f) if we use these canonical periods. A serious attempt to
address this issue locally is due to Harder in [Ha3]. For practical purposes, we
often normalize periods as follows. For f € So;(SL2(Z)) and a prime ideal P of a
number field K containing Q(f) we take the period Q4 (f) = Q4 (P; f) so that

AG.S)
=€ Q(f)
Q1) (f)
for any 1 < j <2k — 1, and so that

, A2i—1,1)\ . A2i, )\
i, ovdy (am) =0, and i | ordy < 0 (/) ) =0
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where ordg(a) denotes the P-adic order of a € K. We do not know whether these
periods coincide with those in [Vat] or not. In fact, some answers by Harder (still
slightly conjectural) for ordinary primes seem to suggest that the value of ord

on these algebraic values would differ slightly from the true ones. Subsequently
in Problem B/, however, we will exclude certain small primes to ensure that this
difference does not occur. To summarize, although there does exist a theoretical
definition of the periods uniquely determined up to P-unit, we will use the above
practical definition of the period and use the L-values associated with those; namely:

A(l,St(f2) ® f1)
(for [2)Q 1y (f1)

Lalg(l7 St(f2) ® fl) =

and .
o AGS)
Lalg(la f) = Q(,l)i (f) .
We note that
(2) Lty (2 +2n, g @ g @ f) = 2k 1,549) © DA +n, /)

(f:1)(9,9)°

:Lalg(k +n, St(g) ® f)Lalg(k +n, f) X W

We also believe that a “big prime ideal” should mean a prime ideal which does not
divide (2k 4 2n — 3)! in a suitable setting. Hence we give the following guess, which
is a variant of Conjecture B, as a problem:

Problem B’. Let ¥ be a prime ideal of K(Si4n+1(SP2y,41(Z))) not dividing
(2k + 2n — 3)!. Then can we show the following claim? The prime ideal P divides

Lalg(Qk' + 2n,g ®g® f
Lalg(k + nvf)

n—1
) I Zas(2i + 1, £,5)

i=1

if and only if there exists a Hecke eigenform G € Siyyn41(Spa,41(Z)), not coming
from the Ikeda-Miyawaki lift, such that

G =... .7-/';; mod P.

Here we did not include the term (f, f)/Q1Q_ because the primes dividing this
seem to be taken care by the denominator of the triple L value L4 (2k+2n, gRg®f).

To explain why the above conjecture and problem are reasonable, we here prove a
weaker version of them assuming Conjecture A. To do this, we rewrite Conjecture A
in terms of the algebraic parts of L-functions. Thus by testing Problem B’, we also
test Conjecture A; see section 5 for examples.

Theorem 3.1. We assume that k > n and n is odd. We fiz a real number Q4 (f)
which satisfies (1) of section 2.
(1) Assume that Conjecture A holds. Then

|C‘7?hvg(A)|2Lalg(laﬁh,g, St) =

ez, (AP ) Larg(l, 9,8 Ty Latg(+ k+n— 2+ 1,1+ k +n — 2i; f)
<h7 h’>Q+(f) Lalg(k + n, St(g) ® f) H;L:_ll Lalg(2i + 17 fv St) H?:l 5(27’)
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for any positive definite half-integral matriz A of degree 2n+1 and an odd integer 1
with 1 <1 <k —n, where vy, 1 s a certain integer depending only on n and k.

(2) Conversely, if the above equality holds for some positive definite half-integral
matriz A of degree 2n + 1 and an odd integer | with n +1 < < k — n such that

cj;h’g(A) =0, then Conjecture A holds.

Here we have multiplied both sides by \c}:h (A)|? since this appears naturally in
9

the pullback formula that we use to prove coﬁgruences. In (2), we assume n+1 <
since L(l + k + n — i, f) might vanish for some ¢ with 1 < ¢ < 2n without this
assumption. Using equation (2) we may rewrite this Theorem.

Corollary. Assume that Conjecture A holds. Then
e, (HEQ(f)
B, B)
y Laig(k +n, f)Laig(l,9,5t) [Ty Latg(l + k+n—2i+ 1,1+ k+n—2i; f)
Lalg(2k + 2”7 g ® g ® f) H?ill Lalg(2i + 17 f? St) H?:l 6(22)

|th,g(A)\2Lazg(l75Eh’g, St) = 27k

for any positive definite half-integral matriz A of degree 2n+1 and an odd integer
with 1 <1 < k—n. Conversely, if the above equality holds for some positive definite
half-integral matriz A of degree 2n + 1 and an odd integer | withn+1<I<k—n
such that th,g(A) # 0, then Conjecture A holds.

It would not be useless to review here algebraicity properties that follow easily
from known results (for example, see [KZ]).

Proposition 3.2. Let h,g and f be as in Conjecture A and assume that the Ikeda-
Miyawaks lift Fy, 4 is not identically zero.

(1) Let Qi (f) and Q_(f) be fized real numbers satisfying equation (1) of sec-
o5, AR
) e e Q)

(2) The value |Cﬁhyq(A)|2Lalg(l, Fh.g,St) belongs to Q(f)Q(g) for any odd integer
I withl <I<k-nand A€ Loni1-,-

tion 2. For any A € Lony1q, the number

We can prove a congruence theorem for Ikeda-Miyawalki lifts if we assume Tkeda’s
Conjecture A.

Theorem 3.3. Assume Conjecture A. Fix a real number Qi (f) satisfying equa-
tion (1) of section 2. Let P be a prime ideal of K(Mytn+1(Spa,,1)) satisfying the
following conditions: N

(1) ¥ divides Layg(k +n,St(g) @ f) [172) Latg(2i + 1, f,St) T, €(24).

(2) P is odd (i.e. P12) and does not divide

ez, (AP
(2k +2n — S)IW

for some positive definite half-integral matriz A of degree 2n + 1 and some odd
integer | with 1 <1 <k —n— 2.

Latg(1,9,St) [ [ Latg (1 + & — 2i + 1,1+ & — 2i; f)
i=1
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Then there exists a Hecke eigenform G € Spynt1(Spy,41(Z)), which is not a
constant multiple of Fy, 4, such that

G =, .%f,g mod ¥P.

Proof. Take an integer ! and a matrix A satisfying condition (2) of the Theorem.
Then by Theorem 3.1 we have

|C]?h,g (A Lag (1, ﬁh,gv St)

ez, (AL Lag(l,g,9t) 17y Latg(l + k — 20+ 1,1+ k — 2i; f)

(hy W) (f) Lag(k +n,5t(9) © £) T Laig (2 + 1, f,St) [T, €(20)
where 7, 1 is a certain integer depending only on n and k. Then, by the as-
sumption, P divides the denominator of the right hand side of the equation for
\cfh.g(A)PLalg(l,}"h’g, St), and by Theorem 5.2 of [Kat3], we have proved the as-

sertion. (We note that there is an error in Theorem 5.2 of [Kat3]. The integer
“(21 — 1)!” on page 108, line 15 should be “(2[ +2n —1)!".) O

— 9Vn.k

We rewrite the above theorem in terms of triple L-values.

Theorem 3.4. Assume Congecture A. Let P be a prime ideal in the ring of integers
of K(My4n+1(Span41(Z))) satisfying the following conditions:

(1) P divides ZeteZH 298D TT07N L0 (2 + 1, £, 86) [T1, £(20).

(2) P does not divide

c= (A2Q_ f
@+ 2m 31 ﬂ'g(<h?|h> =

Latg(L, g, SO [ Latg(l + k — 20 + 1,1 + k — 2i; f)
i=1
for some positive definite half-integral matric A of degree 2n + 1 and some odd
integer | with 1 <[l <k —n—2.
Then there exists a Hecke eigenform G € Siynt1(Spa,41(Z)) which is not a
constant multiple of Fy, 4 such that

G =, .f’-v'h,g mod P.

In Section 5, we will rigorously verify that the answer to Problem B’ is affirmative
without assuming Conjecture A in the two particular cases where (n,k) = (1,14)
and (1,18).

Finally, we refer to a conjecture due to Bergstrom, Faber, and van der Geer.
Our conjecture is on a congruence between an Ikeda-Miyawaki lift and another
Hecke eigenform in the scalar valued case. In the vector valued case, it is likely
that there are no Ikeda-Miyawaki lifts in general but still we can consider an Ikeda-
Miyawaki type L-function L% (s, f, g) defined by a pair of elliptic modular forms
f and g. They predict the existence of a vector valued Siegel modular form F'
of degree 3 such that its 7'¢) (p)-eigenvalue is congruent to the p~° coefficient of
L' (s, f,g). To explain this, let U be the standard representation of GL3(C),
and for a triple (n1,n2, n3) of non-negative integers, let Uy, n, n, be the irreducible
representation of GL3(C) of with signature (ny +mns+ng, ne +mns3, n3) in the sense of
Weyl [We]. We then denote by Sp; nyng = Snina,ns (SP3(Z)) the space of cusp forms
of weight Up, n, ns for Sps(Z). We note that Sp 0., = Sns(Sp3(Z)). Now we assume
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a > b > ¢ > 0. For primitive forms g € Sq1+4(SL2(Z)) and f € Sprcta(SLa(Z)),
define L(s, Sym?(g) ® f) as
L(s,Sym®(g) ® f) = L(s — a = 3,St(g) ® f),
and put
Laig(a +b+6,Sym*(g) @ f) = Lag(b + 3,St(g) ® f),

fixing Q4 (f).

Bergstrom, Faber, and van der Geer proposed the following conjecture:

Conjecture C. ([[BFG] Conjecture 10.8]) Let P be a prime ideal of Q(f)Q(g).
Assume that, for some s € N, ¥° divides the algebraic part Lqiy(a+b+6,Sym?(g)®

I) of L(a+b+6, Sym?(g)®f). Then there exists a Hecke eigenform F in Su—p p—c,c+4
such that

Ar(T (@) = 2 (T (@) A (T (@) + ¢+ +¢7) mod ¥
for all prime numbers q, where T")(q) is the element of L. defined by
T(q) = Sp,(Z)(1,Lql,) Sp,(Z),
and P is some prime ideal of Q(f)Q(g9)Q(F).

Now let us consider the case a = b = c. In this case, if we take F' = Fj, 4,
where h € S:+5/2(F0(4)) corresponds to f under the Shimura correspondence, then
Conjecture C is obviously satisfied, not just with a congruence but with equality.
In contrast, Conjecture B predicts the existence of a cusp form F', not a constant
multiple of Fj 4, such that F' = ., Fn,y mod % Later, in Table 3, we give exact
special values (in contrast to approximate values) for all (a,b,¢) which appear in
their conjecture as examples, and prove that these values are divisible by the primes
that they were able to guess by approximation.

4. TRIPLE L-VALUES

4.1. Boécherer and Schulze-Pillot’s formula for the triple L-values. We re-
view a formula for the triple L-values of elliptic modular forms due to Bocherer and
Schulze-Pillot [BS]. We define two types of imbeddings, ¢12, and ¢111, of products
of upper half spaces into H3 via:

L12:H1XH29(2,Z>'—>(2 O)EHg,

A
and
z1 0 O
ti11 : HY 3 (21, 20, 23) — 0 2z O € Hs.
0 0 zZ3

We use the same symbol i11; to denote the corresponding diagonal imbeddings
of SLy(Z)? into Sps(Z). For an integer o we define the Maafl operator M, on
C>*(Hj3) as B B
My =det(Z — Z)*~*det(9;;) det(Z — Z)* 71,
and for a non-negative integer v put
MY = Majy_10 0 May10Ma.
Here Z = (z;) € Hs, and 0;; = % or +-2 according as i = j or not. The

2 (92,;_7‘
operator MY maps C*°(Hs) to itself.
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For a non-negative integer b, let Vg(b) be the C-vector space of homogeneous
polynomials in X5 and X3 of degree b with coefficients in C, and define the map

LY from C*(Hs) to C*°(H,; x Hy, Vi”) as

(71)17 > V(b — 2u)!(12 - ((D1Dy)” - (D = Dt = D))" F) (112(2, 2))
0<20<b Y

((2,2) € Hy x Hy) for F € C*°(Hj), where
Dy =01,
Dy = > 0;XiX;,
2<i,j<3
D — DT — Dl = 2(812X2 -+ 813X3),
and («), is the Pochhammer symbol:

(@) _F(oz—|—1/)_{ ala+1)---(a+v—-1) ifv#0,
v = T(a) |1 if v=0.

Composing the above two maps and restricting to H$, for an even positive integer
a we define the map D" from C*(Hs) to C°°(H2, Vi") as
(D@ (F)) (21, 22, 25) = (L2, 15 0 MIETA(E) ) (111 (21,22, 25))
for (21, 22, 23) € H3 and F € C*°(Hj). Then (D4*Y (F)) can be decomposed as
DLOF) = Y (D ()X,

vo+r3=b,rv2>0
making D5 a map from C* (H3) to C°°(H3). The map DA*2) preserves
automorphy but does not preserve holomorphy. To construct a holomorphic differ-
ential operator which preserves automorphy, let

5 — 1 ( ® 5)
C T ony/—1\2y/—1y 0z)’
and
08 (2) = baq2u—20---004.
Then we have

(y1y2y3)_a/2 . DZ(CL,VZ,VS) _

Z 5¢lxtl+a+u2+u372,ul (21)5Z1a+u272p‘2 (22)5Zia+u372#3 (23)D04 (a, V2, V3, H1, K2, /1’3)’

where the summation is over 0 < uq, o, us < a/2 and where D, (a, va, vs, 1, pi2, pi3)
is a holomorphic differential operator, that is, it maps from C°°(Hjz) to C°°(H3)
and sends Hol(H3) to Hol(H3). Moreover it preserves the holomorphy at cusps, and
we have

Da(a,v2,vs, p1, pi2, p3) (Flat111(91, 92, 93))

= Da(aa Vo, V3, 1, 12, ,U/3)(F)|il+a+u2+1/3—2u291 |22+a+1/2—2;4292‘i‘?‘—&-a+1/3—2ugg37
where the upper indices z1,z2 and z3 indicate which variable is relevant at the
moment. In particular, for a positive integer r and non-negative integers vy, vo, V3
such that vy > vy,v3 > vy D, (204,05 — 11,13 — 11,0,0,0) maps M, (Sps(Z)) to
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Mk1 (SLQ(Z))@Mk2 (SLQ(Z))@M]% (SLQ(%))’ where k1 = r+vs+r3, ko =7r+11 +vs,
and k3 = r+vo+vq. From now on we put D,y 1, 0, = Dy (201, v2—11,v3—111,0,0,0).

Let
[n/2]
Ene(Z)=C—r) [J c@i+1-2r) > j.2)"
=1 ~erS\ Sp,, (Z)

be the Eisenstein series of weight r and degree n, where

n A B
re = (& 5 ) esna@ =0k
By a careful examination of the proof of Theorem 4.2 in [BS], we obtain:

Theorem 4.1. For a positive integer r and non-negative integers vi,va, Vs such
that vg > vy,v3 > vy, put ki =17+ Vs + 3, ko =7+ 1v1 +1v3 and ks =1 + v + 1.
Let f1, fa, and f3 be primitive forms in Sk, (SLa(Z)), Sk, (SL2(Z)) and Sk, (SL2(Z)),
respectively. For an even positive integer r such that 2 < r < kg + k3 — k1 put

1\7[(7"; fi,f2, f3) =
(\/jl)(klszfkgr‘r’r‘)/z
B 23k1/2+k2/2+k3/2+r/2_3((kg + ks — k1 + r)/2)2k1—k2—k3 (]{31 — ki3)'(]€1 — /{12)'

ki + ko + ks +r
1—4342—71ﬁ®ﬁ®h)

X Laig(
Then we have
((rV/=1)*Chthatbem 2D, e (Ba), 1), o), )
=(f1. f1)(f2s F2)(f3, F3)M(rs fu, fa, f).

Proof. We can prove this by using (3.1) (or equivalently (2.41)) of [BS] and replacing
T,(s) by (3.22) there. This is the same sort of calculation that was done for r = 2
but not for general  in Theorem 4.1 of [BS]. Although the calculation follows [BS],
we give some details here since it is fairly complicated. We must calculate

(2mi) ~ (Ko +hatha30/2¢(1 — 1)¢(3 — 2r) A(f, f. f3, 0)
CT(O)LOO(% —2)

in the notation of [BS]. By definition (1.19) in p.7 of [BS], we have ¢,.(0) = 1. By
(3.1) loc. cit., we have

(3)

AU@fzfaO>2<?

2 )Gt + a0, - (=) [ 1,000
2
P
Here we have
a:k2+k3—k177", a/ :CL/Q, b:2k17k27k3, 132 :klfkg, b*ﬂgiklfkg.
By (3.22) in [BS], we have
L( k1+k22+k3+7’ _ 2)

50 = =

p
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By the functional equation, we have
¢(1—r)¢(3—2r) _ _(_1)7”/224—37"71_2—37*.
¢(r)¢(2r—2)
By the definition in [BS], we have
( b >A<T b) _ ok1—ka—kz+r F(k1+r—2)F(’“2+’“35’“”)F(’“2““32*’“1” _ 1)
7y ’ (k1 — ko)! (k1 — k3)! [(r)T(2r — 2)0(Ba=ha=hatr 1) ’

s
3k1—ko—ks+r _ 1 .
2

'LL(T’ Lat b7 7a/) _ (71)k1/2 2372k1+k2+k377’

On the other hand, we have

Tw(_a/) - (47r)—(k1+kz+k3+r)/2+2

F(% _ 2)r(k1+k22—k3+7” _ 1)F(k1—k22+k3+r _ 1)
F(kl +r— 2) ’

X

and

1
Loo(k1+k22+k3+7“ _ 2) -

2—4(27r)(k1+k2+k3+2r)—5

1’\( k‘1+k22+k3+7“ . Q)F(7k1+k;+k3+r o 1)1—1( k17k22+k3+'r’ _ 1)F(k1+k2;k3+r _ 1) :

Here we used the fact that k; and b are even integers and that (—1)® = 1. Using
((3ky — ko — k3 +T)/2 — 1)F((3k1 — ko — k3 +7“)/2— 1) = F((?)kil — ko — k3 —|—7“)/2),
we see that the part involving the I' function in (3) is given by

I( k2+k3;k1+r) 1

D (3Razha—katry = ((ky + k3 — k1 +7)/2) (2ky —ko—hs)

The other factors consisting of the power of i, 2 or w are calculated from the above
data and the theorem is proved. O

Lemma 4.2. The map ﬁr,yh,,z’l,g : C*™ (H3) — C*> (H3) satisfies
~ 2Vt (\/jl)gyl Vl!I/Q!V3!

D (23 5V2 01 — )
r,V1,V2,U3 (212213223) (VS — Vl)!(V2 — Vl)!(r + Vl)(y2+u372u1)

Proof. Put Vo = v9 — v1,V3 = v3 — v1,. Then in the notation of [BS], we have
b = Up+03 = vy +v3— 2. Then it follows from (1.11) of [BS] that (y;y2y3) ~*2 D%
can be expressed as
1

(7“ + Vl)b(b)!
where @) is a polynomial in 012,013, 023 of total degree smaller than 3v; + b with
coefficients in C[31173227633,y1_1,y2_1,y3_1,X2,X3]. (There is a misprint in (1.11)
of [BS]. For the correction, see the Appendix of [BSS]. ) Hence Dy 1727) cap
be expressed as

—v1 Ty v v 3v1
(y1y2y3) " DL = (012013003)" 20T /T (012X + 013 X3)" + Q,

U2,V 3
D) = 930105 2Hn /T L R,

(7’ + lll)bﬁg!gg,!
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where R is a polynomial in 012, 013, 023 of total deNgree smaller than 3v; +b with co-
efficients in C[alh a22; a337 yl_la y2_17 y?,_l] Hence Dr,vl,yg,ug - Dr(2yl7 '1;2’ 537 07 Oa O)
can be expressed as

~ 1 31 =
D = V1 gvz gvs I 2b+4l/1 /1 4 ]%7

TV1,Va,V8 12013023 CEIATA

where R is a polynomial in 09, 013, d23 of total degree smaller than 314 + b with
coefficients in C[d11, 022, J33]. Since b + 311 = v + v + v3, we also have

b+3v1 gu1 QU2 Y1 (V3 V2 V1)
2 015013053 (213213253 ) = v1lvalusl.

So the assertion is proved. O

4.2. Alternative simple differential operators from [IZ] applied to triple
L-values. The above formula from Theorem 4.1 due to Bécherer and Schulze-Pillot
is useful for investigating the qualitative nature of triple L-values. However, these
operators are fairly complicated. There exists another formulation on similar differ-
ential operators in a quite general setting slightly different from theirs (cf. [Ib]) and
these are easier to handle since they come from harmonic polynomials that possess
some invariance properties. Indeed, in the case treated in this article, there are
simply described differential operators D,. ., 1, 1, such that Resa(Dy oy, vy .05 (F)) is
equal to ResA(]NDT’l,h,,w,3 (F)) for any holomorphic function F' on Hg, up to a com-
mon constant (depending on r, v;), where Resa is the restriction to the diagonal
A = H} C Hs. We can give a formula for D,, ,, ., (cf. [IZ]) as a polynomial of
partial derivatives. These operators are well suited to give special values of triple
L functions, so we will adjust the constant in the above formula by Boécherer and
Schulze-Pillot into the version using these new differential operators from [IZ]. In
order to use the differential operators from [IZ], we introduce the following no-

tation. Let {z;}1<i<3 and {t;;}1<i <3 (where t;; = t;;) be variables and put
0 Tr3 T

X=| 23 0 x4 and T = (t;;)1<i j<3. We write P = P(T) if P is a poly-
T2 X1 0

nomial in ¢;; (1 < ¢ < j < 3) and say that P is a polynomial in T. We denote by
0; = 0;(TX) the i-th symmetric function of eigenvalues of TX. We note that o; is
a polynomial in x1,x2, 3 and T. Then for a non-negative integer s we define the
formal power series G (s; 01, 02, 03) by

oa @+ 20+4cH2s + 1Y\ (b42c+5) (2¢+5\ 4, b .
B e e
a,b,c>0
where (:) is the binomial coefficient. Write G®)(s; 01,09, 03) as
G (s;01,09,03) = Z Py vy g s (T x5 253
v1,v2,v320

and say that Ps ., ., (T) is a polynomial in T and s. For an integer r > 2 and
non-negative integers vq, vo, v3 we define the operator D, ,, 1,1, on C°(Hs) by

DT,V1,V2,V3 = PT*Q,VLVz,Vs((27T7;)_1(8ij>)'
For any holomorphic function F' on Hs, we define D, ,, ., ., by

Dy vy v,0s (F) = Resa(Dyuy vy .05 (F))
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where Resa means the restriction of the function to A = H3 C H3. We skip the
theoretical details here but we know the following fact as a special case of results
from [Ib] and [IZ].

Theorem 4.3 ([IZ]). Let ki = r+ v + v, ke =14+ 1v1 +v3,ks =1+ 11 + 119
with v € Z>o and vi,v2,v3 non-negative integers. The operator Dy, ,, s Mmaps
M, (Sp3(Z)) to My, (SLa(Z)) ® My, (SLa(Z)) @ My, (SLa(Z)). In particular if vy >
0 and vo = v3 = 0, then the image of Dy y; 1,0, s included in My, (SLa(Z)) ®
Sky (SL2(Z)) ® Sk, (SL2(Z)); and if at least two of v1,va,v3 are positive, then the
image is included in Sy, (SL2(Z)) ® Sk, (SL2(Z)) ® Sk, (SL2(Z)).

Lemma 4.4 ([I1Z]). The map Dy.p, 1,0, : C° (H3) — C* (H3) satisfies

(ra+ri+r—=2)n+vs+r—2)l(v1 +v2+7r—2)!
(v1+r—=(ve+r—2)(vs+7r—2)!

vy V2 V1) __
Diovyvaws (215213253) =

For any holomorphic function F', we define an operator ﬁ)hul,uzm by

DT,V17V27V3 (F) = ReSA(DT7V17V27V3F)'
Proposition 4.5. We have

(7 + V1) vyt v —20y) (V3 — 1)1 (v2 — 11)!

Dr,yl,uz,ug, = 2yl(\/_71)3l/1

« vo+uvs+r—2\(v1+uvs+r—2 1/1—|—V2—|—7“—2ﬁ)
vo+1r—2 vs+1r—2 v +r—2 [NECE

In particular, if ky =r4+ve +v3, ko =r+v1 + 13 and ks = r + vy + 14, then
(k2 + k3 — k1 +7)/2) 2k —ko—kg) (k1 — K2)! (k1 — k3)!

Dy 5,05 = (kaths—k1—1)/2((/—T)3(ke+ks—k1—7)/2

% ((k:1 ¥ ks E;i /2 — 2) ((k1 + ka;—Qk /2 — 2)

x b =2 B
(ko + ks —ki+71)/2—2 frLva s

Proof. We remark that vy = (—k1 + ke + ks —1r)/2,v0 = (k1 — ko + k3 —r)/2 and
v3 = (k1 4+ ko — ks — r)/2. This proves the latter half of the assertions. O

By definition we have

1 oL +rotrvs

(A) ]Ds,ul,l/z,yg (T) = (G(3)(3;01702703))|x1=x2=x3=0-

1 lnlvg! Ozt Oxy? Oxy?

When we apply this to L(s, f ® ¢ ® g) where two modular forms are the same,
we need only coefficients at (vq,v9,v3) = (0,v,v), and we have a simpler formula
in this case, which is useful sometimes.

Theorem 4.6. We have Psg ., (T) =

EV: Z 2v=l=i=a0 (2 + 25 + 1)!(v — ag + 8)!P(1, 5, ao)
sl(

vy 2v + 2s+1 — 2ag)(ag + 1 — ) (ag — I + §)W (v — ag—1 — 7)1
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where j,1 run over all non-negative integers such that max(j,1) <v/2 and |j—1| <
ag <v-—1—j, and

P(l,j,a0) = t15~ l+3tao+l j(t?2 - t11t22)l(t%3 - t11t33)j(t12t13 - t11t23)'/_a°_l_j.

Proof. Since v; = 0, we put z; = 0 in G(3)(s, 01,09,03). By definition, under the
restriction to z; = 0, we have

o1 = 2(tizza + ti223)

o2 = (t%:g — t11t33) 73 + 2(t1at13 — ti1tos)Taxs + (ty — t11t22)5€§,
g3 = 0.

So we have

G(3) (57017027 G3)|w1:0

_afa+2b+2s+1\ (b+s\, ,
D DR G [ (e [ T

a,b>0

a+20+25+1\ (b+5\ = [0\ ,; 0
X ()0 ()
a,b>0 i=0

omp) o
x> m ljl(t12 ti1te)! (t12t1s — tratos)™ (s — tuatss) ey e T

l+m-+j=b
l,m,j>0

Now we assume that i +2j+m =a—i+2l+m =v. Then a = 2(i +j — 1)
is even, so we write a = 2ag and we have ag = i + 7 — . We also have 2v =
(2ap —t+2l+m)+ (i +2j+m) =2a0+2j+20+2m,s0 v =ag+ j+ 1+ m.
For each fixed ag € Z with 0 < a9 < v, we erase ¢, m and b = [+ m + j by
these relations. The condition 0 < i < 2ap means |j — [| < ag and the condition
0 <m means 0 < ag <v—(j+1). (As a consequence, we have j, I < v/2.) Since
a+ 2b = 2a¢ + 2(v — ag) = 2v, we have

om a+2b+2s+1 b+s 209\ b
i ) jlim!

_gm 2V—|—2S—|—1 v—ag+s 2a0 (v —ap)! B
n v — ag ap—j+1) W —ag—j5-0!

m 2v+2s+ D)l(v —ag + $)!(v — ap)!(2ap)!
(2v + 25 — 2ag + 1)!1(2ap)!s!(ag — 7+ D(ao + 7 — DN (v—ao)!j1 (v — ag—j — 1)!
_ gr—ap—j—I (2v +2s+ D(v — ag + s)!

(2v +2s —2ap + )lsl(ag — 7+ DN ao + 5 — DN (v —ag — 5 — 1)!
This gives the assertion of Theorem 4.6. (]

The following theorem is a reformulation of Theorem 4.1

Theorem 4.7. Let k1, ko, k3 be positive even integers such that k1 > ko > k3 and
k1 < ko + ks. Let f1, fo and f3 be primitive forms in Sk, (SL2(Z)), Sk, (SL2(Z)),
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and Sk, (SL2(Z)), respectively. For an even positive integer r such that 2 < r <
kQ + k‘g — k‘l put

1
M(r; f1, f2. f3) = ~ spmris

ki —2 ko — 2 ks — 2
x bitha—katr g )\ kithackatr g )\ katha—kitr _ o

ki1 + ko + ks +
ATRTBTL 210 ).

X Lalg( B

Then we have

<<<(27T\/jl)7<k1+k2+k3737ﬂ)/2D7‘7V1,Vz,l/3 (E?),T')a f1>7 f2>a f3> =
<f1afl><f27f2><f3af3>M(r;f17f27f3>7
where 11 = (k2+]{33—]{)1—7")/27U2 = (k1+k3—]€2—7“)/2 and v3 = (k1+k)2—]€3—7“)/2.

In order to calculate Lalg(% -2, f1® f2® f3) explicitly enough to write a
computer program, we need an expression for I, ., ., ., F3 » as a linear combination
of triple tensors of modular forms of one variable. Now let d; = dim Sk, (SL2(Z))
fori=1,2,3,and f; (i =1,....d1),9; (j =1,2,..,d2),y (I =1,...,d3) be a basis
of Sk, (SL2(Z)), Sk, (SL2(Z)), and Sk, (SL2(Z)), respectively, consisting of primitive
forms. Moreover let fo = Ei k,, 90 = E1k,, and hg = E7 ;.

Then we obtain:

Theorem 4.8. Under the above notation,

(2my/=1)"thatha=302(D, 0, B ) (21, 22, 23) =
dy dz d3

DD mlri fis g5 ) fi21) 95 (22) hu(23).

i=0 j=0 1=0

Here m(r; f;, g5, i) is a certain algebraic number such that

(1) m(r, fi7gjahl) = M(T;fiagj7hl) fOT iaj,l Z 1.
(2) If kv > r, then m(fo, 95, ) =0, if ka > r then m(fi, go, b)) =0, and if ks > 0,
then m(f;, gj,ho) =0 for any i, j, l.

In particular, if at least two of vy, Vs, v3 are positive, then

(27T Vv _1)_(k1+k2+k3_37,)/2 (DT,Vl,V27V3E37T)(217 22 Z3) =
dq ds dg,

SN TN M fiy 950 ) filz1) g (22) ha(23).

i=1 j=1 I=1

In order to obtain the coefficients of the above linear combination, we need the
Fourier coefficients of E3 ;. and f;, g;, hy. Let

Enr(2) = cnr(Ae(tr(AZ))

A>0
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and

(DT7V17V2,V3 E377")(Zla 22, 23)
LS

= Z C3,r 01 w35 (M1, Mo, M3)e(Myz1 + Mazy + M3z3)

mi,mz,m3=0

be the Fourier expansion of E, .(Z) and (D, 1,0 Es.) (21, 22, 23), respectively.
Then it is easily seen that

C3,r,v1,v2,v3 (mlv ma, mB)

mq 7"12/2 7"13/2 mi 7’12/2 7’13/2
= Z car | T12/2 mo ra3/2 | Pruiusas | T12/2 mao 123/2 |,
T12,713,r23€Z r13/2 T23/2 M3 r13/2 T23/2 M3

where P, ., ., ., is the polynomial used to define D, ., ., ... If we omit zero sum-
mands then this is a finite sum. Let

oo oo

filz) = Z a;(m)e(mz), g;(z) = Z bj(m)e(mz), hi(z) = Z ci(m)e(mz).

By Theorem 4.8, we obviously have:

Corollary. For any non-negative integers my,mo, ms, we have
di d2 ds

C3,7,v1,v2,v5 (M1, M2, M3) = Z Z Z m(rs fi, g5, b)ai(ma)bj(ma)ei(ms).

i=0 j=0 =0

We would like to calculate m(r, fi, g, hi) as solutions of the above relations,
regarded as simultaneous linear equations with known data ¢3r ., vy s (M1, M2, M3)
and a;(m1), bj(me) and ¢;(mg). Since the latter three numbers are determined by
the values when m; are primes, it would be convenient to write a formula in terms
of data from primes. As given in [Go] and easily shown by the usual Hecke theory,

we have
ai(p)"= Y Co(nr)p ™ Vay(p" )
0<r<[n/2]
where we put

_[ G =G ir>o,
CO(”’T)_{ 1 if r = 0.
The same relations hold for b;(msg) and ¢;(mg). For integers i1, 42,13, we put

b(ih 7;27 i3a T, kla k27 k3a q) =
[(i1—1)/2] [(i2—1)/2] [(i5—1)/2]
> Co(ir —1,j1)Coliz — 1, j2)Colis — 1, js)
Jj1=0 Jj2=0 J3=0
% qjl(kl—l)qu(k2—1)qj3(k3—1) i1—1—2j17qi2—1—2j2’ 1'3—1—2j3)_

€3,k ez s (4 q
Then by the above relations, we obviously have
dl d2 d3

b(ilv i27 i37 r, kh k27 k3a (]) = Z Z Z m(r, fiﬂ 9j, hl)az(q)“bj (q)i2cl(q)i3

i=0 j=0 =0
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for any 0 < 43 < dy, 0 < i3 < do, 0 < i3 < d3. If we regard these relations
as simultaneous linear equations for the unknowns m(r; fi, g;, k), then this can
be solved by using a Vandermonde determinant as in [Go]. To write down the
formula for the solution, we prepare the following notation. For a prime number
g and a positive integer k, let ®g 5 0(X) = ZdHA (X and @, 41(X) =

ZZ 0 Ak,1,: X% be the characteristic polynomials of the Hecke operators T'(q) on
M}, (SLa(Z)) and on Si(SLa(Z)), respectively. We note that ®,0(X) = (X —
¢" 1 — 1)@, 1,1(X). Now we put ¢; =0 or 1 for k; = r or k; > r for each i = 1, 2,
3, respectively. Then using Lemma 2.2 from [Go], we have

Theorem 4.9. Definee; fori =1, 2, 3 as above. For a fized i, j, | withe; <1i < d,

es < j <do, e3 <1<ds, assume that <I>q Ky el(ai(q))@;’k%62 (bj(q))@;’krs’63 (alq)) #
0 for some prime number q. Then we have

m(r, fis g5s 1) = (Do ey (@0(@) Py e (05(@) R 1y o (ci(0))

di—ej do—eg dz—ez di—e1—i1 do—ea—is d3—ez—ig

X Z Z Z Z Z Z AklaelajlAk2762’j2Ak3,€3,j3

i1=0 =0 iz3=0 j1=0 Jj2=0 j3=0
di—e1—i1—J do—ea—i2—js ds—e3—iz—] s e .
Xai(q)" T T (q) T T T 2 (q) T T T Ib (i, d2, 43, 1, Ky, Ko, K3 Q).

In particular if ki —r, ko —r and k3 — r are all positive, then

M(r, fi gjs ) = (P 1, 1(ai(@) PG 1, 1 (b5(9)) P 1y 1 (c2(a)))

di—1do—1ds—1d1—1—i1 do—1—ia ds—1—1i3

XY NN ST YT D Ak Akt Ak,

i1=0 i2=0 i3=0 j;=0 Jj2=0 j3=0

-1

xa;(q)M T TIp (q) 2T 2T d gy (q) BT B I b (i i, dg, 7, o oy s Q).

Proof. This is easily proved by the same argument as in [Go] Lemma 2.2. (]

Remark. The right-hand sides of the formulas in the above Theorem do not
depend on the choice of gq.

4.3. Fourier coeflicients of Siegel Eisenstein series of degree 3. Now we
give a formula for the Fourier coefficients of Es5 ;. From now on, for a while, we fix
a prime number p. We define x,,(a) for a € Qp\{O} as follows;

+1 it Qp(Va) =
Xxpla) =14 —1 if Qp(\/a)/Qp is quadratic unramified
0 if Qu(v/a)/Q, is quadratic ramified.

For each T' € L), we define the local Siegel series b, (T, s) by

bp(T,s) = Z ey(tr(T'R) )p—up(up(R))s7
RES-(Qp)/Sr(2Zp)
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where e,, is the character of the additive group Q,, such that e,(a) = e(a) for a € Q,
and p,(R) = [RZ), + Zj, : Z,]. There exists a unique polynomial F},(7T,X) in X
such that

[r/2]
bP(Ta 8) = FP(T,p_S)(l —p_s) H (1 —le_Zs)
i=1
% (1= xp((—=1)"/2det(2T))p"/>7)"L, if r is even,
L if r is odd.

(cf. Kitaoka [Ki]). We give a formula for F),(T, X) for T' € L, with r < 3.

Proposition 4.10. (1) Let T = (a) € Ly ,,. Then we have

ordy(a)
Fp(T,X)= Y (pX)".
1=0
(2) Let T = (aij)1§i7j§2 S ‘C;,p' Put fp(T) = Xp(—4detT), and set €1 =
Min1§i7j§2(ordp(21_5”aij)), and ey = [(OI‘dp(4 det T) +1-— (521,)/2] + fp(T)Q —
Then we have

—_

el eo—1 el eo—i—1
Fp(T,X)=> (0°X)' > (0°X?) - &(DpX Y_(0°X)" > (0°X?).
i=0 j=0 i=0 J=0

Let T = (tij) S [’?>><,p Let my = ml(T) = Minlgi,jgg(ordp(2l_5"'jtij)),mg =
mQ(T) = Minlgi,jgg,(ordp(zg_&"’jTi]‘)), and ms = mg(T) = OI'd(4 det 11)7 where ﬂj
denotes the (i, j)-th cofactor of T For a prime number p, let 1,(T) := (—=1)°2h,(T),
where h,(T") denotes the Hasse invariant defined on S5(Q,). Let p # 2. Then T is
GL3(Z,)-equivalent to

Pty Lp™us LpTus

with r1 > ro > r3 and uq, us, ug € Z;. We note that r1, 73,73 are uniquely deter-
mined by T. Then put &,(T) := x,(—p"> "3 uguz) or (xp(—p"> "3 ugus3))? according
as r1 > 1o or 11 = 72. This £,(T") does not depend on the choices of w1, ug, us. For

the case p = 2, then T is GL3(Z5)-equivalent to one of the following forms:
(C1) 2"y 12K
. _ 0 1/2 1 1/2 v
Wlthrlzrg,K—<1/2 0 >or(1/2 1 ),andu1€Z2,
(C2) 2" K 123 ug
. _ 0 1/2 1 1/2 %
Wlthr1>r3+2,K<1/2 0 >0r<1/2 1 >,andU3€ZQ,
(C3) 2Muy L2720y 1 278 g
with 7y > ro > 73 and uy, us, us € Z3.
Then define & (7)) by

X2(— det K) if T is type C1 and r; > r3 + 1,
£~ (T) = X2(—2"2""uqug) if T is type C3 and ry > ro + 3,
2 ) xe(=227suguz)?  if T is type C3 and ry = 1o + 2,

1 otherwise.
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Furthermore put

1 if p# 2 and mo =0 mod 2
n (T) := or if p=2,m3 — 2my +my = —4, and my = 0 mod 2,
0 otherwise.

Then we have a formula for F,(T, X) for a nondegenerate semi-integral matrix 7'
of size not greater than three (cf. [Katl],[Kat2]).

Proposition 4.11. For T = (t;;) € L3, we have

my [ [(m2—02p—1)/2]—i

Fp(T,X) =) > X% | 0°X)’

i=0 =0
my [ [m2/2]=02p—1i _ _
+np(T) (p*X)™s (pP X 2)~Ima/21 402 3 Yoo @ x| X))
i=0 j=n'

mg—2ma+my m1
+ (p5X2)[m2/2](p2X)—m1 Z (pQX)igp(T)i—i-Q Z(pQX)i-

i=0 j=0
For an element B € L,,,, of rank m > 0, there exists an element B € H,, , N
GL,,(Q,) such that B ~ B1O,,_,,. We note that F,(B,X) does not depend on
the choice of B. Then we put " (B, X) = F,(B, X). For an clement B € Ln>o
of rank m > 0, there exists an element B € Ly~ such that B ~ B10O,_,,. Then,
det B does not depend on the choice of B. Thus we put det™ B = det B. Similarly,

we write X%m) = X if m is even. The following is essentially due to [Bo2] (see also

[Kat4].)

Proposition 4.12. Let T be a semi-positive definite half-integral matriz of degree n
and of rank m. Then the T-th Fourier coefficient ¢, ;(T) of E,; is given as follows:

Cn,l(T) = 2[(m+1)/2] H FISM) (T, plfmfl)

p
L(14+m/2 -1, Xﬁfm)) HEZ/:Z]”H C(1+2i—2l) if mis even
X
T ty2 G+ 2 —20) if m is odd

Here we make the convention Flgm)(T,pl*m’l) =1 and L(1 +m/2 — Z,X(Tm)) =
C(1—1) if m=0.

Remark. The factor “(—1)(™*~1/8” on page 101, line 9 of [Kat3] should be
deleted.

Corollary. Let T € L3>¢.
(1) Assume that rank(T) = 3. Then

csu(T) =4[ [ Bo(T, 0",
J2
(2) Assume that rank(T) = 2, and T ~z T5 1Oy with Ty € Lavo. Then

o (T) =202~ k, (b”)>HFp<T2,pk3>,
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b7,

where ( ) 1s the Kronecker character associated with the fundamantal discimi-

nant dp, (cf. Section 3.)
(3) Assume that rank(T) =1, and T ~z Ty L Oy with Ty € L1+¢y. Then

csn(T) = 20(3 = 2k) [ [ Fo(T1.0"2).

(4) Assume that T = Os. Then
3 k(T) = C(1 = k)¢(3 — 2k).

4.4. Numerical examples. By Proposition 4.5, Theorem 4.6, Theorem 4.9, and
the corollary of Proposition 4.12, we can obtain the value of M(; f1, f2, f3) for any
primitive forms f1, fo and f3 of weight k1, ko and k3, respectively, and any integer [
such that kl 2 k2 Z ]ﬂ3,k2+k3 > kl and (kl +k2+l€3)/2— 1 S l S k2+k‘3 — 2.
For an even integer k = 12,16 let Ay be the unique primitive form in Si(SL2(Z)).
First we treat the case Ajs € S12(SLa(Z)).

Table 1. Triple L-values.

I | Lag(l, A1a ® A1p @ Apa)
18 23975 3’

19 | 2%.3.5

20 24;2' 7

|53

We also compute that we have
53 .95 F2 . 72
Lat(26, 8128 Mg © Agg) = -0 21T
We note that
L(I,A12 ® A1z ® Av2)  Laig(l, A1z ® Aqg ® Aq)24 737
TH=33(A19, Aqg)3 rra-11)3
for 18 <[ < 22, and that

L(26,A12 ® A1g @ A1g)  Laig(l, A1z @ Agg ® Aqg)2%7
703 (A1a, A12)(Ars, A1g)? ['(26)I(15)I'(11)?

Mizumoto’s table and the result on page 208 of [Miz2] give the right-hand sides of
the above equalities, and we see that Table 1 above is consistent with Proposition
3.4 in Mizumoto [Miz3]. Mizumoto used nearly holomorphic modular forms to
compute the triple values of holomorphic modular forms. On the other hand, here
everything is treated within the framework of holomorphic modular forms.




CONGRUENCES TO IKEDA-MIYAWAKI LIFTS 25

Let f € Sor(SLa(Z)) and g € Sk12(SLa(Z)) be primitive forms. We assume that
the Hecke polynomial ® 251 of T'(2) on Sax(SL2(Z)) (resp. Pg 42,1 of T(2) on
Sk+2(SL2(Z))) is irreducible over Q. Put K = Q(f)Q(g), and put

I = Nkyq (Latg(2k + 2, f @ g ® g)) -
By Theorem 4.9, I}, does not depend on the choice of f and g (cf. [Sat].)

Table 2. Norms of triple L-values.
E [k+2 ]2k Iy

251.5
10 | 12 20 17

2129.32.73.11-107
14| 1 2
6 8 52.13-19-23-131-139

2193 .53 .7.114 .13
16 | 18 | 32
3.17-23-29% .67 - 273067

2241 . 312 . 5.74.115.13% . 157
18| 2
8120 |36 17219 -23%.29% . 312 - 1259 - 269461929553

For a triple (a,b,c) of integers with @ > b > ¢ > 0, let f € Sprcta(SLa(Z))
and g € S;14(SLa(Z)) be primitive forms. We assume that the Hecke polynomial
‘I)Q,b+c+4,1 of T(2) on Sb+c+4(SL2(Z)) (resp. (1)27(14_4,1 of T(Q) on Sa+4(SL2(Z))) is
irreducible over Q. Put K = Q(f)Q(g), and

Jape = NrjQ(Lagla+b+6,92g® f)).

We note that J, 4.0 = Io+2. We now compute Jyp . for all (a,b,c) in Table 3 in
[BFG]. They assumed that these are divisible by certain primes by using approxi-
mation. Here we give the true values by using the finite sum expression of algebraic
numbers in Theorem 4.9 for r =b—c+4, v1 = vy = ¢, ¥3 = a — b, and prove the
above divisibility as a result, though we consider the triple L function instead of
L(s,Sym?(g) ® f) and ignore values Lqy(b+ 3, f) because of the ambiguity of the
periods of f.
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Table 3. More norms of triple L-values.

(a,b,¢) | Jape (a,b,¢) | Jape
(12,6,2) | 257101 (14,7,1) | 22247
(16,8,0) | 2375743 (16,7,1) | 253268
(16,5,3) | 22511127 (16,4,4) | L5130
(12,12,0) | 223%5% 7111337 (12,9,3) | 2457137
(12,6,6) | £-220 (14,11,1) | 22411857
(14,7,5) | 22311 (12,8,6) | L5558
(14,14,0) | 2232507111850 (12,8,8) | iz
(12,12,12) | Fogietstii¥s (14,13,11) | 2200414l
(16’ 16’ 16) 172-19-222;21-'23;-'??‘1?'11215;-12%;4%217929553

Here the cases (a,b,¢) = (12,12,12) and (16, 16,16) are the same as I14 and I1g
in Table 2, respectively.

Finally we note that the special values of the symmetric cube L function of
f € Sa2k(SL2(Z)) can be calculated from the triple L function since L(s, f ®
f®f) = Ls—k+1,f)2L(s, f,Sym(3)). The sign of the functional equation
of L(s, f,Sym(3)) is —1 and the central critical value L(3k/2 — 1, f, Sym(3)) van-
ishes always (see [Sat]). The other critical values can be calculated from those of the
triple L functions by Theorem 4.9 since L(I—k+1, f) # 0 for 3k/2 <1 < 2k—2. We
give one example here when f is a primitive form of S15(SLa(Z)). Here we define
periods Q4 by A(15, f) = 23.3%.5.7-11-13- 36171 Q_ and A(12, f) =572 Q.
The ratios of L(l, f) for even or odd ! with 1 <[ < 15 are calculated by period
relations (See [Lang] Chapter VI). The results are given in the following table. By
using [R] Theorem 4, we see

216.3.5.7
A(f,12)A(f,15) = ————
(£ 1DA15) = =27,
and this gives the relation
32.5-7%-11-13
(f, )= 2.0,

213
We put A(s, f,Sym(3)) = T'c(s)T'e(s — 15)L(s, f, Sym(3)) and for the above pe-
riods, we define Lqi4(1, f, Sym(3)) = A(s, f, Sym(3))/Q?_1)lQ(_1)z+1. We also put
Laig(l =15, f) = A(l = 15, f)/Q(_1)1+1. In the following table, [ runs over the right
half of the critical values.
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Table 4. Critical values of the symmetric cube L function for weight 16.

l Lalg(l - 157 f) Lalg(la f & f & f) Lalg(l7 f> Sym(?’))

2312-5-7 0 0
251. 9229

24 |11 _ 212.35.53.76.11.22
313 3°.5%.7 9
251.3.5.72 )

25 | 2. 72 £ 2 v 910 .37 .54 .74 .113

5 7 13 37.5%.7
251.33.73.137

26 | 3-7 _— 212.37.53.77.11.137

112.133

250 . 5.72 .1

27 1 5- 72 % 211.36.52.74.113.13.137
254.32.11-61

2812-3-11 % 213.36.53.76.114.13-613
257.3%.13

29 | 2%-3%-13 — 212.310.53 . 74113 . 132

23.3%.5.7.11-13 | 260.39.5%.73.11.13.37 | 21%.39.54.77.112.132 .37

50 3617 31- 36172 31

Here the cases [ = 24, 27, 30 are the same as (a,b,¢) = (12,6,6), (12,9,3) and
(12,12,0) in Table 3, respectively.

5. CONGRUENCES BETWEEN IKEDA-MIYAWAKI LIFTS AND NON-
IKEDA-MIYAWAKI LIFTS

This section presents examples of congruences between Siegel modular forms
that confirm that the answer to Problem B’ is affirmative in the cases where n = 1
and k € {14,16,18}. When n = 1, Problem B’ reads as follows:

Problem B’ for n = 1. Let k > 2 be an even integer. Assume that there exist
primitive Hecke eigenforms f € Soi(SL2(Z)) and g € Si4+2(SLa(Z)) with nontrivial
Ikeda-Miyawaki lift Ff 4. Let P be a prime ideal of K(Sig4+2(Sps(Z))) not dividing
(2k — 1)!. Can we show that P divides Lqaig(2k + 2,9 ® g ® f)/Laig(k + 1, f) if
and only if there is a Hecke eigenform G € Siy2 (Sps(Z)), not coming from the
Ikeda-Miyawaki lift, such that G =..,,. ﬁf,g mod P?

Our examples verify that the answer to the Problem B’ is yes for (n,k) =
(1,14),(1,16) and (1, 18). Let’s describe the situation for (n, k) = (1, 14) in some de-
tail. For k = 14, Sag (SL2(Z)) is two dimensional with Hecke field K = Q (v/18209)
and S16 (SL2(Z)) is one dimensional with Hecke field Q. Let f and its conjugate f
be a basis of primitive eigenforms for Sy (SLa(Z)) and g for Si6 (SL2(Z)).

F(7) = g+ Ag® + (151740 + 1920)¢> + ..., where A = —4140 + 108v/18209.
g(1) = q+216¢* — 334¢° + ...
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The space S5 (Sp3(Z)) is three dimensional with a basis of Hecke eigenforms given
by two lkeda-Miyawaki lifts, fi a multiple of Fy 4, f2 a conjugate multiple of Fy /
and one non-Tkeda-Miyawaki lift f3. The Fourier coefficients of f;, fo are algebraic
numbers in K and f3 has its Fourier coefficients in Q. The eigenvalues of these
three cusp forms under the Hecke operators T'(2) and 7}(4) for j = 0,1,2,3 are
given in the following Table. Note that T'(2) has distinct eigenvalues and hence by
itself separates the space S (Sps(Z)) into one dimensional eigenspaces.

Table 5. Eigenvalues Ay, (T') for f; € Si6 (Sp3(Z)).

T fi f3
T(2) 4414176 + 23328+/18209 —115200

To(4) | 55296(—17632637 + 1160109+/18209) | —784548495360

Ty(4) | —4718592(—1757519 + 1503+/18209) | —1062815662080

T5(4) 1207959552(—209 + 9v/18209) | —352724189184
T5(4) 68719476736 68719476736

Let P = (107,33 + +/18209) be a prime ideal in Ok over 107. Conveniently, but
not essential to any argument, this ideal is actually principal, being $ = wOg for

w = 472798935220135199056077806 + 3503752671099188352225941+v/18209.

The ideal P is relatively prime to (2k — 1)! = 27!. Furthermore, P (as well as P)
divides Laig(30, f ® g ® g) because, according to Table 2, the norm I14 equals a
rational fraction with 107 occurring only in the numerator. We can also calculate
the ratio of the critical values L(l, f1) for odd [ by solving the usual rational linear
relations and the action of Hecke operators T'(2) and T'(4) on the periods (see
[Lang] and [Ma]). Normalizing these as in the explanation between Conjecture
B and Problem B’, we see that 107 does not divide the norm of Lg4(15, f). So P
should be the congruence prime if the answer to Problem B’ is affirmative. One may
check directly that As, (T') = Ap,(T) mod P for the Hecke operators T' in Table 5,
and that there is no other prime ideal of K giving such a congruence except over 2,
3 and 5. Thus, the only if part of Problem B’ is true in this case (n, k) = (1,14). It
remains to show that Ay, (7)) = Mg, (T) mod P for all Hecke operators T € L,,. We
see this from a pullback of an Eisenstein series, which gives an apparently stronger
result: the congruence modulo P of all the Fourier coefficients of f; and fs.

Let W33 : H3 xH3z — Hg be defined by sending (Z1, Z2) — Zy L Z3 so that W35 :
My, (Spg(Z)) — My, (Sp3(Z))®My, (Sps(Z)) is the Witt map. Recall the definition of
the Eisenstein series F,, , from section 4.1 and the formula for its Fourier coefficients
in Proposition 4.12. According to Tsuyumine [Tsu], dim My (Sp3(Z)) = 7 and so
if f1, fa2,..., fr is a basis of Hecke eigenforms extending our previous basis of cusp
forms, then we have W5 Eg 16 = 23:1 a; f; ® f; for some a; € C as the pullback
of the Eisenstein series of degree 6 and weight 16. We have the following Fourier



CONGRUENCES TO IKEDA-MIYAWAKI LIFTS 29

expansion of W35 Fg 16 :

W;3E6716(Z1, Z2) = Z C(Tl, Tg)e(tr(lel —+ T2Z2)7
T1,T2€L3

C(Tl,Tg) = Z C6x16((tg}2 RT‘/22>)
ReM3(Z)

The Eisenstein series g 16 has bounded denominators in its Fourier coefficients and
the primes which may occur are bounded by twice the weight minus one, in this
case 31. This follows from the work of Bocherer, see Satz 5.1 of [Bo2]. The f; almost
share this property because their Fourier coefficients are linear combinations of the
Fourier coefficients of this Eisenstein series; however, the coefficients we used in the
linear combinations also had the large primes 97, 373, 1721, 3617, 9349, 362903,
657931, 1001259881 in some denominators. To determine the coefficients a;, and
to allow our work to be reproduced, we must specify the f;: Put

where

0 0 O 0 0 0 0 0 0 0 0 0
TlZOOO,T2:0007T3:01%,T4—0107
0 00 0 0 1 0 % 1 0 0 1
and
1 0 % 1 0 0 1 00
Ts=10 1 5|, Ts=|0 1 3|, Tx=|0 1 0
3 3 1 0 4 1 00 1
For the cusp forms fi, fa, f3 the Fourier coefficients ¢4, (T') at T = T5,Ts and 17

are given in the following Table:

Table 6. Fourier Coefficients of fi and f3 for Sis (Sps(Z)).
T; N1 f3

Ts 1 1
Ts | (3(29+ /18209))/26 | 16

T | (2(2293 + 194/18209))/13 | 40

We have ¢, (T) = ¢, (T)?, where o is the nontrivial element of Gal(K/Q).
Furthermore, Fourier coefficients of fy, f5 and fe at T =1T; (i =1,---,7) are given
in the following Table:
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Table 7. Fourier Coefficients of fa, f5, f¢ and f7 for Myg (Sps(Z)).

T; Ja s e
Ty 1 0 0
16320

T —_— 1
2 3617 0

T 2157050618257920 124 1
3 6232699579062017 539

T 139792940605422720 5394 —103 — V51349
* 6232699579062017 539 21

T 45951373923840 17979408396 35208358 — 2071151349
° 6232699579062017 1828708499233 437762325

T 13415366601584640 3523449472896 2053241914 — 620157851349
6 6232699579062017 1828708499233 437762325

T 752913261742118400 | 148770817399800 | —2(1553343619 + 15439717+/51349)
7 6232699579062017 1828708499233 39796575

We have ¢y, (T;) = ¢4, (T;)" for i =1,--- ,7, where 7 is the nontrivial element of

Gal (Q(v/51349)/Q). With these normalizations, we have

7
bj :Zaicij (=17
i=1

where b; = ¢(T},T}), and ¢;; = c¢5,(T;). By a simple calculation we see that we have
det(cij)lgi,jg # 0, and we may compute the a; and obtain the following results:
The coefficient a; is the quotient of two algebraic integers where w divides the
denominator but not the numerator. Actually, if we use the argument of Lemma 5.1
in [Kat3], this fact alone suffices to prove that f; has eigenvalues congruent to one
of the other f;, which must be f3 if we note the T'(2) eigenvalues. We continue the
description of the coefficients a;, however, since we can extend the congruence to the
Fourier coefficients of f; and f3. The coefficient as is the quotient of two algebraic
integers where @ divides the denominator but not the numerator. The coeflicient as
is a rational number where ww = 107 divides the denominator but neither w nor
@ divide the numerator. The coefficients aq4, a5, ag, a7 are the quotients of algebraic
integers where neither w nor @ divide the denominator. All the Fourier coefficients
of the f; and of W33E¢ 16 have well defined reductions modulo the ideal P, so that
if we define A; = wa; and A3 = was, we obtain

A1fi®fi+A3f3® f3=0 mod P.

As a relation between formal series, this implies that f; = « f3 mod P, where « is
an element of O such that a? = —2‘—? mod P. Since we have ¢y, (T5) = ¢4, (T5) = 1,
we can determine that this congruence is nontrivial and that « =1 mod 9. Thus
we have the apparently stronger result: over Ok /P the Fourier expansions of f;




CONGRUENCES TO IKEDA-MIYAWAKI LIFTS 31

and f3 agree and, hence, all their Hecke eigenvalues are congruent modulo ¥, which
is the conclusion of Problem B’ in the case (n, k) = (1,14). Of course, conjugation
gives fo =e.v. fs mod P as well.

Twenty years ago, Miyawaki computed the cases of weight 12 and 14 in degree 3.
No further examples have been published since that time, so it is appropriate say a
few words about how the Fourier coefficients of the basis f1,..., f7 of Mg (Sp3(Z))
were computed; the details that made the computation tractable will be published
elsewhere [PY13]. For each T} € L3,

Z— ZG(T1 @ T;Wi3Es 16) € (T, Z))
T

defines an element of Mg (Sps(Z)) with rational Fourier coefficients, and this is
how this space was spanned, relying on Tsuyumine [Tsu] for dim M (Sps(Z)) = 7.
The computation of the Fourier coefficients of the Eisenstein series as given by
Proposition 4.12 required the recursion for the Fj, polynomials given by the second
author in [Kat2]. The computation of the F, polynomials was implemented by
modifying a LISP program written by O. King, compare [King]. Beyond spanning
this space, enough Fourier coefficients need to be computed to apply 7'(2). The
action of T'(2) and the Hecke operators T;(4) on the Fourier expansions may be
found in Miyawaki [Miy]; however, we used the recursive formulae of Breulmann
and Kiiss, see [BK] or [PRY]. We computed some Fourier coefficients for the cusp
forms as linear combinations of theta series with pluriharmonic coefficients as a
check. The computational point here is that it would not have been feasible for us
to compute enough Fourier coefficients of the theta series to apply T'(2) directly to
them. Control of the primes occurring in the denominators of the Fourier coeffi-
cients of the Eisenstein series is crucial for the above reduction to prime ideals. The
primes occurring in the denominators of the Fourier coefficients of the Eisenstein
series Fy, , are bounded by 2r —1. This bound is a rather weak corollary of the work
of Bocherer [Bo2]. Here one must use the von Staudt-Clausen Theorem controlling
which primes may occur in the denominator of a Bernoulli number as well as the
corresponding results of Leopoldt [Leo] and Carlitz [Car] on generalized Bernoulli
numbers.

For (n,k) = (1,18), the space Ss3¢ (SL2(Z)) is three dimensional with a totally
real Hecke filed K = Q(A) for

A3 — 1396567 — 59208339456\ — 1467625047588864 = 0
and a basis of primitive Hecke eigenforms f, f/, f” with
F(7) = g+ Ag* + (478011548 + 2697\ — \?/72) ¢* + ...

For the sake of definiteness, we associate f to the root A ~ —165109.167; f’ to the
root A &~ —26808.007; and f” to A ~ 331573.175. The space Sa (SL2(Z)) is one
dimensional, spanned by

g(7) = q + 456¢% + 50652¢° + . . ..

In the following, we set z = 179306496 +456\. There are three Ikeda-Miyawaki lifts
fi a multiple of Fy 4, fo a corresponding multiple of 7/ , and f3 a corresponding
multiple of Fyr 4 in Sgg (SLa(Z)). There are two eigenfunctions f4, f5 that appear
to be lifts of a second type, also conjectured by Miyawaki [Miy], and one rational
non-Tkeda-Miyawaki lift fg. By Tsuyumine’s work, dim Sag (Sp3(Z)) = 6.
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Table 8. Eigenvalues Ay, (T') for 1 <i < 3 for f; € Sa0 (Sp3(Z)).
T f1

T(2) z
To(4) | —125204137833922560 + (20659568640,/19)z — (3013/1083)22
Ti(4) | 87934816820920320 — (12255232000/19)z + (4096/3249)22
Ty(4) —11773295632318464 + (1073741824/19)~

T5(4) 918

The T'(2) eigenvalues of fi1, fo, f3 are just the real algebraic integers z given
above; the other 2-eigenvalues are given in Tables 8 and 9. We have a congruence
f1 =e~v. fo mod P, where P =< 157,77 + z > is a prime ideal in O above 157,
and corresponding congruences for fy and f3 follow from the Galois action. Since
I1g from Table 2 has a factor of 157 in the numerator only, and we can show that
any prime dividing Lg;4(19, f1) does not cancel this, this validates Problem B’ for
(n,k) = (1,18). Incidentally, by checking the eigenvalues for T'(2) and T}(4), one
may check that there are no congruences between f, and fg, at least for prime
ideals in Ok above rational primes greater than 19.

Table 9. Eigenvalues Ay, (T') for 4 <i < 6 for f; € Sao (Sps(Z)).
T fa fe

T(2) —925344(14359 + /63737521) 47162880
To(4) | 3538944(8268884107 + 1270173y/63737521) |  1360866622832640

T1(4) 2113929216(14357863 + 7371/63737521) 7864145852497920

T>(4) 618475290624 (1623 + +/63737521) | —4048539252424704
T3 (4) 248 248

For (n,k) = (1,16), we have dim S15 (Sp3(Z)) = 4 and Si5 (Sps(Z)) is spanned
by two Ikeda-Miyawaki lifts and two other conjugate eigenforms, apparently of
Miyawaki’s second conjectural type. By computing the eigenvalues for T'(2) and
T;(4), one may check that there are no congruences between any of these forms,
except, perhaps, for prime ideals above 2, 3, 5, 7 or 11. In this case (2k — 1)! = 31!
and from Table 2 all the prime factors of the numerator of I are less than 31;
thus, Problem B’ holds true in the case of (n,k) = (1,16). For (n,k) = (1,10), we
simply comment that Si2 (Sp5(Z)) is spanned by one Ikeda-Miyawaki lift and that,
as (2k —1)! = 19! and I = 255/(11- 17), there are no eligible congruence primes.
In the case of (n, k) = (1,12), there are no Ikeda-Miyawaki lifts in S14 (Sps(Z)).
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