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On Term by Term Integration

Masao Yoshida

Abstract

In this note the writer proves some theorems on integration of a sequence
of the functions integrable in the sense of Perron, analogus to those in the
theory of the Lebesgue integral.

In the f{cllowing arguments we treat, for simplicity, exclusively-finite
. . . , v
functions of a real variable, integrable in the sense of Perron and f F(x)dx

denotes the Perron integral of the function f(%) ovre a finite interval (a, B).

The results remain true for n(=2) dimeasional integrals.

Theorem I. Let {f.(x)} be a sequence of the integrable functions-defined
on (a, 5] and converges to a function f(x) as n—co almost everywhere in (a,b].
If there exist two functions g(x) and A(x) intergrable over [@. b) such that

gl (x)=h(x) for all » and x in (s, b), then we have

tim (" pude= [ fxdx

n-»co
Proof. We define functions @a.(x), @(x), and (x) by putting
pu(B)=f.(£)—g(x), @(=f(x)—gx), (n=1, 2, -,
and
()= k(x)—g(e).
Since the functions @.(x) and (x) non-negative and integrable are summ-
able over (e, b) and caticfy the inmequality 0ZL@n(x)=(x) for all # and x in
Ce, b), the sequence {@.(x)} converges as z—co to a summable function @(x)

almost evrywhere in (¢, b). Then, by Lebesgue’s theorem, we have

. [ b
lim (L) [ pa(ddx= (L) [ p(x)dx
PR o Joa
where (L) erpn(x)dx and (L)fb(p(Jde denote the Lebesgue integrals of @a(x)
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and @(x) respectively:

Now, if we substitute 7.(x)—g(®) and f(x)—g(x) respectively for @.(x) and
for @(x) into the above erluation; fecaﬂling that the summable function @.(x)
is integrable, and that the function f{x) is also integrable as sum of the two
integrable functions @(x) aand g(x), we can immediately obtain the desired
resuit.

Corollary, " If {f.(x)} is'a uniformly bhounded sequence of the intezrable

functions defined on ([, bJ such that limf,(x)=/(x) exists almost everywhere
HP0

in (e, b), then we have

“tim [ puCadde= [0z,

n—»o0

Teorem H. Let {fx(x)} be a monotone sequence of the integrable functions
defined oa (e, b and converges to a intégrable fuaction f(x) almost every-
where in (@, b), Then we have »

im [ adde= [ foar,
oo ol Ja

Proof. We first prbve the thearém for a mo1otonz increasing sequence

{fu(®)}. Putting '

gD =fu(D)—f:(x)  (#=2, 3, ),
the sequence {g.(v)} of the intezrable fu:&cfi yns coaverges, by assumption, to
a intezrable fuaction gl =flx)—fu(x) ‘almos‘c everywhere in (@, b) and the
inequality 0=g.(x)<¢(x) holds for »=2, 3, -~ almost everywhere in («, D).

Then by Theorem I. we have

lim (" g () dx= [ gz,

‘ \}71—)30‘
Substituting fu(%)—f(x) and Fo)—r:(x) respectively for g.(¢) and for

g(x) into the above equation, we have at once

o 1im f::-f,b(x)dx:fzf(x)dx

[ des)
Ror a monotone decreasing sequence {fa(x)} we may proceed by precisely
the same argument with gu(x)=f1(%) —fu(x), #=2, 3, - and the result is true
in ‘this case,
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Theorem III. Let {fu(x)} be a monotone sequence of the integrable func-

tions defined on [a, 0). If lim fbfn(x)dx exists and is finite, then we have
n-roov @

lim [ fuCoddz= [ lim fu(x)dx
@ 4 -»o0

7>t
Proof. It is sufficient to prove the result in the casz of a monotone in-
creasing sequence. Define the functions gx(x) as follows :
D= —f:(5)  (n=2, 3, .

The sequence {g.(x)} of the summable functions converges to a function

g(x)=fx)—f(x), where f(x)=Immf.(x). Since 1imfbfn(x)dx exists and is finite
n—»oo n-yoov &

4 -
by assumption, limf gn(x)dx also exists and is finite. Then by TFatou’s
n-yoo @ :

lemma the function g(x) is summable. Accordingly the function y(x), as sum
of the two integrable functions g(x) and f.(x), must be integrable. It is clear

that immediate application of Theorem II. proves the validity of the resuit.

Theorem IV. Let {f.(x)} be a monotone sequence of the measurable func-
tions of the coxstant sign defined on (e, b) such that the limit function
Jlx)= 1i)mfn(x) and f,(x) are integrable over (e, 5). Then we have

PO
lim [ 7,00 dx:f”f(x)dx.
ool @ a

Proof. For a momnotone non-negative sequence inequality

0= w( %) 27 (2)+f:(2)
holds for all #» and % in (e, b).

Since the functions f.(x) (#=1, 2, ---) are measurable and the function
2f(x)+1.(x), as the funtion non-negative and integrable, is summable. Then
f«(x) are integrable. Accordingly by Theorem I. we have desired result.

in the case of a non-positive monotone sequence we may verify the result,
using {—f.(x)} instead of {fu(x)}.
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