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A Constructive Study of the Vector Space

of Real Functions

Yoshio Kinokuniya *

Abstract

In this paper the author aims to show his some important results
about the vector space of real functions from the standpoint of infini-
tesimal analysis. The coefficients of a linear combination are especially

studied in some details.

1. Preliminaries

When a function f(x) is defined in the form
F) =2 erope (1), (1, D
1

it is very inconvenient if the convergence of the right hand is not given as
absolute. So, the summations in this papar are supposed to be absolutely
convergent when they are not divergent.

To generalize the formula (1,1), the family of the orthonormal functions
{pa} (O=Za=1)is given to define a function f(x) in the form as unique
representation

J ) =S capu () 1.2
on condition that

@‘chpw(x)‘=f}\(%)
is convergent ; orthonormality o‘f {ps} is given such as

(pas pg)=0 when «a=+p
and TPt = (Par Po) =1
in respect to a certain scalar product form ( , ), which satisfies the condi-
tions: (1) (fix fo@)=(fu ©O=(fo g); GD (f, @)=(g f); (i) (¢fs @ =c(f> 2.

In this case, we may have an infinitesimal quantity as scalar value, be-

cause (f. pp)=Ccq(pa, pp)=cp @z * =cg; the investigations are much simpli-
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512 Yoshio Kinokuniya

fied if we confine the functions to the type of decomposition
Fl= /A% A @a(x)+% Ve Pp(X) (1.3
instead of (3,2), where A () and 7vg take finite real values for each «, 5, and
p indicates an infinitesimal quantity independent of 7 (%) and «.,f.
In this paper, all the functions are given as real functions of a real vari-
able x to make the space V, all the values are expected to be observed as real
numbers, and any linear transformation 7" of ¥V is suppcsed to he obliged to

the following hypothesis: if the relation

(Tf. £1=0
is observed for each fe&V, it must be
T=0.

Then, the condition (ii) is naturally altered by
(i (o g=(g s
and moreover, it may be proved that if a (linear) transformation 7" has its
adjoint 7% (which is defined by the relation (7, g)=(f, 7%g)), T must be a
symmetric one, i.e. T=T%
Besides (1,2), the decomposition formula
F =§5f (Ero:1 1,4
is adopted, where the symbol 9:1 designates the characteristic function of the
point-set (&); i.e.
2: I (x)=0 when x+E&
and ¢ I (§)=1. On account of the formula (1,4) the scalar product (f,g) may
be symbolically written in the form
(f =CCrE g N@L 0, 1)
which leads to the general representation
(f §)=8%f () g()6(%5 ¥).
If 8(x, ¥y)=0 when x+#y, the space V is called canonical, and then the scalar
product (f, g) is given in the form

(fr gl= %f (x)g(x)6(x) (1.5)

where 8(x) is an non-negative quantity which may be infinitesimal.

(272)



A Contructive Study of the Vector Space of Real Functions 513

2. Spectral Definition

Let us suppose that all of the functions ¢.(0 =« =< 1) can be regarded as
proper functions with respect to a certain transformation 7, and denote the

proper value of @s by ws respectively; i.e.

T‘Pw:wwq?w. (2’1)
Then, if we define the transformations £, by the formvla
Eof = & caupa,
f ccwgw * N
(—ocoLwLoo)

for the functions 7(x) given by (1,2), it can be proved that {Z.} make a
spectral family of 7 and 7 may be written in the symbolical form
T=8w(E,.—Eq.-,)
@ (2,2)
= wdk.,.

It is evidently verified that
(Bo—Eo-)(ES—E, ) f=0
for any f(x) given by (1,2) when o+#«’, in regard to the fact: the set M, of
the values a for which we.=w, and the set M.’ of the values «a for which
we=0w’ are distinct (i.e. M.NM. =0) when o+e’. Then, in case wys#wg when
a+3, we have
(pur pe)=((Boa—E oy f>(Boy—=Euo, Df)
=(f» (EwwﬂEw_o)*CELUB—Ewﬁ_n)f)
=Cf (Eww—Eww,n)(Ewﬂ—Ewﬂ_ﬁ)f)
=(f0)=0
hence
(P> pe)=0, when a=+g.
Therefore, the orthogonality of the family {@«} does not harm the generality
of our space V, as long as it accompanies the condition
wsFwg when a#G.1 ' 2,3)

On the above-stated structure, we can inversely define a (linear) trans-

1 This condition may be important to distinguish the class of such transformations
{rom others.
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514 Yoshic Kinokuniya

formation 7 of our space V by the formula (2,1) to be accompanied with the
spectral decomposition (2,2), on condition (2,3). Then, if

Tr :? DaCoPa=wf =w§5 CaPar
we have

% (wa—0) Cagpa=0.
Hence, in accordance to the unicity of the representation of a function by
(1,2), it must be

(we—o) ca=0 for each «a.,
so that there may be no other a for which c«#0,2 than the values of M..

Tueorem. If T is dejined by (2.1), there can be no other proper funciion

than {pa} with vespect io T on condition (2,3).

3. Canonical Space

In this section the canonical space L will be investigated specially in
regard to the consistency with the hypothesis: the relation
(fir @)=(f» g) for each geL (3,1
implies fi= f.; this will be called the hypothesis of weak coincidence. If there
are two functions fi, f.€L for which fi(#)= f.(#) when z+& and f.(E)# f.(5),
and the relation (3,1) is satisfied, apparently it must be (&) =0. On the
other hand, if the above-mentioned hypothesis is demanded to be consistent
even in case such two functions belong to L, it is necessary that 6(&)' >0.
In regard to the unicity of the representation of a function (1.2), it is
sufficient for the coincidence fi(x)= f.(x) that
(for @a)=(for Pa)
fFor each «. But, in this connexion, difficuity lies in that the quantity (f,ga.)=
=c, is possibly infinitesimal, so that, to avoid the uncertainty, the restrict-

ed representaion given in (1,3)

2 Here, it must be promised that in case ca=pAr(«) the notations ca#0 or =0
mean A{a)#0 or =0 respectively.
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A Contructive Study of the Vector Space of Real Functiens 515

F () =uBAa)Pa(x)+Svaps(x)
may be found very convenient, though it gives not a sufficiently general
space of functions.
In regard to the representation (1,5), we have
f =6 ).
Hereupon, for a set E of x let us define the function

S(E)= & &(x)
xck
which may be called the §-measure of E. Then, in regard to the step decom-
position of I=(—o0, o) according to the values of a function f(x)
I=1,+L+1+-
where Z,={x: F(x)=0}, L={x =n—-1fx) =n} (n=1,2,- ) we have

PNCISS DG SETTIEES P e 3 (3,2)

so that we may have
n? 8(F,)—0 as m—co.
From the relation (3,2) itself, we directly induce:
Turorem. In the canonical space L, if f.*>0 il must be thal
8(S)>0
where Sy denoies ithe least support 3 of tie junciion f(x).

The inverse expression of this theorem is: if 6(Sy) vanishes, ' f - vanishes

4. Transformation of 2:1

If we aim to find any discriminating discussion on the possibility of a
space to be transformed to a canonical space, we may not avoid merely hy-
pothetical conditions which will be imposed on the primitive space with no
steady reason based on the construction of the space itself. Accordingly, it
may be preferable to start with a canonical space from which the given space

is to be investigated as transformed.

3 This is the set in which f(x) does not vanish but out of which f(x) vanishes.
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First, let us posit the canonical space L as imposed by the following
group of formulas:
(i) (fig)=C7lx)gx)8(x);
(il) fo=8f(E)oel;
(i) 1=88(x). -
To elucidate that a quantity ¢ may be infinitesimal but non-negative, we
will introduce a symbolical expression
| 9=@.
Whea ¢ is a non-negative quantity which cannot make any positive quantity
by multiplication of any infinity, we will write
q=0, _
and when ¢=® but ¢g#® we will write
qg>>©.
In this paper, we associate the space L with
S(x)>(©.
Next, let us take a linear transformation 7" of L and write
To:1= pe(i)»
then, applying this on the formula (ii) we have
TYCe) = FE)pe(a).
It is evident that 9:¥ 19,1 for £+#% in a canonical space, so that if the trans-
formation 7 holds this orthogonality as invariant we may go with the formulas:
(0:1,0,1)=0, (prp)=0® for E#7 4,1
2el = ¥ 8E>®, [ pell >,
Let us call such a transformation T a poini-wise orhtogonal transformation,

and suppose here T to be so.

On inversion of 7, o:I may be expressed in the form

Oel= & ey py(X) (4,2)
7Y (§)

where ¥Y(&) denotes the set of % for which cg,=0@. If 7 € ¥(&), accrding to (4, 1)
we have (p,, p,") =@ for each 7& ¥(&) so that, on account of (4,2), (&, py')=0
i.e. we have:

YE)ST — (%, p/)=0. (4,3)

(276)
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If »= ¥Y(E). according to (4.2) we have

(Bel, py)=cey pul?. 4,4
In this place, it is very efficient if the symbol ® conforms to the rule : if
p#+® and ¢g#&, then pg+#© ; let this assumption be called the hypothesis
of algebraic nullity. 1If this hypothesis is consistent, (4,4) directly implies
(Oel, py)#©@, so that we may have:

Y(E)=n — (el pyp)#C. (4.5)
If pn,(E)#+®, by the definition of 2:1(x) we see (0:1, pn)=pn(E)8(E)#@. Then,
in regard to (4,3) and (4,5), we see 7, ¥Y(£), Consequently we have:

Turorem» Let the transformaiion T be point-wise orthogonal in the ca-

nonical space L. with respect to the symbol © conforms io the hypothesis of
algebraic nullity, and Y(E) be the sei of the values of 7 for which cg,+©® in
the expression (4,2); then Y(&) is the total aggregation of the values of 1 for
which (0:l, py)+© (i.e. 91t py). and moreover Y(E) is the total aggregation
of the values of 7 for which p,(§)+®.

We have the relation

Y(E) = Er
. D S o o a . &
on the assignatioas : E,={7: 8(&) <c%, pr*Sc0}, and Ey=4{7: Pl
< i pnlP = §%§)——} (k#=1,2,-.-). Besides, as

8(§)=§ C*x i py %,
we directly see that each of FE; consists of a finite number of elemznts (&=0,
1,2,---). Hence Y(§) is found to be a set at most enumerable when

¥(E)=3) B
This relation may be a trivial one., when 8(x) is given as a finite positive gu-
antity as well as ¢%, and |p,!*, but it may aot be generally brought about
whea 6(x) 1s allowed to be infinitesimal. Hence, this relation may be regarded

as a sort of equi-measure condition between the systems {0:1} and {pg}.
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