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Abstract: In this paper, in order to optimize wavelength selective
photonic devices using the function-expansion-based topology optimization
method, several expansion functions are considered and the influence
on the optimized structure based on each expansion function was in-
vestigated. Although the Fourier series is conventionally used in the
function-expansion-based method, the optimized structure sometimes has
a complicated refractive index distribution. Therefore, we employed a
sampling function and a pyramid function to obtain a simpler structure
through the optimal design. A triplexer was designed by using our method,
and the comparison between the optimized structures based on the three
expansion functions was also discussed in detail.
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1. Introduction

With the popularity of the Internet in recent years, the demand for high-speed and large-capacity
optical communication system has been further increased. In order to achieve the high-speed
and large-capacity optical communication system, the demand for high-performance optical
devices has also been increased. Moreover, the high-performance optical devices, such as
triplexer, polarization converter etc., have been developed by improving the existing structures
based on analytical or numerical analysis.

Triplexer plays an important role in the fiber-to-the-home (FTTH) network, which represents
the fastest growing telecommunication sector so far. The triplexer is generally used as a mul-
tiplexer or a demultiplexer for three kinds of wavelength channels, i.e. 1.31 μm, 1.49 μm and
1.55 μm, respectively. Several papers on designing and fabricating the triplexer have appeared
recently [1–5]. In 2009, Shih et al. proposed a triplexer using 2-D photonic crystals (PC) whose
transmission efficiency is larger than 94% [1]. Due to low polarization dependence, relatively
large bandwidth and compactness, multimode interference (MMI) based triplexer has been pro-
posed [2]. However, the triplexer with three cascaded MMI sections has a complicated structure
and a large device size. A silicon-nanowire-based arrayed waveguide grating (AWG) triplexer,
which has a footprint of 0.18×0.12 mm2 , has been put forward in 2013 [4].

In recent years, with the development of high-speed computer and numerical simulation tech-
niques, several kinds of researches on the automatic optimum design have been reported, such
as genetic algorithms (GA) [6], wavefront matching method (WFM) [7], and topology opti-
mization [8–17]. The topology optimization method can automatically generate the structure
which realizes the desired characteristics. In contrast to GA, the topology optimization has a
faster convergence to the optimal solution due to the method based on sensitivity analysis. Fur-
thermore, topology optimization using finite element method (FEM) [18] can also design the
reflection-type photonic device which cannot be processed by WFM. As we know, the density
method is widely used to express the index distribution of design region in topology optimiza-
tion. However, the continuous density parameters which are known as gray area can lead to the
design region with an intermediate value between the usable materials.

In our research, we designed an ultra-compact triplexer using topology optimization with
design region of 2 μm×2 μm and 4 μm×4 μm, respectively. In order to avoid the gray area, we
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Fig. 1. A triplexer to be topology optimized.

employed the function-expansion method [14–17] to express the refractive index distribution
in the design region. In the function-expansion method, a Fourier series was used to express
the refractive index distribution so far. However, in that case, the finally obtained optimized
structure tends to be complicated. Therefore, in this paper, we adopted the function-expansion
with two kinds of localized functions to avoid the complicated structure, i.e. a sampling function
and a pyramid function. In addition, the obtained characteristics and structures of triplexer by
using different functions were also compared and discussed in detail.

The paper is organized as follows. In the next section, the topology optimization with
function-expansion method has been discussed in detail. Following that, two 2-D deign ex-
amples of triplexer with different expansion functions and different design regions are given,
then a quasi 3-D design example which considering the variation of material index against
different wavelengths [19] is investigated. Finally, the conclusions and future works.

2. Topology optimization with function-expansion method

2.1. Expression for refractive index distribution in the design region

In our research, we consider a design problem of triplexer whose design area consists of two
materials with different refractive indices of n1 and n2, as shown in Fig. 1. The design region
is surrounded by the perfectly matched layer (PML) to avoid the complicated modal expansion
for the input and output waveguides [18]. A beam of three-wavelength multiplexed light is
launched into port 1, and through the optimal design region of size Wx by Wy, light of each
wavelength separates into different ports (ports 2 to 4), respectively.

In this paper, the triplexer is designed only using two kinds of materials, and the refractive
index distribution of the design region can be expressed by an analytical function ξ (x,y) as
follows:

n2(x,y) = n2
2 +(n2

1 −n2
2)H(ξ (x,y)) (1)

where n1 and n2 (n1 > n2) are the refractive indices of two considered materials, respectively.
The value of function H(ξ ) takes 0 or 1 according to the value of ξ , and n(x,y) is equivalent to
either n1 or n2 depending on the value of ξ (x,y).

Here, we design the function H(ξ ) as follows to make it possible to take the differential of
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H(ξ ) in the sensitivity analysis

H(ξ ) =

⎧
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0 (ξ ≤−h)
1
2

(
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h

)2

(−h < ξ < 0)

1− 1
2

(
ξ −h

h

)2

(0 ≤ ξ < h)

1 (ξ ≥ h)

(2)

where h is a quantity that has been introduced into the continuous function H(ξ ). If |ξ (x,y)|<
h, the value of n(x,y) will be an intermediate refractive index between the two kinds of materials
used in the waveguide and the gray area appears, which makes the optimized structure difficult
to be fabricated. In order to suppress the gray area, h should take a small value as much as
possible. The optimized structure without any gray area can be achieved when h → 0.

Generally, the refractive index distribution of the design region can be determined by function
ξ (x,y), which is expressed in the form of the superposition of some analytical functions fi(x,y).
Here ξ (x,y) is given by

ξ (x,y) =
N

∑
i=1

ci fi(x,y). (3)

Referring to [15], ξ (x,y) can be expressed by using a Fourier series as follows:

ξ (x,y) =
Nx−1

∑
i=0

Ny−1

∑
j=−Ny

(ai j cosθi j +bi j sinθi j) =
Nx−1

∑
i=0

Ny−1

∑
j=−Ny

(ai j fi j(x,y)+bi jgi j(x,y)) (4)

θi j =
2πi
Lx

x+
2π j
Ly

y (5)

where Nx, 2Ny are the numbers of expansion functions along x and y directions. The values of
Lx and Ly are set to be greater than Wx and Wy, respectively. However, since the trigonomet-
ric function has a constant amplitude in the entire design region, the effect which caused by
changing some local area would extend to all the design region. The finally obtained structure
is sometimes complicated, especially in the strongly guiding design problem with many local
optimal structures. Therefore, in this paper, in order to avoid the complicated final structure,
we optimized the triplexer by using a localized function, such as sampling function or pyra-
mid function, to express the refractive index distribution of the design region. Here, ξ (x,y) is
represented by the function expansion items in x- and y-direction, respectively,

ξ (x,y) =
Nx

∑
i=0

Ny

∑
j=0

ai j f

(
x− xi

Δx

)

f

(
y− y j

Δy

)

=
Nx

∑
i=0

Ny

∑
j=0

ai j fi j(x,y) (6)

with
f (ζ ) = sinc(πζ ), for sampling function
f (ζ ) = (1−|ζ |){u(ζ −1)−u(ζ +1)}, for pyramid function

(7)

where (xi,yi) is the coordinate of a sample point (i, j), Δx and Δy are the sampling intervals in
x- and y-direction, respectively, and u(ζ ) is a step function. Figure 2 shows the basis functions
and the structure representation of the Fourier series, sampling function and pyramid function,
respectively. The Figs. on the left side show the 3-D distribution of each function, the center
Figs. represent the cross-section view at y = 0 of each function, and the Figs. on the right
side illustrate an example of ξ (x,y) which is superposition of the basis functions. It can be
seen that, in the Fourier series, the effect extends to the whole region when the amplitude of a
basis function is changed. On the other hand, the influence range is limited in the two kinds of
localized functions.
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(a) Fourier series

(b) Sampling function

(c) Pyramid function

Fig. 2. Basis functions and the structure representation.

2.2. Formulation by the finite element method

Generally, it is difficult to expand the eigen modes for the input and output waveguides in an
open system such as an optical waveguide. Here, we surround the design region by PML and
evaluate the transmission characteristics of the optical devices by employing the FEM which
can eliminate the need for modal expansion. The wave equation of a 2-D optical circuit with a
uniform structure in z-direction can be obtained by Maxwell’s equations, as follows:

∂
∂x

(

p
∂Φ
∂x

)

+
∂
∂y

(

p
∂Φ
∂y

)

+ k2
0qΦ = 0 (8)

with
Φ = Ez, p = 1, q = n2 for TE wave
Φ = Hz, p = 1/n2, q = 1 for TM wave

(9)

where Ez and Hz are the z-direction components of electric and magnetic fields, respectively.
And k0 is the free space wave number. Dividing the whole analysis region into a number of
second order triangular elements, the z-direction component Φ for electric or magnetic fields
can be written as follows:

Φ = {N}T{Φ}e (10)

where {Φ}e is the vector value of Φ in each element node. {N} is the shape function vector, and
T means transpose. Applying the FEM described in [18], we can obtain a final matrix equation
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as follows:
[P]{Φ}= {u} (11)

with

[P] = ∑
e

∫ ∫

e

[

p
sy

sx

∂{N}
∂x

∂{N}T

∂x
+p

sx

sy

∂{N}
∂y

∂{N}T

∂y
− k2

0qsxsy{N}{N}T
]

dxdy (12)

{u}= ∑
e

′
∫

e
p

sy

sx
{N}Γ

(
∂Φ1

∂x
− ∂Φ2

∂x

)

dΓ (13)

where {N}Γ is the shape function vector at the incident plane Γ. Here, ∑
e

means the sum

of all elements and ∑
e

′
means the sum of elements which contact with the incident plane Γ.

In addition, the field Φ in positive and negative region of x-direction for the boundary Γ are
represented by Φ1 and Φ2, respectively. sx and sy are the parameters of PML [18].

2.3. Sensitivity analysis by the adjoint variable method

In the function-expansion-based topology optimization method, the desired characteristics of
optical device in the design region can be achieved by continuously updating the coefficient
ci of Eq. (3). Since the objective function is always expressed by the scattering parameter Sn1,
here, we defined Sn1 as follows:

Sn1 = {Φ}T{gn} (14)

with
{gn}= [Q]{Φn} (15)

[Q] =
cβn

k0
∑
en

∫

Γn

p{N}{N}T dΓn (16)

where vector {Φn} and βn are the modal function and the propagation constant of the n-th input
and output waveguides, respectively. And c represents the speed of light. The derivative of Sn1

with respect to ci has been calculated, and we represent ∂Sn1/∂ci as follows:

∂Sn1

∂ci
=−{λn}T ∂ [P]

∂ci
{Φ} (17)

with
[P]T {λn}= {gn} (18)

We can obtain {λn} by solving Eq. (18), and we can also efficiently calculate ∂Sn1/∂ci by the
product of the known vectors. Here, it is important to calculate ∂n2/∂ci in Eq. (17), and that
can be written as follows:

∂n2

∂ci
= fi(x,y)(n

2
1 −n2

2)H
′
(ξ ). (19)

2.4. Setting the gray area in optimization process

In the function-expansion method, the gray area can be removed by setting h to a sufficiently
small value in Eq. (2). However, the optimization analysis cannot proceed well with a fairly
small h. Therefore, it is important to set an appropriate value of h to confirm the percentage of
gray area occupied in the entire area of the design region. In our optimization, we set a large
percentage of the gray area in the early stage of optimization, and it would decrease with the
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(a) (b)

(c) (d)

Fig. 3. 2-D topology optimization for the triplexer with the design region of Wx = Wy =
2 μm: (a) the initial structure, the optimized structures based on (b) the Fourier series, (c)
the sampling function, (d) the pyramid function.

optimized procedure. The optimization is performed in a larger area in the early stage, and the
material boundary can be modified in the later stage of the optimization. Here, the h can be
written as

h = hmax exp(−i/M) (20)

where i is the number of iterations, M is a quantity representing the rate of decrease in h and
we set M = 50 in this paper. hmax equals the value of h at the 0-th iteration step. Here, since the
value of h decreases exponentially, h takes a fairly small value with the optimized procedure. In
that case, we determine h to ensure that the percentage of gray area is less than a predetermined
value. For example, in the optimization of the triplexer mentioned in the next section, in order
to ensure the weakly waveguide in the early stage of the optimization design, the value of hmax

is set to be 1 ∼ 2 times the maximum value of the initial function ξ (x,y) in Eq. (1). This is
because in the optimization design of a optical waveguide, a weakly waveguide problem has a
low possibility to fall into a localized optimal solution.

3. Optimal design example of optical devices

3.1. Optimize the triplexer with 2 μm×2 μm design region

Here, we optimize a triplexer using the function-expansion-based topology optimization
method described in the previous section.

The design problem is shown in Fig. 1. Assuming a beam of three-wavelength multiplexed
light (λ1 = 1.31 μm, λ2 = 1.49 μm, λ3 = 1.55 μm) is launched into port 1, light of each
wavelength separates into different ports through the optimized design region, i.e. λ1 = 1.31 μm
emits from port 2, λ2 = 1.49 μm emits from port 3 and λ3 = 1.55 μm emits from port 4.
The design region consists of only two kinds of materials and the refractive indices of core
and cladding regions are n1 = 3.4 and n2 = 1.45, respectively. To achieve the single mode
propagation for each wavelength, the input and output waveguides have the same width which
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λ1 = 1.31 μm λ2 = 1.49 μm λ3 = 1.55 μm
(a) Fourier series

λ1 = 1.31 μm λ2 = 1.49 μm λ3 = 1.55 μm
(b) Sampling function

λ1 = 1.31 μm λ2 = 1.49 μm λ3 = 1.55 μm
(c) Pyramid function

Fig. 4. The propagation behaviors of the optimized structure based on different functions
(Wx =Wy = 2 μm).

Table 1. The normalized transmission power of each optimized structure with the design
region of Wx =Wy = 2 μm.

port 2 (λ1 = 1.31 μm) port 3 (λ2 = 1.49 μm) port 4 (λ3 = 1.55 μm)
Fourier 0.960 0.930 0.934

Sampling 0.948 0.884 0.904
Pyramid 0.947 0.886 0.886

is set to w = 0.2 μm. The design region widths in x- and y-direction are, respectively, Wx =
Wy = 2 μm, the waveguide position is d = 1 μm. The objective function to be maximized is
given as follows:

C =
3

∑
i=1

∣
∣S(i+1)1(λi)

∣
∣2 . (21)

Here, the numbers of the expansion functions along the x- and y-direction are Nx = Ny = 16,
and the number of iteration steps is set to 500.

In order to compare the optimized results obtained by different expansion functions, we adopt
a Fourier series, a sampling function and a pyramid function to express the structure of design
region. The initial structure for the optimization and the optimized structures obtained by the
three kinds of functions are illustrated in Fig. 3. Here, Lx and Ly are set to the same value 2.2 μm
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(a) (b)

(c) (d)

Fig. 5. 2-D topology optimization for the triplexer with the design region of Wx = Wy =
4 μm: (a) the initial structure, the optimized structures based on (b) the Fourier series, (c)
the sampling function, (d) the pyramid function.

in Eq. (5) for the analysis using Fourier series. The propagation behaviors of the optimized
structure based on different functions are shown in Fig. 4. As for the three optimized structures,
we can observe that the optimization structure obtained by the Fourier series has the most
complicated distribution, and the structures obtained by the sampling function and the pyramid
function have almost the same distributions which are simpler than that with the Fourier series.
The normalized transmission power of each output waveguide is shown in Table 1. Comparing
the normalized transmission power, the characteristics are degraded in the order of the Fourier
series, the sampling function and the pyramid function. In addition, the characteristics based on
the sampling function and the pyramid function are close to each other. However, the structure
based on sampling function has a better property because it is easy to update the surrounding
structures than the structure based on the completely localized pyramid function.

3.2. Optimize the triplexer with 4 μm×4 μm design region

We have optimized the triplexer with the design region of Wx =Wy = 2 μm so far. Then in order
to improve the characteristics of the optimized device by suppressing the radiation power, we
optimize the separator with a larger design region. Here, the design region widths in x- and
y-direction are set to Wx =Wy = 4 μm, and the waveguide position is d = 2 μm. Considering
the wavelength bandwidth used in the actual communication, according to the international
standards (TDM-PON ITU-T G.983 and G.984), we optimized the design region to separate
the light of each wavelength bandwidth into different ports. Here, through the design region of
the triplexer, λ = 1.26 ∼ 1.36 μm emit from port 2, λ = 1.48 ∼ 1.50 μm emit from port 3 and
λ = 1.55 ∼ 1.56 μm emit from port 4. The other parameters are set as the same as the previous
optimization in the smaller design region. Here, the objective function to be maximized is given
as follows:

C =
3

∑
i=1

2

∑
j=1

∣
∣S(i+1)1(λi, j)

∣
∣2 (22)
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λ1 = 1.31 μm λ2 = 1.49 μm λ3 = 1.55 μm
(a) Fourier series

λ1 = 1.31 μm λ2 = 1.49 μm λ3 = 1.55 μm
(b) Sampling function

λ1 = 1.31 μm λ2 = 1.49 μm λ3 = 1.55 μm
(c) Pyramid function

Fig. 6. The propagation behaviors of the optimized structure based on different functions
(Wx =Wy = 4 μm).

Table 2. The normalized transmission power of each optimized structure with the design
region of Wx =Wy = 4 μm.

port 2 (λ1 = 1.31 μm) port 3 (λ2 = 1.49 μm) port 4 (λ3 = 1.55 μm)
Fourier 0.997 0.999 0.997

Sampling 0.979 0.956 0.951
Pyramid 0.971 0.947 0.938

where λ1,1 = 1.26 μm, λ1,2 = 1.36 μm, λ2,1 = 1.48 μm, λ2,2 = 1.50 μm, λ3,1 = 1.55 μm,λ3,2 =
1.56 μm, respectively. The numbers of the expansion functions along the x- and y-direction are
also set to Nx = Ny = 16 and the number of iteration steps is set to 500.

The initial structure for the optimization and the optimized structures obtained by the three
kinds of functions are illustrated in Fig. 5. Here, we set Lx = Ly = 4.2 μm in Eq. (5) for the
analysis using Fourier series. The propagation behaviors of the optimized structure with differ-
ent functions are shown in Fig. 6. Similarly in the smaller design region, the optimized structure
based on the Fourier series has a complicated distribution, and the sampling function and the
pyramid function have almost the same structures which are simpler than that with the Fourier
series. The normalized transmission power of each output wavelength is shown in Table 2 and
the wavelength dependence of the normalized transmission power at each port is also illustrated
in Fig. 7. For the characteristics obtained by the Fourier series, the transmission power of each
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(a) Fourier series

(b) Sampling function

(c) Pyramid function

Fig. 7. Wavelength dependence of the normalized transmission power at each port for the
optimized structure based on different functions (Wx =Wy = 4 μm).

output wavelength band is almost 100% and the ideal properties can be obtained. By compar-
ing the transmission power, characteristics are degraded in the order of the Fourier series, the
sampling function and the pyramid function. According to Fig. 7(b), for the characteristics ob-
tained by sampling function, we can observe that the normalized transmission power is higher
than 95% in first band (λ = 1.26 ∼ 1.36 μm), 93% in the second band (λ = 1.48 ∼ 1.50 μm),
and 94% in the third band (λ = 1.55 ∼ 1.56 μm). Similarly, for the characteristics obtained
by pyramid function shown in Fig. 7(c), the normalized transmission power in each band is
higher than 93%, 93% and 92%, respectively. From the above, it is observed that searching the
global optimal region can obtain a better characteristic when we only consider the transmission
power. However, we also note that the optimized structure based on the Fourier series has a
much more complicated distribution than that obtained by the other two localized functions.
Moreover, according to the wavelength dependences shown in Fig. 7, we can also observe that
based on each expansion function, light of the wavelengths for each objective bandwidth is
transmitted to the desired ports, respectively. In addition, the maximum crosstalk at each output
port is investigated and shown in Table 3.
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Table 3. The maximum crosstalk at each output port with the design region of Wx =Wy =
4 μm.

port 2 [dB] port 3 [dB] port 4 [dB]
Fourier -26.3 -25.2 -22.6

Sampling -17.2 -16.0 -15.0
Pyramid -16.0 -13.8 -15.6

3.3. Optimize the triplexer by considering material dispersion and waveguide thickness

In the previous sections, we optimized the triplexer by adopting the material indices (Si and
SiO2) as constants for different wavelengths. However, in the actual materials, the material
dispersion should be considered. In this section, we will optimize the triplexer with quasi 3-
D topology optimization by considering the variation of material indices for different wave-
lengths. Referring to [19], we assuming the refractive index is isotropic and model the disper-
sion of silicon in core region using the Sellmeier model, shown as follows:

n2
Si = ε1 +

A1

λ 2 +
A2λ 2

1

λ 2 −λ 2
1

(23)

where ε1 = 11.6858, A1 = 0.939816, A2 = 8.10461×10−3 and λ1 = 1.1071 μm. The dispersion
of silica in cladding is illustrated by the following equation:

n2
SiO2

= 1+
B1λ 2

λ 2 −C1
+

B2λ 2

λ 2 −C2
+

B3λ 2

λ 2 −C3
(24)

where B1 = 0.69675, B2 = 0.408218, B3 = 0.890815, C1 = 4.770112 × 10−3 μm2, C2 =
1.33777×10−2 μm2, C3 = 98.021069 μm2. The refractive indices of Si and SiO2 as a function
of wavelength are shown in Fig. 8. It can be observed that the indices vary slightly while the
wavelength varies from 1.2 μm to 1.6 μm.
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Fig. 8. Refractive indices of materials and equivalent core index used in EIM as a function
of wavelength.

According to section 3.2, we note that the optimized structure obtained by sampling function
is much simpler than that obtained by Fourier series. Moreover, the characteristics obtained by
sampling function are better than that obtained by pyramid function. Therefore, we optimize
the triplexer with quasi 3-D topology optimization based on the sampling function-expansion
method. Here, we considering the thickness of each ports as h = 0.3 μm instead of infinite
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(a) Optimal structure (b) λ1 = 1.31 μm

(c) λ1 = 1.49 μm (d) λ1 = 1.55 μm

Fig. 9. Quasi 3-D topology optimization based on sampling function for the triplexer with
the design region of Wx = Wy = 4 μm: (a) the optimal structure, (b)∼(d) the propagation
behaviors for each wavelength.
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Fig. 10. Wavelength dependence of the normalized transmission power at each port for
the optimized structure based on quasi 3-D topology optimization with sampling functions
(Wx =Wy = 4 μm).

thickness along the y-direction in 2-D topology optimization. To achieve single-mode propa-
gation for each wavelength, the widths of input and output waveguides are set to w = 0.3 μm.
Other parameters are set as the same as those in section 3.2. In this example, TE-like mode is
considered as the incident mode and the effective index method (EIM) is used to reduce the 3-D
model to the 2-D model. The dispersion curve of the equivalent core index of the EIM, neq, is
illustrated in Fig. 8.

The optimized structure and the propagation behaviors for each wavelength are shown in
Fig. 9. The wavelength dependence of the normalized transmission power at each port is shown
in Fig. 10. It can be seen that the normalized transmission power is higher than 95% in the
first band (λ = 1.26 ∼ 1.36 μm), 92% in the second band (λ = 1.48 ∼ 1.50 μm), and 94%
in the third band (λ = 1.55 ∼ 1.56 μm). The maximum crosstalks for output ports 2 to 4 are
-24.0 dB, -16.0 dB and -16.0 dB, respectively. Compared with the optimal structure obtained
by 2-D topology optimization based on sampling function, the structure with quasi 3-D method
has a relatively complex distribution, and the normalized transmission power decrease slightly
for each wavelength band. However, the crosstalk between the wavelengths is much more sup-
pressed, especially in port 2 and port 4.
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4. Conclusion

In this paper, in order to optimize the photonic devices by using the function-expansion-based
topology optimization method, we adopted the Fourier series, the sampling function and the
pyramid function as the expansion functions to express the refractive index distribution in the
design region. The examples of optimal design demonstrated that the optimized structure based
on the Fourier series has high characteristic but with a complicated distribution. On the other
hand, the optimized structures based on the sampling function and the pyramid function have
almost the same distributions which are simpler than that with the Fourier series, however, the
characteristics are slightly lower than that obtained by the Fourier series. Since the reciprocity,
our proposed triplexer can achieve bidirectional transmission, i.e. one wavelength band for
upload (λ = 1.26 ∼ 1.36 μm) and two bands for download (λ = 1.48 ∼ 1.50 μm and λ =
1.55 ∼ 1.56 μm).

We have optimized the triplexer by using 2-D and quasi 3-D topology optimization so far, in
the future, we will continue optimizing the optical circuit device with 3-D topology optimiza-
tion in detail.
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