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On Elastic Behavior along Simply Supported
Edges of Recrangular Plates

Sumio Nomachi

Abstract

In this paper, the three-dimensional stress problems concerning the rectangular
plate with two of the opposite edges simply supported and the other two edges
hinged, are dealt with. In order to criticise Kirchhoff’s assumption!~? concerning
the boundary of the plate, the variations of the shearing forces in the vicinity of
the simply supported edge are presented here. Along the simply supported edge,
both the bending moments and the shearing forces acting on the cross section
paralell to the same edge, always vanish by means of the thin plate theory. The
results obtained here, however, indicate that they still remain at the edge.

Introduction

In an elastic body subjected to given forces the tractions specified by
X,, Y, Z, where v denotes the normal to the boundary surfaces, have
prescribed values at every point of those surfaces. The equilibrium of
the forces at the boundary takes the following forms

lo,+me, +nr,, = X, ,
logy +mo,+ne, =Y, , (1)
le,e +me,,+ 00, = 2, ,

where ¢,, 0,, and o, denote normal stresses by z, y, and z axes respectively ;
and c,,, 7., and r, denote shearing stresses. And [, m, and »n are the
direction cosine of the normal to the boundary. It shows us that
three boundary conditions should be necessary at each point of surfaces
bounding the elastic body. When the plates is thin, the actual distribu-
tion of the tractions applied to the edge regarded as a parabolic surface
is no practical importance. We represent therefore the tractions applied
to the edges by their force and couple-resultants, estimated per unit of
length of the edge-line. Let T, S, N denote the components of force, H,
G those of the couple: T is a tension, S and N are shearing force tangen-
tial and normal to the middle plane, G is a flexial couple, and H a tor-
sional couple.
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We zlso let the stress-resultants and stfess-couples belonging to a curve
parallel to the edge-line, be denoted 7, S, N and G, H. The statical
equivalence at the edge-line is expressed as

T=T7, S=8, N=N, H=H, G=4g. (2)

When the distribution of the stresses by 7', S are antisymmetrical*
with respect to the middle plane by its thickness, the five conditions
mentioned above, are diminished to the three conditions:

N=N,
H=H, (3)
G = G.

This represents the case where the plate is subjected by the equal trac-
tions normal to its upper and lower surface respectively.

In this case a system of two boundary conditions was obtained by
Kirchhoff, who set out from a special assumption as to the nature of the
strain within the plate, and proceeded by the method of variation of the
energy-function. The couple on any finite length might be applied by
means of tractions directed at right angles to force- and couple-resultant,
estimated per unit of length of the edge-line, would be equivalent to a

distribution of shearing force of type NN instead of torsional couple of the

type H. The required shearing force is easily found to be —3{{—, in
as
which s denotes the length along the edge. The boundary conditions are

thus found to be

N_2H _x_2H
38 38 (4)
G=G.

These conditions are generally adopted in the theory of plate and shell.

* If the stresses by 7, S are symmentrical with respect to the middle plane the plate would
be in the state of plane stress.
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Three-Dimensional Stress Problems
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From the equilibrium condition applied to a cubical element of the
elastic medium, equations for the statical equivalence of forces take the

well-known forms

Tz 4 Ofwy 4 9% . Y

2 3Y Az
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e Biye y 3% _ gy
ax e a2

J

(5)

where X, Y, Z denote the components of the body force per unit volume

in z, y, z directions respectively.

The stresses are related to the displacements u, », and w
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5 e
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(6)

where u, v, w are the components of displacement in z, y, z directions

respectively ; and g, 1 are Lame’s constants.

As the author have already described in the previous paper®, Eq. (5)
and Eq. (6) by means of finite Fourier transforms, yield the results without

the body forces X, Y, and Z, as follows:
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The dilatation is, therefore, written in the form:
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+ 2—2(;’:—? W‘Z)(Bmﬂ/)}JSl azgg ﬁl > (14)
x .é’% {A PO (a,,8) + AL, P¥(a,,&) j cos —bmy sin CT @+ 20D
x zi Z;:L z;;tr AA {D,,me(rmc) 4 D PO } 72" y
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— 2D | Fan Q) = g S PO
+F Q“’(TM,LC) — 2#—1% bcz;;n x P® (TWC)H cos%’iy-sin %ﬁ— x
-3 i f FunQ0 ) + FQ90 ) Jsi b
x {HU,.Q“) (a0, 8) + H;,.Q@‘(aorf)} sm%ﬂ z,
() s o Ene e [
X PA(0)] cos T gesin B0y — 030 g Mo [ o 900
_ 2(11_25&_9” ¥ (q, )\ +EW’¢“> (a5 _z(ﬂ—ﬂ) @rt
2u+2 ¢l | 2u+1  cal,
X WO (q, g)ﬂsm%Ay sm—z +20 #T‘f"[ - {@n(ﬂmay)
- -?2%‘3)— PO + Gl [ QO R~ % o
e A
X (@, 8) + 2;/’;1;) O @) + T, { Sl )
22(5:; T®(q,, )}]sm-i)—y sm%[ 2 722 /13—2 [HW
< [Q0B.)~ 220‘:5 LI PO+ Q0 Ee) b (15)
— —25(15—1—9 ;j—i;r P®(B,..7) ”cos%zx-sin%”—z + 20 ZZZT;;
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g+ ® © l mr .
XAt B, PV, + B, P?”B,.7)! cos =X gesin -5 2
2t | (Boar7) B v)I - -

+an- G pIA (@ pog, e+ FLPOF

m n Z(Lbe,m 2{14‘2 l 7’”15 J
x cos M gugin My >y AT 14 a,,é
a b v n ; 40067“. L | 2u+4 2/1+/1 2t ?
L 20D o [ 20 e 20+ A) e 1J
W( ! Ay + Anr Y @ App§) T -t y() XS
2p+2 >J | 2,& ¢ (2,8) + 2p- 2 ( >J

% sin? y sin "z —3n ¢ { mIQ‘”(Tnm&)Jr prA P(”(Twms)l
b PR 2 j

+ D’;}Lﬂ,

1
(@200 + 2 PO eos 7

\ 2/1+A

~2 DL + DO 0 sin _b‘l y+ 2 i—z 7.0 B
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— [ man ¢(D mn;’
3y s / s b Ton L l2/1+ﬂ
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2 +/z ( mnC)J mn{ 2‘[1_’_/1 » ( mn, / 2/]_{_1 ( )J
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2(u+24) wog ol 4 z 2(n+ A) YR
mr + Gmr a ., . @ Q'mfr e (| )
“aoy VOB G 7 ) = S G|

agmﬂ [
x cos T pecos Tz 4 ADANY E, DAa,,
a C n o7 Cb/,{m |: l 2/ + 1 ¢ ( )

2 (/1 +Z [(13( an) + Em [ 7(2\ (anrg_r—) . i(ﬂ + /j),
2/1+/x l 2/1 202

x W9 (q,,& ]—Icos¥y cosﬂ -z + JBJ”—[F,M i ptt
() I b 2 207 1., | 20+

on? i+ / on’?
X $O(F,,,7) — L2 TOF,.00\ + F,
bzrf,m> $O 2 — 2u+1 b, ( C) |

.
< I(l— /IT/ Cﬂ (2) Tmn ’HJFA (1% IT@ T:m
| Qu+i b, > ? S 2ui b, C)
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+ 22 zn [Anr (———“”’ ¢O>(an7 ) + ﬁ[l +Z wﬁl)( 7”6)1

2ba,, { 240+ 4 2042

@) £ 4+ F44 + R }(2) ~ 1] . Wit
{2H¢<m) O] - =y

_____ B, | W Ny ATA g \
2 2aﬁm[ lz +A P ) + 20+ (B"”Y/)I

LG(B,7) + flii AT I 1] K
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a wmr
x ¢2(B 7) cos " 5 x cos Tz — V3 p B fy (14 97
me / a C e Z l nr ( bz ilr

x ¢, &)+ J,., (1 + e >¢<2>(an,¢) cos-—— Y +COS- —; 2

+ B

mr

C

j
b [ 1 /" + A D/ } .
?LU[ gt 8 ) 0 B
pta M

o @ U+ Ay N mm a
X L2 + ~¢P(B,.07) + Dt ] (B Jcos a~+;}j

Al g8+ LT gog ) 44,
[ | 2n +l¢( 9 2,+x = )J | 24 +)

B gy, s ]] 3 mb I W
+ /4 0 Hm0 mo
2(1+A (@ )J ¢ S b y Z # (B

+ H, 9 (Bm&?)} cos n(f,,x — ? /1__ l S s (a,0%) + fno</> Qo2 >JI

¢( & ( 7LOs

x cos% y+ 2 (8 D (707) + Dinp® (T0r?)] cos%"'— Y

4 |
-2 ,IJ’ {Ju 6 (Bo) + J0,¢“>(50,7/)} cos Tz 2l
X {Fm()g‘(n (rmOC> + I‘(—”);LOVJ)(Z)(TWL(J:)} n;;n- ¢ l 0 ‘>((X0)»E>
a ) ] T 1
~+ H07.¢ (ao,‘f) cos—z2 + —(Hoo + Joo) )
J c 4
where
Q" (a,,¢)) _ coshra,, (1 —&)+coshra,,E
Q2(a,5) coshra,,+1 ’
PP (a,,&)) _ #a,{€sinhna,(l1—&)+(1 —&)sinhra, s}
PP (g, &) coshra,, 1 ’
¢ (a,,8) | __ sinbra, (1 —&)Fsinhra,,é
P (4,,8) ) coshza,,+1 '
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YO (a,,8) | _ a,,{€ coshra,(1—&)F(1—E)coshra,é
¥D (q, £) coshra,, 1 '
2 2
afl:i»’nz—F ad r, E:l;
b ¢ a

QY (Bm)) _ coshzp,,(1—y) F-coshrf,, 7

Q¥ (... 7)) coshzf,,, +1
P® (@B, _ 7fn{7sinhzp,, (1—7)+ (1 D)Slnhﬁﬂmv}
P (B, 1) coshnf,,,+
o (B } _ A/Sinhn'?m(l 7/)—|—Slnh7rﬁ,m7; L (18)
¢<2) (er*/}) J COSh?T‘B,,L, + ’
D (B,,7)] _ 7B, {ncoshzf,,,. (1 —7/) F (L—7) coshzf,..n}
P2 () coshrp,,. k1 ’
R

QY (r.,2)) _ coshat,,(1-—¢)Fcoshat .2

Q(2> (r mn\>1 B COSthTmni 1 '
PO(r mnC) TTT,,m{g sinha?,,,,(1—)+ (1—0) sinha7,.,.&}
P 7,0 coshn?,,,+1 ’
¢ (rmm) _ sinbhz7,,,(1—¢)Fsinhar,,.¢ (19)
(”>( i) coshn?,,,+1 ’
O T onl)) . AT wn{l cOShAT,, (1—2) F (1 —¢) coshat .z }
e (r m,f) cosha?,,,+1
2 2
Tfnn — m2+.2gn2’ C — i.
2 bz e

Letting the suffix m, n, r involve zero respectively, eighteen unknown
values A4,,, A, B,.., B, Dpny Dipey By By Fors Flrsy Gy Gy H,w H
T Ty Kow Kooy denote the finite Fourier transformations relating to both
the components of stress and displacement at the boundary, as follows:

e = sl AT | Sl e, 20)
roel = [ Sl )de T | Sulle), de @1
) = 8,00 FS.C A, (22
Thr ) = 8.0, 00, ) TS, . (23

(143)
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Dol [ Sl e [ S, (e, -
Th) =[S0 da T [ Sulle-ddw. 25)
Zg::} = CoSul(tedeme] F CoSul(7eencl )
lezm} = 8, Cul(t)- ] F 8uCol(z,)mo] - o
1) = |mdda, T [, 0dA., o)
5} = j( y=)dA, T (u, A, , -
A T D, N
i;} = j Cﬂ[vmjdz:j:c;[vz:g]dz, an
Hy = 1ot E [0 lu, gae o
el = ema= | e i, -
i} = 0041 FC.0 . ”
5"} = C,C.[v.. JFC.C,[v.-o] a5
g} 8.8, [, ] F .S, [w,-], -
2;”} S,.S,[w,- ] FS,.S,[w,-d], an
K] = S [0 ) F .8, a8

Boundary Conditions for a Special Case

To investigate the state of stress in a bent plate, in particular in the
neighborhood of the simply supported edge, we will choose the case where
the plate is supported at its opposite two edges and is hinged at the re-
mainning edges. Set the Cartesian rectangular co-ordinate, which is
refered to the plate, as Fig. 2.
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Y
Simply Supported

Hinged
Hinged

a

=y
8

Simply Supported

Fig. 2

The boundary conditions in this case, are satisfied by

w =10 =0, z=aqa)), (39)
v=20 =0, z=ua), (40)
G, = 0 =0, z=a. (41)

which correspond to that the edge-lines =0 and x=—=a are hinge,
and

w =0 w=0, y=0b, (42)
7, =0 (y=0, wy=b), (43)
Tay — 0 (flj =0, Y = b)r (44)

which coincide with the simply supported edges are on y=0 and y=b.
The above conditions (39). (40), (41), (42), and (43) are identical with the
relations

A, =4,=0, B,=B,=0, E,=FE,=0,
Gmr = G;n,r = 0 4 Jn7- = J,,;,. = 0 ’

where the suffix m, n, and 7 include zero in itself.

When the loads act normally to the surfaces made by 2=0 and z=g¢,
and distribute symmetrically with respect to the middle plane z=¢/2, some
remaining unknown values are eliminated, that is

Dmn: D;nn:DOn:D(;n: O! Fm"l.:F///L’)L:FWLU:F'I;LO:O’ K7;bn :{)7
and
HmO - 7;0 == Hon - -Ho/o =0.

Adding, hereon, one more restriction that the loads are also symmetrical
with respect to both the center lines r=a/2, and y=56/2, then we find that

H, =0, H,=H,=0.
After all, the components of displacement are written in the forms

(145)
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w=nxn_omn. cm [

(1) 7N + [II + A qf(l) LT
w ' 20T, mnl 2 —l—k g P t) 2+ A 4 C)f

x cos 7 g sm-lTy + ZZ HW 1RV (Bam)
a[ e r

_opti 1 (mb ) PO@,, ) cos M gecos 'z,

20+ 2 ﬁfm / I a c
_ [ w(r pta o

v == P mn 7 + [ (Tmn )

22 2b‘rmn 1 2 S O) 2u+ 1 v
Hmr r——‘{{—' O mr7
2 2a5 {2,1+z¢ ()

fI+A ng) ] mr
Dt (BW??)J p P

W = — K,,m{ R (g ”JM PO 1 gin ™7 4. sm‘——y
22 lQ o) Z‘u%—l )J o b

a2 b”” 1A, PO, p)sin T g sin T g,
m zacﬁmr 2{1‘%‘2 a C

m, n,r=1,3, 5, - .

The components of stress are expressed by

g, — 2 2 [ mn {< /1 C m + All N mn> ¢(1) (Tmns) ,ng_ﬂi:fl ¢ ‘nz"

2u+i @y,  2u+i 2/‘ T4 AT,
A (Tww k) sin —fx Sln —_— y Z Z — Hmr ‘ I — ( Q(D (B”“‘r)
f a b @ L 2p
/’[ +4 ) P® Sln
2u+ (B v)f a

_ [ o A @
O'7 — N - + —L Tmn * Tmn;:
BRI B JRAA ¥

_ L(‘U + /‘) an’ lﬁ(1>< )} Sj_ngm'z,x.sin Z&TE. Y
a h -~

2u+A b7 |
— e £t d) L H,,,POg,.7)sin ™" z.cos Tz,
mo b 2p42 o ¢
e |90 0n) + 00 0 Lcﬂ
m 2‘U+ j
nr f 1
sin-—— Sl T —'Hmr Q ’ mr
><1nax Ny - 2 \2+A (Be)

_ﬂ" M pPo (Bmy/)} sin ,;;1;. cos re. z,
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. = — 00 rle+i) K,.PO(,,,z)sin i

m o b 2pi

2,
+ Z Z IU 7',? mr
o 200B,,,

x-cosj;iy

H,, { 2#’1“ $° (B,7) (51)

+ Z(ji) o3, )l sin ™ gosin I 2,
2p+i f a ¢

To = — 21D om. M KmnPW(TmnC)cos iz x-8in . Y
m n 2[1 + A a b

; ar { A 2(u+1) mb* D ]

- _'—f]mr mrlf) T T Pey mr

BB B @B = ) P0G &
x cos M pasin T 2,

a c
= ¢ mn [ 7 o
wy T T 20l Mo ) mn Tmn
’ 2Ry Ton | 2p+2 P00
M + 4 F7Le) ] mr nr .

+ L OF,,,0)! cos—x-co8 - 4

2+ ( )f @ b Y (53)
—22 P H,, < I+ M) B (ﬁm,,r/)cos@—x-cosff z,

m 2 azﬁfw a Cc )

The remaining unknown values K,, and H,, should be determined to
satisfy the boundary conditions at 2=0, and y=0, respectively.

Determination of K, and H,,

At first, to avoid the complexities of further evaluations, we will adopt
the well-known assumption of “plane-conservation” for (w),., and (), ,, then
we may write as H,, =—H,/r* in which r denotes odd integer. As for the
usual plate, the results estimated through the above assumption, seem to
be practically the same as theose through the rigorous theory. Let the
loads act normally to the surfaces z=0 and z=¢, and be also expressed as

Qey = Z;Zn R, sin % x-sin 7;;? Y. (54)

Then the boundary conditions at z=0 and z—e¢, become

0 )s = —q DA R, sin = x-sinpb—’"i Y, (55)

a

which by virtue of Eq.(50), yields
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uK,, = 2042 q-R,,
T T {8 e0) + V(T ,,,00)
4, mmb <c )2 TI2AT s+ p 3" (71,0) + (e + )7 ,,,,0)
p+i a \b Tt A 1nl) + 707,00} '

(56)

One more boundary condition is Eq.(44): «r, vanishs along the edge-
line y=—0 and y=>5b. Since the thickness of the plate is alwase considerably
small comparing with the side-lengths @ or b, so instead of KEq.(44) we ecan
adopt the following relation

c

j a0 22)d7 = 0 =0, y=1b. (57)

This means that the resultant couples due to r,, vanishs along the edge-lines
y=0 and y=b. Thus obtained result is written in the following equation

/Z 7 3 +2A N/ 1+A y
Kmn L‘ ma f_T_Tmn {l @ fmno - 'L_* Z}‘(D Tmno ]
PQIJ ab 73, 12 2u+ 2 #0n0) 20+ 2 ( )1
+ N uH, B (1+ ﬂ”-) 69 (B,,0) = 0 . (58)
- 2,},.4 202

Now, introducing new abbreviations

ﬁmn — ¢(1)(Tmn0> + W(l)(rmno) ,
T A 2

pmn = — *'Tmn + - . (1) mno + yf() Tmno
2 pti p—{*ly 70) ( )
gpmn — 1— 3/1+2A ¢U) mmn )_ ‘u+z QI(U Tmno) (59)
2 20+ A 2p+2
b*m?
k) + (1> HV‘O
o= D (1 g, )96,
and eliminating K, between Eqgs.(56) and (68), we easily find that
2 %an gpmn
D1t 2 b 2 O ,
pH, =72, S . (60)
p+i o o, +2< ¢ > Eonn* Conn_
2b2 mn len
From Eq.(56) we have at once
2+ 2 MLy [ C
Kmn = R —
‘!1 #+Z [ mn 7ll7l ‘r:/zﬁmn < ab >
ms's.spms
- ? ﬁms'T:ns
X — (61)
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Numerical Example

Let the loads ¢,, be a sinusoidal shape shown as

Qoy = q-SiI’} T:: Sin% . (62)

Then suffix m in those formulas ought to indicate number one only. Fur-
thermore we make both the side-length o and b be equal, and also let

C(,?:b::loc, /‘1:1.5/1*y

where ¢ denote the thickness of the plate. The plate now considered, is
apparently belonging to “thin plate”. After computing as above, we find
necessary values for determinating K, and H,, which are given in Table 1.

Table 1.

7 O1n n 017, t n ' @in

1 0.007 028 4 1 0.009 181 6 1 --0.001 436 6

3 0.067 709 3 3 0.090 024 3 --0.011 174

5 0.216 235 5 0.298 40 5 —0.017 530

7 0.411 696 7 0.595 68 7 0.012 590

9 0.593 367 9 0.913 06 9 0.108 97
11 0.736 529 11 1.213 76 11 0.269 28
13 0.835 894 13 1.484 30 13 0.483 60
15 0.899 648 15 172711 5 0.736 50
17 0.937 680 17 195163 LT 1.020 14
19 0.965 457 o190 2.161 61 L19 1.30397
21 0.979 124 o221 | 2.363 35 21 1.606 02
w; = 52023 .

Now substituting the above results into Eq.(68), we have
pH, = —q x 14308,
by which the values of K, are obtained in Table 2.

Table 2. Values of 4Ky,

n ‘ 2K ip ‘ n ‘ #Kin
1 —1458.64 13| — 0.1
3| — 572 15 — 0.08
5| — 221 7o — 0.06
7 ! — 058 19 — 0.05
9 | — 029 21 | — 0.04

mo - 017 [

* 1In this case Poisson’s ratio of the plate is assumed to be 0.3.
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To illustrate the variation in stress along the center line x=0a/2, the

shearing force S, was calculated by means of the following equation

S, = SC .07,

S, = — o pet ) g 2 [goq 0+ 5Ogr,,0)
y Zm}é b 2/1—*——;( mn n-Tmn ¢ ( mn ) ( mn )J
92”~?/+ZZ.‘ #Hm£~~m—

mor ar ‘8 o

x sin-"" x.cos R (B
a 7? l 2;1-!— A

+ M_ yw (‘BW-//)‘ sin T .
2u+ 4 J a

(63)

that is vertical shear per unit of length acting on a cross-section of the
plate normal to the y axis. In a same way, vertical shear per unit of
length acting on a cross-section of the plate normal to the x axis, is denoted

by S, as follows:

S, = em ppt4) K, 20 fson oyq wo, o)l
;L%} a 2/1'!-*2 Fid . ¢ (mn) ( " )j
M7 pesinTy—n3 w2 H, L [Q“)(ﬁmﬂ))

a b m 7T r? l

X €08

2(p+2) mb 5, | e, T
— 2 2 Y POB,, ) eos -z,
Qi+ @R, ) § a

(64)

The values of S, are shown in Fig. 8 by a real line, and another curve by
dotted line presents the same force estimated according to the thin plate

theory®.

0.5 gb [

04 gb | |
% |
- [\'\

0.2 gb

~
~
B

0 015 02b 035 04 b 05 b
Fig. 3 Sy along the center line x=}a

\T
T

Sy

The edge-reaction at y=0, in virtue of this theory, is written in

R, = —0.3915-qa-sin "%,
a

while the same reaction acquired by the thin plate theory, is given as

R, = —0.4297-qa-sin ™%,
a
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The variation of the edge-reactions along =0 with y is shown in Fig. 4
in which the real line and the dotted line present the results according
to Formula (64), and to the thin plate theory, respectively.

06 gh

05 qb
0.4 o \
0.3 gb

0.2 gb \‘\
0.1 gb

sl Lo \ 01b 02b 035 04b 055
e
\\
~
01 gb
020 \
2 gf
\\\\\
03 b =T —

Fig. 4 Si along the edge-line =0

The prompt rise of the curved full line in the vicinity of the origin,
is supposed to be the concentrated reaction at the corner of the plate,
And the shearing force S, and the bending moment 3, remain at the
edge-line y—0, as follows:

Sy = Jr dz), -, = —0.5619+gb-sin =%,
0 a

M), = Jcnx(c—flz)dz)y:o = 0.07560-gb*-sin %,
a

o

respectively. While S, and M, at the simply supported edge y=0 always
vanish according to the thin plate theory. (Received April 30, 1959)
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