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On an Analytic Method of the Synchronous Machines

- Goro Miura

Abstract

The purpose of this paper is to generalize the fundamental equations of synchronous
generators as to the standard rectangular coordinates: The analyses dealt here are on three
cases, and in one of these the excitation circuit is not considered, in another this is considered
without amortisseur, and in another with amortisseur.

‘I. Introduction

This is the theoretical studies on extending and generalizing the
fundamental equations of rotating electrical machinery which have been
derived by R. H. Parx® G. Krox®, and others?, for the purpose of
modifying it for the standard rectangular coordinate systems and in .
particular analizing the synchronous alternators. For the analytic method,
the author adopted the tensor analysis, basing on the Br.onper’s two-reaction
theory on salient-pole synchronous machines. The tensorial analysis does
represent all the physical concepts in problem only by one tensor equation,
so that the manifestation is greatly simplified. Lastly, the three-phase
turbo-generator was analized as an application of this theorem.

II. Fundamental Equation of Salient-pole Alternator
for Standard Rectangular Coordinates

According to the two-reaction.- ] -
theory, current, voltage and flux dlf‘ ect axis
in each armature phase can be
resolved to direet and quadrature
components. Now, let the number Ph c
of the armature phases be three ase
and denote

N Phase&

F‘@volwbmn

0 = ot + ¢ I - duad.axs
6, =6 ‘ | |
6, = 6 + 120° . . Phase b

6. = 8 — '1200 ‘ _ Fig. 1, /Three-phase Synchronous Machine.
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We have , ,
[6] = [CTLHT  rveemmrmmrmmrmme s (1)
[e] = [CTLe]  ooiveemvmeeaivnnens e, PP (2)
[¢] =[CI[gT - s e (3)

’where [7], [e] and [4] concern real axis a, b and ¢, and [7/], [¢/] and [¢']
concern direct axis d, quadrature axis ¢ and zero-sequence axis 0. And

d q 0
a | cos Oy sin01’ 1 v
[C]= b| costa | sinbs S RS SR S s (4)
C| cos 03 ‘ sin 603 ‘ 1 . L
From Eq. (1), (2) and (3) \ ’
[97] = [CTP[4]  crovrveemereieeeeens e e, (5)
[e] = [CT' [e] oeeeemeeess SURTRERUR SOOI e (6)
D] = [CTT[@]  crvrovrmemrsmsmme e (7)
and :
‘ o b ¢
d €08 03 1 cos Bz | cos O3
[C] L 2 ——g| singi | sinBs | Sin By | crrerereerreienii (8)

0 1/2 1/2 \ 1/2

|

While, frorﬁ the MaxweLL’s equation, for generator actioh ‘
| — €= T+ D e '
— @ =7Th + D¢
—e =T + P
— @y =T, + p¢0'
with-

. d —
pp=p(L-0) = (L-if
Therefore, we obtain the following fundamental equations.
—e; = D¢+ ¢, 00 +1iy,

— € = P¢y + i

1) Parx; T.ALEE, Vol 48, 1929.
2) Kron; G. E. Rev., Apr. 1935 & Feb. 1936.
3) Domerry & Nickre; T.ALEE. Vol 45, 1926.
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On steady synchronous speed ruhning,

d : .
pf = o 0=w=1 (by the per-unit method)

Then Eq. (10) becomes in this case

—€ =Py + P, + Tig . »

_e(l :p¢q _¢d +7‘iq \ ........... S (]_1)

— € =D + T
where 7 is the resistance of armature circuit per phase. Therefore, the
fundamental equations of synchronous generators for the standard systems
are obtained. In the case of motor action, the direction of armature
current reverses, so the negative sign of e, ¢, and ¢, in Eq. (10) and (11)
is dropped off. ‘

III. Fundamental Equation of Salient-pole
Alternator Without Amortisseur

In the preceding section the writer studied the case where an
excitation circuit is not considered. Let us
now consider the effect of this circuit. Since
generally Eq. (11) can be put into as ‘

— [€] = [Z][4] oevemererreereeins (12)

we will find the impedance tensor [Z].
Inverstigating on Fig. 2, the speed emf

and the transformer emf induced by flux

cutting and interlinking laws, we have the

following tensor [ Z], taking the per-unit

" gystem®, Fig. 2, Generalized machine
without amortisseur.

S d q

v Rfﬂfp] ar p

|
[Z) = d| wwp l r+a p ' %, pl
|

In order to take off the excitation circuit term S from Eq. (13) with
considering still the effect of this existence, we use the so-called short—
circuit matrix [S].

4) TALEE. 1937. -
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S d q
! L __%afp
f Y| TR 0
[S1=a R
q 0 . I 0 | 1
From the fact that [Z'] =[Z][S]
' S d . q
fl Ri+ayp J 0 0 ,
[Z/] =d -’i'ajp T+de(p)p @y PO | e . .............. (14)
q| —xarpl —xa(p)pd r+a;p
where, ,
o Bl e, 15) °
x, (p) = @, R + 27 | | (15)
Ty (c0) = pxs = 7
Cp= 2% %t eakage coefficient.
xf.%‘d !

!a
x;/ corresponds to the so-called ““direct transient reactance”.
Now if the fundamental equation (10) is applied on the above relations,
we obtain
— € =DPds+ G, 00 + iy )
— e, = P g, — $abl + 1y
$a=F (0) E; + 4 (0) 4,
Py = &,
Loy

r Ip) = — R, +ax,p )
in which E, is applied d—c voltage of the
excitation cireuit. '

And since the machine has not amor-
‘tisseur windings, the relations between
the transient reactances and the sub-
transient reactances are:

xd, —_— xdll . }

- — !/ — 4
v, ==/ =2,

IV. Fundamental Equation of
Salient-pole Alternator

Fig. 3, Generalized machine
. With Amortisseur with amortisseur.
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In the fundamental Eq. (12), the impedance tensor [Z] of this case
becomes as follows:

f dd d q © dg

o
S| Ritayp | wayp [ as P ’ o | o
dd Xaaf p Tdd“l"v(ldp‘ wdadad p | 0 0

[Z] = d Xaf P Xdda P ] 7'+fcdp

x, po ’ g PO | e (18)7

i
q| —%af Pl | —aaa pl| —xa pb 1 'r-l-w,pl Ldeq P

dy 0 ’ 0 l 0 Ry P ‘ rdqtwa; P

Since in general the amortisseur terms are not necessary, they should
be taken off from Eq. (18) as before by using the short-circuit matrix [S]
and the lower-class unit-matrix [/].

S d q
f 1 \ 0 0
| _wwp | __mewp
dd rdd+xad p rdd+ xdd P 0
[S1= d 0 1 | 0
g 0 0 [ 1
- TP -
d] 0 0 1 mﬂrlxd;p
f. dd d. q dq
fl 1 \ 0 ’ 0 ‘ 0 I 0
IJ=d o o | 1 | o | o
]
gl 0 | o0 \ 0 \ 1 l 0 {
From [2'] =[1]1[Z][S]
f d
fl Ry + a(p)p ‘ wer(p)p 0
(2= d Zaf(P) p ‘ 7+ xd (p)p By (PYPO. | ereeeeeeeee (19)
ay - Tas (p) PO { — wa’ (p) po r+x,(p)p
where
- x?—ldfp Iy Tgaa P
2 0) =@, — — g, =, — —— s .
A0) ! Taa + Taa D S (0) ¢ Yo + TaaP | 20)
oy TP N e BagTawD
x(I(C) B x'] rd«] + xdq D ’ x“](?:) xa] 7,‘d(‘l + Yaa p )

x) (p), x,(p), x,(p) and w,(p) are short-circuited impedances due to the
"~ existence of amortisseur windings. = If this windings are lacked, these
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become respectively w, z, x, and x,, since @, = %45, = 0 in this case, and
"Eq. (19) just coincides with Eq. (13).

Let next the excitation current to be taken off too, namely by using
matrix [$']

S - d _q
nE . _ _sy@)p__
f 1 |\ ERrtadp)p
{S,] = d 0 1 0 i
q 0 ' 0 1 ,
From [2"] = [Z][S7] , -
; 7 d
S| Rr+a(p)p 0 0
[Z//] - d éqﬂp)p -+ walp)p l w’(m po | e (21)
q| —su)pr | —wpipr | rra)p
where '
. %z (D) D
x.(p) = / p) — e ef\YJ
SR R OF
— pz(wfwfmd—zxddd ZLgarPayt xddxif) +p(fofldd+Tddxif) (22)
- d 9
P Xy Tr— x?idf) +p ()" s+ fodd) + T4 Rf
and then
Zg(c0) = @y — x‘dvx?ld(l — 2% g00 Taay Lap + Tag Tay _ 'xd/,
¢ ‘ Ly Baa — Taar
g
z,(c0) =2, ———xj”— = x,”

x;/ and x,)’ correspond to the so-called “direct and quadrature sub-transient
reactance respectively.

Then if the fundamental equatlon (10) is applied on the above relations,
we obtain

—e,=pg,+ ¢,00 + i, )
— € = p¢a_¢dp0+ 7'7:«

b= G E, + 1.(0) i, 3

B, = %, (}9) iq ) .
G@) = — Tar (D) _ B (Faa + TaaP) — Taas & xd(ld V4
Rf+ x/(p) p (Rf + wf p) (rll(l -+ Laa p) (Mf p ,J

The transient reactances x,” and z,/ of the machine can be found from
x,” and z,” when it is put x,, = %4, = 0, then
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V. An Analysis of Three-phase Non-salient-pole

Alternator

51

In the preceding sections several fundamental equations which are

applicable to several cases are derived.
Next, as an application of this theorem,
the three-phase turbo-generator will be
analized and its fundamental equation
shall be induced. :

The generalized circuit of Fig. 1 can
be expressed as Fig. 4. Now let the
nomenclature of machine constants be
represented as shown in Fig. 4.

Current [¢], namely 4, % and 7, is
transformed into d and ¢ axis by the
transformation tensor [C].

[i]=[CI[7]

Fig. 4, Generalized 3-phase
Cylindrical-rotor machine.

in which
S ¢ b c
I 1 0 0 0
de ' 0 S0 T €os s
db 0 0 cos 02 0
4 |
[c ]\,: da|” 0 cos 0 0
qa 0 sin 01 0 0
qb 0 0 sin 62 0
ge 0 0 0 éin bg

The impedance matrix of primitive circuit is
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f de db da qa qb” qc
b rk Ip | Mp } "Mp ‘ Mp l 0 & 0 0
de| Mp ! R+ Lp 1 mp mp mpd mpd | mpd
db| Mp mp ; R+Lp, mp mpd mpd mph,
[Z]= da Mp | mp ‘ mp i R+ Lp t mpl mpl mpb
qQa| —Mpo | —mpb ’ —~1mpl } —mpd | R+ Lp mp ’ mp
gb| —Mpa { ~mpl i —mpl } —mpl mp R+ Lp ‘ mp
gc\| —Mpo 1 —mpd i —mph i —mpl } mp mp ‘ R+-Lp

Using the transformation tensor [C] and its transposed matrix [C], the
above impedance [Z] concerning d, ¢ axis is transformed into [Z] concer-

ning @, b, ¢ axis components.

7] = [CLIAC]

a b c
f v+ Ip Mp cos 01 Mp cos 02 Mp cos 05
@, Mp cos by R+ Lp —%p' _1;2?
Mb Mpcqsog. —32213 R+ Lp —%p
¢| Mpcos0s —%p —i"é’-p R+ Lp

Again, [Z'] is transformed into the symmetrical phase aX1s components by

the symmetrical method using [C’].

[} =

c

in which a = ¢"", and suffix 0, 1 and 2 represent zero-phase, positive-phase
and negative-phase sequence respectlvely From the fact [2”] = [C"]" [Z]

¢}

a
(2] =
b

f
ol
b

f a b c
1 ] 0 | 0 | 0
0 1 [ 1 1
0 1 l a? a
0 ‘ 1 - I @ | v a’

i a b ¢
r+Ip 0 '2_ Mpe—it L —z— Mpeit
0 R+ Lop 0 J 0

% Mpe? 0 R+ Lyp l 0
L Mpe-so 0 o ‘ R+ Lp
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in which Lo L—m, and L, L+—2—

o Accordmgly, the fundamental equation is represented by —[¢’]= [Z”]
[1,”], where every concept is expressed in sequence phase quantltles

- ; VI Concluswn

-

In thlS paper the author has generally discussed the old problems

concerning the fundamental equatlons of salient‘pole machines, and gene-
" ralized them for the standard rectangular coordinates. Of course, all sorts .
" of transient phenomena, such as sudden short- circuited current or transient
stabilities, can be solved and detailed from those fundamental equations..
Durmg the analysis of steady phenomena, we will only put p=] and .
“p6 = 1, the solution bemg qulte easy. S '

(Received October 27, 1950)



