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Formulas of Frenet for a Vector Field in a Finsler Space

Yukiyoshi Nagata

Abstract

T. K. Pan® demonstrated the generalized formulas of Frenet for a vector field in a subspace of
a Riemannian space. This paper extends his investigation to a hypersurface and a subspace of a

Finsler space.

1. Formulas of Frenet for a Vector Field in a Hypersurface.

Let F,_, be a hypersurface given by the set of equations x'=2z' (&', u?, ---,
w") (=1, ---,n) in a Finsler space F, the fundamental quadratic form of which
is ds’=g,, (x, 2")dx’dx". F,_, to which the element of support is tangential has
the fundamental quadratic form ds*="g,du'du®. Let v' be an arbitrary but fixed
unit vector field defined at every point of F,_, such that v*=v"B., ’g.,vv’=1.
Let C: u*=u"(s) (a=1,---,n—1) be a curve on F,_, and let N* be a unit vector
normal to F,_,.. We define n vectors along C by the following equations :

7](1)2 — ,,01’ W(Z)x = kaZ 3 "7
Bou? = Droilds (7= 2,-,n—1),

where k=g, N'Dv"/ds and Dv"*>"® denotes the absolute differential along C of the
vector field v* at P of C. When 55" (8=1,---, n) are linearly independent, the
following 7z vectors o, (p=1,---,n) which are expressed linearly with the com-
ponents 75" for 7=1,---,p form a set of mutually orthogonal vectors :

(1.1)

O'(iﬂ)/I = < f;) >TZ7](T)1F17; (7> €= 1> :P) (1 2)
Jo-s
where
So=1, fi=1, fo=If],
SE=11= guae'ne” s S E =65
Putting
D .
_'ggfp_ya(p)):aqp (P; q = l)"':”)? (1 3>

from ¢p,00,° =07 we have
T Qgp = Qpg s (1. 4)
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DU(p\‘u

ds = %1 Apglig)” (1. 5)

From (1.1) and (1. 2) it follows that Dgs/ds is at most a linear expression in
P’ st s Ppery” and therefore in owf , -+, 0¢.0"  Consequently, a,,=0 (k+1<A).
Combining this result with (1. 4), we have

Appt1 = ~~ Aprip — 'qu

(1.6)
(qu:O <q#Pi1)>

where ,K, is defined by the first of these equations. Hence equations (1.5) are
reduced to

Do "

ds — o Kp-10p-r + B0 psn)'s (p=2,---,n—1), (1.7)

where K, for p=1,---,n—1 are called, respectively, the associate curvatures of
order 1,---,n—1 of the vector field v for the curve C. (1.7) may be considered
as a generalization of the Frenet formulas for a curve and hold except the case
p=1. And (1.7) apply to the case p=n with the understanding that ,K,=0. We
call these the formulas of Frenet of the second kind for v along C in F,.

In the following, we shall derive the formulas of Frenet of the first kind for
v along C in F,. We put

' =", E' = DE@)VCZS = Kw', -, (1.8)
5\74—1)1 = DE(r)Z/dS s
where K is the absolute curvature of v at P with respect to C and the sense of
w is chosen in such a way as to make ,K>>0. If these vectors £," (a=1,---,7n)
are assumed to be linearly independent, the following linear combinations of them
for p=1,---,n form a set of n mutually orthogonal vectors :

p(z’)z = < Ye >§§(T)ZY; (r: € = 1) >P) (1 9)

p1
where

vo=1, y,=I95], o =v9l=gb " ¥Y =5.
And we have p'=1v, po'=w’
Putting (Dpes,/ds) py’=Bar (A, k=1, -+, n), from pos.paw’ =05 we have

Bin = — Pz (1. 10)
Qyﬁi = Z ‘Bkhﬂ(h)y . (1- 11)
ds 7
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{1.11) are reduced to

Dy’

ds = _‘va_ll,l(/cﬂl)u_*_vL]c#(k—&l)’( (k == 2, one ,n_l) (1. 12)

Where va:ﬁ/ck_H: _‘B/c+1k .

(1.12) apply to the case k=1 with the understanding that ,L,=0 and ,L,=,K.
Also, we have (1.12) for k=n with the understanding that ,L,=0. ,L, (k=1,
---,n—1) are called, respectively, the associate curvatures of order 1,---,7n—1 of
the vector field v for the curve C. We call (1.12) the formulas of Frenet of
the first kind for v along C in F,.

2. Extension.

We consider a subspace F,, (m<n) given by ’=2" (u', -, u™) (A=1, ---, n)
in a Finsler space F,,. The element of support is tangential to #,,. ILet N} (p=
m-+1,--+,n) be n—m mutually orthogonal unit vectors normal to F,, with respect
to the metric of F,. Let v" be an arbitrary but fixed unit vector field defined at
every point of F,, such that v'=vB}, 'guv0’=1 and C: wu"=u"(s) (a=1, -, m)
be a curve on F,,.

We denote the absolute differential of v* with respect to C at P by Dv* and
define the following vectors :

J I F - 2
Nay = U, N2y — vkqu:'“:

Dry'

(2.1)
iy = — L T=2,---,n—1),
N+ I ( )

where k=g, NiDv"/ds.

If 5, (=1, -+, n) are linearly independent, the following linear combinations of

them for p=1, --,7n form a set of # mutually orthogonal vectors :
0-(19‘1 - < f‘” >§7](T)2F£ (Ta €= 1> >P) (2 2)
So-s
where

So=1, A=1, fi=If,
f;e = ﬁ = glﬁ”](r)lﬂ(e)#’ ffF; = 5;
Therefore putting (Do /ds) 6, = ayp, We have

Do,

ds = T p—10'(p-1,'”+qu0'(p+1)ﬂ (P =2, 0, 71_‘1) 5 (2 3)

where K, =ay, 1 =—0ap 1p-
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We call (2.3) the jformulas of Frenet of the second kind for v along C in F,.
&K, (p=1,---,n—1) are called, respectively, the associate curvatures of order 1,---,

n—1 of the vector field v for the curve C. (2.3) hold except the case p=1 and
apply to the case p=n with the understanding that ,K,=0.

While, the formulas of Frenet of the first kind for v along C in F, may be
derived in the same way as is mentioned in 1.

(Received Jan. 26, 1960)
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