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Notched Half—plane under Gravity Force

Sumio G. Nomachi and Kenichi Matsuoka

Abstract

Stress functions, which W. E. Warren obtained for the stress field created by a point load
acting at an arbitrary position in a notched half-plane, are used to cancel the gravity forces on
the surface. Mapping function allows consideration of a notch whose radius of curvature varies
from O to infinite. Numerical and graphical results are presented for the surface stress distribu-
tion in the vicinity of the tip.

1. Introduction

The geomertrical configuration of the shallow externally notched half-plane
is shown in the complex z plane in Fig. 1. A concentrated force is assumed to
act on the surface 7 and curvilinear component of stress ¢, ¢,, and z., are also
shown in Fig. 1. The transformation
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Fig. 1.
b
emw@=c(trgls),  b>—1 (1)

maps the notched elastic region in the z plane into the lower half plane, the
notch surface mapping into the real axis. The depth of the notch is ¢.b and the
radius of curvature at the bottom is expressed as

c(1+bY
=T (2)
For &= —1, the radius of curvatuae is zero and a cusp appears on the notched

surface. The case =0 corresponds to the straight half-plane, while 56>>0 repre-
sents a protrusion on the half-plane. The notch shape is affected by the parametea
b and the effect of & on the stress state in the vicinity of the notch is of physical
interest.
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2. Stress Functions

The functions ¢() ¢({) are holomorphic in Im {<0 and vanish at infinity.
The curvlinear components of the complex stress combinations are

5.+ = 2090+ B ()] (3)
si— i+ 2iz, = ey [@(0) ¢ 0+ (O (0]

addition of the two expressions in Eq. (3) gives

oyt = G0+ BE) T i

() @O F 0+ Q)] (4)

which is a useful expression for formulating the boundary condition.
Consider a gravity force F=X+iY acting at = in space the notched elastic
region, then in case of the density 7

F=yr(v+i)
and

Fe=(iv—1) cbt < 1 1

5 €+i—c_i>+c(v+i)7y
from which gravity force on the notch surface is given
F(t)=(v+d) chbr/*+1) (5)

To make the problem simple, assume v in the above be zeao that is for the case
gravity force acts in the vertical direction alone. According to W. E. Waaren,
the complex functions for the case veatical single load acts at an arbitrary position
on the notched surface, are formulated as follows:

S SN SR S—— L

o) = Dzelit—i7=8] {(C—t) T opn et 200 -] (8
1 b[2(C—2) (€ 1) +bL(L—34)+ ]
¢

ip(C—if
$l0) = Drel(c=iP—8] {<c— )t @) =) [C—i =8
+ £(L—af N 2bC{(L—7) _ 20 (L —i)
€= 2P [(€—iF—8] * €—5) (€= —bF ~ C— P [C—iF + 5T
2B (C—if 3ib* (€ —1)

TR () C— 1P [(C—F =] T 2 +8) (t+i) [(C—if—0F
+__52(C—i) [C3—3iC2+C+5i+b(C+3i)]}

(2+b) (t+0) (C—2f [(C—if —bF
in which P is intencity of the load and ¢ indicates the position of it. The com-

plex curvilinear stress combinations are obtained by substituting Eqs. (6) and (7)
into Eq. (3). One finds

(7)

2nc

T

(8)

(ofo+a,,o)=4Re{ (E—2p bt(2+b)+2ib]}

7
[(C=ip—b] [ =g T eI Er
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_ZE( ot 2iTag) = 2i(7 +4f ({—9) { 65 }
) 0 A Ta0) = OB [(C—if—bF | 2+8) (@+1)
+C<C—z>[<c if —b]— 2172+b[2(cz+1>+b(cz+3)+bzl

(e 2+0) (t—12) (L—1)
bI2(C—if+b(C—3iC— L+ 7))+ B (L —34)]
* (2+8) (t+i) (L—27
_ e +d+4] [(c—i)3+b(C—2t+i) . 2bt(2+b)+4ib]}
(E+7) C—2r 2+0)(£*+1)

(9)

3. Solution of the Problem

Straight half-plane, whose surface is assumed to ¥ =0, holds the gravity force
given by Eq. (5) at the depth where the notch surface would pass. Substitution
of F-dx for P in Eqgs. (6), (7) leads to the stress functions which will cancel the
surface traction along the notch surface, from the gravity as follows

¢(C)=Sfm¢o(C)Lfb>T (?ZlmRe[w'(t)] dt (10)
* 2¢cb
00=\" w0 P iy Relw o) at 1

where

Rel[w' (2)] de = c(l — %) dt.

The complex curvilinear stress combinations are obtained by superposing Egs. (10)
and (11) with Eq. (3):

af+a,,—7y+4Re

Oy—0;+127,, = — (

from which one finds

05—1-07:Ty~4bc7‘Re[[(C_i1>2_b]{Cii §<3+Cg7>+2—}] (12)

(P [E—if=b]  2i(€+if (E—d) beT
E—f(E+eP =01 lle+if —b] [([{—if—bF

, . . A A+b b 4i(C—i)
X[sz +{C(C‘“1) [(C“l) _b]_Zb}{BZ(C—Z>Z - 4@_1')3 - : 3p ! }

b
55 2 (C2+1)+b(cz+3)+bz]{ %H’) + Sﬁgfi)z — S(Cb-i)

— 4z‘<Cb——i)4}+ 2ib [2(0—if + B —3i L — L+ 78) + B +34)]

2+b b 36 [Fr+i)+8] . .
{" 8(C—ip ~M(C—iF * 8i(C—z’)4}+ Grg  LE—'—1]

(213)
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{ A+b b 36 } 2[?(5+z’)+b]b{ 4+5

=i ~ AC—iF T 4iC—if F+1i) 8i(C—i)
b b BIF (F +i)-+b]

‘8<c—z‘>2“4i<C—i>3}‘ 20 +1) ] (13)

Equations (12) and (13) are the stress field for the notched half-plane under
the gravits, and the stress dlstribution along the surface, which is of practical
interest, is expressed by

chbr g—-p—1 1 b £—1 b
o= gl _46“[(52—6—1)2+4s2 {—”2“—§<3‘52T>+Z}
g b &1
TlE—b—1p+4g {”Z Zr1 }] (14)
and at the base where {=0,
1
Gelrmo = —chm (15)

4, Numerical Example

Equation (14) has been evaluated for &=0.5, and the surface stress ¢. is
shown as in Table 1 and Fig. 2.

Table 1.
x/fc a¢/0.5¢7 y
0.000 2.000 of oscl
0.104 1.399 -¢ -0sC 77\/ o5C ¢ x
0.228 0.768 ~+ * *
0.379 0.466
0.556 0.318
0.750 0.235
0.954 0.184
1.164 0.148
1.375 0.123
1.588 0.103 Fig. 2.
1.800 0.088

5. Remarks

The effect of the notch surface on the stress field created by the gravity, is
strongly confined by the mapping function. The result mentioned above is, there-
fore, for a peculiar case when the notch shape is such that as given by the func-
tion (1), but it may be of practical interest on the view point of soil mechanics
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and geophysics.
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