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A Note of Vibrational Rate Equations for C02-N 2 System 

Applied to C02 Gasdynamic Laser 

Kazuo Maeno 

ABSTRACT 

The detailed derivation of molecular vibrational rate equations in CO2-N2 (+He) system 

is presented， based on the assumption of three-mode model. Also given is an improvement 

of the form of derived rate equations with temperature expression， whichお∞nvenientto time-

dependent numerical analysis. A quasi-onedimensional巴stimationof the characteristics of 

cO2 gasdynamic laser by these equations was performed with the aid of mass， momentum， 

energy conservation， and equation of state. Explicit time-dependent technique devised by 

MacCormack was employed. The estimated performance of CO2 gasdynamic laser shows 

reasonable agreement with the result from conventional CO2 GDL analysis. 

NOMENCLATURE 

Ci : Mass fraction of i-th gas 

: Vibrational energy per unit mass of i-th gas (mode) 

: Vibrational energy per unit volume of i-th gas (mode) 

Activation factor， fraction of collisions that involves sufficient energy 

: Statistical weight of l-th energy level 

: Planck's constant， h=6.6256XlQ-34 Jsec 

: Boltzmann constant， k= 1. 38054 X 10-23 J/K 
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KN，Kc: Rate constants for T-Vprocess defined by Eqs. (3-17) and (3-18) 

: Quantum number of an energy level 

mi : Molecular weight of j-th gas 

M : Collisional partner molecule 

N; : Number (population) density of j-th gas per unit volum巴，N;=L;N;，/ 
/-0 

Ni，/ : Number density of j-th gas per unit volume in energy level e/ 

Nl;! : Number density of l-th energy level in j-th mode with r-th level in j-th mode 

P : Steric factor， fraction of sufficiently energetic collisions for reaction 

P c : rate constant of intramolecular V-V process de白nedby Eq. (4一7)

Qr : Vibrational partition function of j-th gas 
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QCN : Rate constant of intermolecular V-V process defined by Eq. (4-8) 

烏:Gas constant of j-th gas. R;= klm; 

r : Quantum number of a vibrational energy level 

T : Temperature， or translational temperature 

x"xr : Normalized number densities defined by Eqs. (3-46) 

x[ : Normalized number density defined by Eqs. (3-46) 

X; : Molar fraction of i-th gas 

Z : Number of molecular col1isions per unit volume， per unit time 

Zi.i : Number of molecular collisions between i-th and j-th gases (modes) 

νl，1I2，ν:vIJN: Symmetric， bending， asymmetric vibrational mode of C02， and vibrational 

mode of N 2， also denoting the energy fr巴quenciesof these modes 

e， : Vibrational energy of a molecule， e=lhIJ， l=O， 1， 2，. 
。P(J2'(J:v (JN: Vibrational characteristic temperatures of modes IJI' IJ2， IJ3， and IJN 
ν:  Frequency of energy (radiated light) ， c=.lν 

む j : Relaxation time of energy transfer between i-th and j-th gases (modes) 

Subscripts 

1， 2， 3， N: Vibrational modes IJ l'ν2，113， liN 

12 : The first mode of thre巴-modemodel， combined mode IJ 1 and ν2 

C : C02 

N : N2 

H， He: He 

l， r : Quantum numbers 

1. INTRODUCTION 

With the progress of investigations about COz gasdynamic laser (GDL)， new app1i回

cations have been in our scope to techno1ogy such as isotope separation， space energy 

transmission， 1aser fusion， or materia1 processing. Together with these app1icationa1 

approach， the clarification of fundamenta1 phenomena in CO2 GDL is still of importance. 

As regards the genera1 characteristics of gasdynamic 1asers， the reviewed vo1umes by 

Anderson 1) and Losev2l shou1d be referred. 

In ana1yzing the fundamenta1 performance of CO2 GDL， a system of vibrationa1 

re1axation equations that dominate energy transitions in 1aser gas system (C02-N 2) play 

a principa1 ro1e. Severa1 rate equations have been derived corresponding to the mode1 of 

CO2-N2 vibrationa1 re1axation processes1).3).の. Among others common1y emp10yed are.the 

(30) 
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rate equations based on three-mode model， which were dissertated by L即日 orAnderson 61 

in the standard formulation. The detailed deduction of these equations， however， is not 

so familiar to aerodynamicist who investigates CO2 GDL from the fluid dynamical aspect， 

and some misunderstanding for rate equations may occur without regarding the difference 

of kinetic models， e. g. those of intramolecular processes. 

Anderson 1) gave partly the information of these formulations following the work of 

Munjee 7)， which is not enough to understand the intramolecular vibrational-vibrational 

energy transfer of CO 2• The derivation of these equations was given also by Suzuki的 m

detailed form. 

This paper presents the detailed formulation of vibrational relaxation rate equations 

for CO2-N 2 system， according to the method reported by Suzuki， with further refinement. 

AIso an improvement of the form of rate equations is discussed in order to apply them 

with computational facility to the numerical time-dependent analysis of CO2 GDL. 

2. VIBRATIONAL KINETICS 

Under the condition that dissociation or ionization of molecules are not prevailing， the 

probabilities of detailed energy transfer in CO2-N2 system are ultimately specified by the 

following vibrational kinetic reactions; 

Transla tional-Vibrational (T-V) Processes 

CO!(ν)+M CO2+M+667 cm-1 

N2*+M-.:.コN2+M+2331cm-1 

Intermolecular Vibrational-Vibrational (V-V) Processes 

CO{(1I3)+N2~C02+N{+18 cm-1 

Intramolecular Vibrational-Vibrational (V二V)Processes 

CO{(ν3)+M~COi** (ν2)+M+416cm-1 

CO{(ν)+M~COi*(ν)+M+I02cm- 1 

(2-1) 

(2-2) 

(2-3) 

(2-4) 

(2-5) 

In these kinetic reactions， the asterisks denote the vibrational quantum level in a given 

mode， and M represents a collisional partner which may be CO2， N2， (He). The intr-

amolecular V-V process given by Eq. (2-5) is well known as Fermi Resonance， where the 

energy transition is so fast that modes 111 and 112 can be reasonably assumed to relax in 

equilibrium. Though the reaction by Eq. (2-3) can also be supposed as near-resonance 

(31) 
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Fig. 1 Vibrational modes and energy levels of 

CO2-N2 molecules. (three-mode model) 

called “energy pumping"， these modes are treated separately because of the intermo-

lecular effect and of the applicability of this analysis to laser energy extraction. Ac-

cording to the conditions above mentioned， three-mode model can be assumed in vi-

brational kinetics of CO2-N2 (+He) system， which is shown in Fig. 1. 

3. FORMULATION OF RATE EQUATIONS 

3-1. Vibrational Energy， Transition Probability， and General Rate Equation 

As for the processes shown in Fig. 1， vibrational rate equations can be derived in corre-

spondence with Eqs. (2-1) to (2-4). Before penetrating into the each detailed rate 

process， several fundamental relations of molecular statistics are outlined. 

The vibrational energy of unit mass of i-th gas， ef，is given by 

v 唱団 t e; 1 ~ H J 
61=同=疋zEONsdl=而;E川 (3-1) 

where number density per unit volume， N;， is defined by the number (population) density 

of i-th gas， N;， t， in energy level e t as 

N;=L N;，/. εI=lhν. 

From local thermodynamic equilibrium (Treanor Equilibrium) defined by temperature 

(32) 
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T， Boltzmann distribution in ιth energy level can be formed as 

&回p(-if4;)
¥ kTJ Ni，f=Ni 、QU/ (3-2) 

The statistical weight g， of ιth level is regarded as unity， and Q;" is partition function of 
i-th gas to gi ve 

Qトトp(-佐)=_._1 
1-exp (ーが

(3-3) 

for the system of harmonic oscillators. In terms of the combination hll/k called charac-

teristic temperature，。ν，Eqs. (3-2) and (3-3) become 

Ni，f=Ni exp (争){1-exp (手)}.
、、，ノ4
 

η
3
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and vibrational energy e~ of Eq. (3-1) is expressed as follows9J， 

イ=RT2 ~~ω?=Jチヶ・ (3-5) 
ー θT -， ____ fIJv¥ 1 

~.... ¥Tノー

These relations are applied to the gas of diatomic molecule. For poliatomic molecules 

the relations can be extended， and the following equations are obtained about CO2 under 

the assumptions of local equilibriums; 

刊 +261+ep=447+2M+ 忠. (ト6)
自 p(ヂ;;)lexplT2-1 回 p~完)-1

Qト{l-exp(-完)}-1{ 1-exp (え)ア{1-exp (会)t. (刊)
where T12三 T1=T2，T3 are vibrational temperatures that define the local equi1ibrium vi 

brational energies， Rc is the gas constant of CO2， and {}1， {}2， {}3 denote vibrational charac-

teristic temperature for each mode in Fig. 1， {}1=1997 K， {}z=960K， {}3=3380K， (九=3353K). 

The energy er is extended to the local vibrational energy in i-th mode of CO 2• The factor 

2 of the second term in the right-hand side of Eq. (3-6) represents the degeneracy in 112 

mode. 

(33) 
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In the process of vibrational energy transfer by molecular collision， the rate of a re-

action is presented in the following general expression 10) ; 

(目前) 、，
/Num ber of collisions ¥ / Fraction of collisions which take transition ¥ ，.. ~... -~:. ~. ，~~..._.~..- ¥ •• ， 
= I per unit volume， per ¥ x I that involve sufficient per unit volume， per J ¥ ::~~L :~'': ~. ~._...~， ，--- I ¥ 
¥ unit time. J ¥ energy. umttim 、 I ¥ 
[collision rateJZ 、[activationfactorJf 

/ Fraction of sufficiently energetic ¥ 
x l ~o~lisi?~s re叫 tingin a~tua~ reaction， ) (3-8) 
¥ defined by quantum mechanics. / 
[steric factorJ P 

The combination fP is usually considered as transition probability. Activation factor f 

can be evaluated from equilibrium kinetic theory10) or simply from the principle of de-

tailed balancingl) to give 

ffT11=叫(手)

f[ i J=l for /+1→1. 

、、，ノハヨηJ
 

〆，‘、
、11l
t
f
E
I
B
J

for 1→ 1+1， 

U sing the terms above mentioned， obtained is the general rate equation that represents 

the change per unit time of number density of harmonic oscillators inιth vibrational 

energy level as follows; 

dNi.J .........，.. ...--J+.IJ/'ro..r/+.1'1.， ............ rr/'Æ+l ， ~rb{+l 
一一~=ZjMNMNj;I+!/[ i JP[ i J-zjMNMNj， tf[ i JP[ i J dt -，M 

-ZjMNMN;，t![ i JP[ i J+zjMNMNj，I-!/[ i JP[ i J. (3-10) 

where ZjM is collision frequency b伽 eeni-th gas and M，and the bracket [J71]denotes 

the transition of I-th quantum level of i-th molecule to 1+ 1 level. 

3-2. T-V Energy Transfer 

Regarding the transition probability， Landau-Teller's condition in quantum mechanics 

gives th巴followingrelations for steric factor， 

1.1+1 1+1.1 
P[ i J=P[ i J. 

P[ i J=(I+1 )P[ i J. 

、，ノ
唱

a
i---A 

q
d
 
，，‘、

3
I
L
I
-
-
J
 

From Eqs. (3-9) and (3-11)， the general rate equation (3-10) becomes in the following 

form， 

(34) 
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dN，.1 .. ~r1..0 ， 1/... ，.. HT  I 8.¥{... /."，..)¥ 一一L=z'MNMP['rJI (l+l)N，.I+I-tN，.I+exp ( す)~ IN，.I-1一(l+l)N，.1~) dt -'M"'.' C • "L ，. -........ ...... -"r  ¥ T I l'..... • .' -"....)1 
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(3-12) 
As the vibrational energy ef is expressed by Eq. (3-1)， the rate of energy change is ob-

tained by multiplying lJw to Eq. (3-12) and summing them over to give 

25二守LzaMNMP[ゾJhllf11(l+l)N，;I+I-f2N，.I+exp (一生H仰山一tCl+l)N，. lH 
at lV，mi'山 l-OL 、1/、~.J

In the bracket of right-hand side of this equation， we have 

L: {l(l+l)Ni.l+1-tZN，.d=工(l-l)tNi.l-L: tWi， 1=-L: tN"t. 

and 

エ{lzNi.l-1-1(l+1)Ni./}=L: tNi.l+ L: Ni./. 

With these relations， Eq. (3-13) is rewritten as 

3F=訪;ziMNJzo

zτ7LzNMP[jo]{61+exp(-与)(er+k8vNi)} 
lVi押1，町、， 1 / .1 

qSAKIio]{1-exp(一手)}{~十-er}
巴xp守)-1

(3-13) 

(3-14) 

(3-15) 

(3-16) 

This is the rate equation for T. V process， and applying this relation to Nz and IIz mode of 

COz (Eqs. (2-1) and (2-2))， following rate equations are represented; 

(努)T-v=zN山 d]{1一回p(学)}{ムL u) 
出p(字)-16h

=KN{RA サ，
exp (与)-1

(努)T-V=そ山町;;]{1一回p(争)}{」fL62} 
出p(争)-1

=ん(4」-4)，
四 p巾-1

(3-17) 

(3-18) 

where RN is the gas constant of Nz， and KN， Kc denote the rate constants for T. V pro-

(35) 
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ceSses. 

3-3. Intermolecular V -V Energy Transfer 

As for the intermolecular process in CO2-N2， following kinetic reaction should be con-

sidered; 

C01t 1 (竹)+N戸コCO~( ν'3)+N;+1+18cm- 1 • (3-19) 

Equation (2-3) corresponds to the case of the lowest quantum level of this equation，田d

it presents the model to determine the kinetic rate constant associated with transition 

probability in undermentioned procedure. Similar to Eq. (3-9) from the principle of de-

tailed balancing， activation factor f for this intermolecular reaction can be obtained as 

1，1+1 r+，I;'， I 仏 (}w¥
f[ 113 ; N2 J=exp tー」T勺

、、，ノハU
円

d
q
J
 

r
'
t

、

、lII
F
-
-
1
J

1+1，1 r，r+l 
f[ν3'; N2J=1 

and the relations between steric factors are given by 

1+1，1 r，r+l 1，0 0，1 

p[ 113 ; N2 J=(l+1)(r+1)P[均;N2J，

、Bノ
噌

E
A

円，

L
q
d
 

〆
t
、、

、，S
E
E
l
B
K「
ZEB--aEJ

1+1.1 r.7+1 1.1+1 7+1，7 
P[ν3 ; N2 J=P[均 ; N2 J 

A) Intermolecular Transition Rate for Mode 113 of CO2 

With the aid of relations aforementioned， the energy transferred into mode 113 of CO2 

can be estimated. In the similar manner as Eq. (3-10)， general intermolecular rate 

equation from Eq， (3-19) has the following summed form， 

J町一ー ∞ 1+1.1 7.7+1 1+1.1 7，r+l 
"";}'= L: zcNN3，1+1NN，rf[ 113; N2 JP[ 内 ;N2 J dt ;;;:O-GN 

田 /./+1r+l.r 1，1+1 7+1.r 
-L: zcNN3，INN， ，+t![ν3; N2 JP[ 113 ; N2 J 

∞ 1，1-1 r，r+l 1，1-1 r，r+l 
-ZOZCNN3・INN，r![内 ;N2 JP[ 113; N2 J 

+ L: zcNN3，1-1NN，r+t![内 ;N2 JP[ 113; N2 J， 

Substituting Eqs. (3-20) and (3-21)， and with rearrangement we have 

dNu __1，0 O':_lr 、
ヨビ=zωP[ν3;N2Jは(/+1)品，I+l-IN:υ匹。(r+1)仙 ，r 

( / ， ， . ， .. ... 1 I (}~-(}w\∞寸
一~ (l+1)N3，パN3，l-lfexp ¥ -V;j TV7J;0(r+1)NNぺ-

The summation terms can be modified as 

(3-22) 

(3-23) 

(36) 
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Z(r+l)NNFZ rNNF+Z NNr=7LZ川 rNN，r+NN
r~O r~O r~O nνIN r=O 

園田 V

L (r+l)NN，r+J=L_rNN，r=ヱLr~o ¥.1 -r-.1./1'l N， r+}= ;=0' J..VN，r-k{)N ' 

=川端+1)， 

to give 

学 =z，川〉:;込J[{…
や+l)N3.1-IN3ト1}叫与生)珠玉]
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(3-24) 

(3-25) 

(3-26) 

The rate of energy change of e~ per unit volume is now obtained by multiplying lhll3 

to both sides of this equation and summing them over， 

えlhll今~M[;;;反骨h均[{山ル1川(議k+1)
f 、/8"，-80¥ p~， 寸

一~ (l+l)N3， 1-IN3， ト l~exp{V"'T' V3) ーとLー|l '" ' ~/"' 0，' ""' 0，'-' J ~"'Y ¥ T / NN8NkJ' 

then we have 

ヲト山[;:;品川[(品サ五{l(l+l)N3， 1+1-IW3，1} 
ρ~T I月一-80¥∞ f 。 】1
ー」ιexp(VN ，.，.，v3 ) L ~ 1(l+1)Nυ-12N3，1_1 NN8Nk ~"'Y\ T / i=ol"'"' ~/""，' . .'."-'JJ 

The summation terms in the right-hand side are replaced as 

~o {l(同 N3.1+1一向I)=21(川 N3l-20J2N3t=一議，
and 

え(か1)品川川上l片。か1)品「主1(州 2N3.I

=-L (l+1)N3.I 

=-(る+品)

Equation (3-28) thus has the form 

(3-27) 

(3-28) 

(3-29) 

(3-30) 

221=z N P[;山JI >T e} ，_ exp (土生)(eK+Nck83)-hr幸一+1)e~ l LNi}~k exp ¥ ~ J ¥ ソ ¥NNIJN内 /P3 J 

(3-31 ) 

Using the equations for energies per unit mass and gas constants， 

(37) 
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e~= ユL， eL=Z7EL， Rczi， and Rri， 
Ncmc' -" NNmN' --- mC' mN 

(3-32) 

the equation of intermolecular V-V energy transfer rate per unit mass into 1.I3 mode of 

CO2 is transformed as follows， 

(必)INT 1001[4  (与生)(e~+ RC{}3)-( jf }v:__v =zcNNNP[ 1.I3; N2 J岡田p(UN T u3 ) (e~+ RC{}3)-(R:;N +1) e~ ・

(3-33) 

B) lntermolecular Transition Rate for N2 

Similar to Eq. (3-10)， the general rate equation of 吋 henergy level of N2 has the 

form; 

dNw一回 /，1+1 r+l.r 1，1+1 r+l，1' 
コア=ZFNNυNN，r+d[1.I3 ;品 JP[ν3 ，抗]

曲 1+1，1r，r+l 1+1，1 1'，，.+1 

-Zob品，1+仇 rf[内;品 JP[ν3，品]

-AZCN仇 INN，rf[ν3 '品 JP[1.I3 ;的]

∞ 1+1，1 ，.-I，r 1+1，1 r-l，' 

+ZOZCN的 1+仇←d[ν3 ，的 JP[ν3 ; N2 J. (3-34) 

Through the same procedure， following relations are obtained; 

dN w 1 _ r 1， 0 ?'.I" ["" I局一見¥(， _"， >T i 
」 勺:cwP[ 川 2J I阿回抑抑p(-作一7デ戸刊刊i斗哨叩汁){(什{れ什桁仰(什加印r汁川+刊1川い一r州川Ndt ~CN' L'>O ..." L ~"，.. ¥ T / l" ."'''"T， "'''，' J 一

一{(r+l)N N，，-rN N， '~I} I~O(什 l)N3， I+I] • (3-35) 

∞ _v 
L: (l+l)N3.t=こL+Nc，1=0'''' .J.../.l.'1;j.1 k03 
国 -v
Z(J+1)N3.t=2 t:0'6---' iJ1V3.1+1-k{}3 

、‘'，Fo 
内

3
内ぺ

u
〆'‘¥、

、llk
f
i
l
l
J

∞ dNw r de~ L: rhl.lN ~';;v"=ーム
{;:O"WN dt -dt 

=zJP[;:;b;]|expih二生，)(ATe~ ，+Uhl.lw{ I: r(r+川町+1-I:_r2NN"t 
CLLV3，lV2JL ド ¥ TハNC{}3k'-'-/，WN  l{=日付 j

一勧{f/(r+l)九 -S。叫}]. (3-37) 

主。{r(r+川町+1-r2NN，r}=一議
、
ノ。。ηa 

qδ 
〆

'h、、

、ESE-
S
E》
1
1
1
1
1
J

え{r(汁 1川 y 刈・r}=-(議+NN)• 

and finally for the energy transferred into N2 per unit mass， 

(38) 
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(ウD7T1001(a-n n ~dt )v-v =zcNNcP[ν;的J[(e'1叫ん)既-65exp(~べ訪~+1)J (ト39)
Cc8N (de~\INT 

(3-40 ) 
CN83 ¥ dt /v-v ' 

where cc and CN are mass fractions of CO2 and Nz・

3-4. Intramolecular V -V Energy Transfer 

The intramolecular reaction between 113 and 112 modes of CO2 is specified as 

/ + 1 r r r+3 
CO2(ν3; 112)+Mτ:zC02(ハ;ν2)+M+416cm-1， (3-41 ) 

where Eq. (2-4) stands for the lowest reaction level to determine the rate constant. 

The principle of detailed balancing is extended to r-→r+3 change of quantum number. 

and activation factor is given by 

f[T，777]=叫(-与ι)，
、、，ノワムA斗4qa 

〆，
t

、、

、11
1
1
1〉
1
1
1
1
J

/+1./抗r+3
f[ 113; 112 J =1 

Also extended is Landau-Teller's condition to r→r咋3change， and from quantum me-

chanics the relations of steric factors are 

P[ 113; ν23]=す(什l)(r+l)(汁 2)(汁 3)P[円;に]，
/+1，/ r，r+3 /，/+1 r+3，r 

P[ν3 'ν2 J=P[ν3 'ν2 J. 

、、，ノqu
 
A
q
 

q
J
 

〆，
ι

‘、

ー

lir--，

A) lntramolecular Transition Rate for Mode 113.of CO2 

Corresponding to Eq. (3-10)， general rate equation for l-th level of mode 113 can be 

wntten as 
dN.! ∞ 2，r /+1，/ r，r+3 /+1，/ r，r+3 
ー":~"=L zcMNMN. f[ハ;ハ JP[113 ; 11， ] dt :=0じM3.1+132

∞ 2.r+3 /，/+1 r+3，r /，/+1 r+3，r 
-LzCMNMN_. f[ν3 'ν， JP[ν3; 112 ] 

タ~O _... 3，/ 

国 2.r /，/-1 r，r+3 /，/-1 r，r+3 

-ZFMNMぺJ[ν3'ハ JP[113; 11， ] 
∞ 2.r+3 /-1，/ r+3，r /-1，/ r+3，r 
+ L zcMNMN. f[ν3 'ν2 ] P[ η;ν2  J， 

r~ 日 3./-1

(3-44) 

where ~:í is the number density of CO2 in mode 113 with l-th level and in mode 112 with 

r-th quantum level. Substituting Eqs. (3-42) and (3-43) into Eq. (3-44)， we obtain， 

(39) 
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dN3，J 11.00.3 ∞ rll1 1'\f__11\(__I l") '\{~t 0¥J¥T2，r _lf__L1¥f .... _Lr')'¥(_..J..Q¥AT2，r 
一一一=c zCMNMP[ν;ηJL卜(t+1)(r十1)(r+2)(r+3)N' -1(r+1)(r+2)(r+3)N dt 6 -CM"'M L L -3' -2 ";:::oL'" -， ，. -". -". -， _. 3，/+1 

+ 邸仰叫p~件与生引){κ伽川川r什州川+刊叫1)山)山(附r什付刊+叶叫3め)N口;;ごご::ご:::一(α加刷川川f什削川川+刊叫叫1)以山)(山r件叫+1
(3一45)

In this step introduced are the normalized number densities defined by following 

relations; 

N3，1 一生!!.. -'ー坐j _，=N3，I.N2，1 
XI=苛τ.X，= Nと. Xi= Nc' Xi= Nc .7克明X，・ (3-46) 

In terms of these variables Eq， (3-45) can be rewritten as 

dN. 1 1 ._ _" 1，0 0，3 回「
ヲfLL=τZ仰 NMP[1I3;ν2JNc 1::0 L(l+l)(川)(日)(同)勾+IX， -l(r+ 1 )(r+2)(r+3) XIX， 

十回p(与生){l(r+l)問問XIーん一(川(r+1)(川)(川)叫3}J
(3-47) 

Multiplying Eq. (3-47) by lh均 andsumming over all energy levels， energy transfer rate 

of mode 113 in the process of Eq， (3-41) can be written by 

。V ∞ d̂人，
ニー主=L Ihll， ~L;LO" 
dt I"='O mv  3 dt 

=すZc，山 N内

+exp(与野。三。{12xl_I-I(l吋
The first summation term in the bracket of this equation becomes 

zo zμ 1+1)xl+I-12内向吋z向寸I}ふ}レドz叫以山，バρ川(ケ肘印r什州十刊1)(叩)(ケ肘印r什川+叶3

=20fz吟以山Yバ(ケr+1)ケ+2)(什3){色(ト山l-il匂I}

=-ZlztA(r3+6r2+11川 )X，• 

and the second summation term is， without exponential factor， 

t~Jι-/(1+1)ψ川(r+的+肋+3)

= えιh川+叶+3(ぷ(ケ肘印r汁州+刊1)(ケ加印r什+叫2)印

= え( μ内へz科Y一寸3〆んへz吟，+2加r町叫ωz叫，)べ(→。lxl)

(40) 

(3-48) 

(3-49 ) 

(3-50) 
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Substituting Eqs. (3-49) and (3ー50)into Eq. (3-48)， obtained is 

子=すそ山P[;:;ど][ -e~~o供6rz+ 11r+6川
/3(}.-(}o¥ /._ . ，，¥∞ 1 

+位P ト十~H N.向+en五(rL3r2+2r)Xづ
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(3-51) 

To evaluate summation terms in Eq. (3-51)， a Boltzmann distribution function is 

introduced. Without taking into account other modes， mode J.l2 of COz is assumed to be in 

a local vibrational equilibrium specified by a temperature T. Note that the partition 

function is different from what defined by Eq. (3-7) because of omitting other modes in 

COz. According to this assumption， following relations are obtained; 

/ rhJ.lλ 
n-eXP¥-kiJ 

z こ，;r ~v ~J. ~ {ト回p(hν，(3)}exp (rhJ.ldi)， 
Nc Q 

(3=ー土- kT' 

(3-52) 

where partition function QV is given by Eq. (3-3)， and vibrational energy per unit volume 

e~ is represented from Eqs. (3-1) and (3-5)， 

ニ Nr:h仏
e~= Ncmce~= L:_ rhJ.l，Nc 一一二ム」A ZYE京士瓦，(3)ー1

From Eq. (3-53)， the summation of rXr is given by 

ぶ 1 _ e~_A 
士。TXr二 exp(-hν，(3 )-1一疋hJ.l， =r1 

(3-53 ) 

(3ー54)

Also from the first differentiation of this equation by (3， following r官lationis obtained; 

θ/ι 一¥_hJ.l2 exp (-hJ.lz(3) _ (eDZ exp (-hJ.l，β) 
万ほJZyf{巴xp(-hJ.l，(3)ー1}z (Nc) 2hJ.lz 

=JLhv。{1+JL午hJ.l，A(1+A)• 
NchJ.l;--' ¥ - Nchνノ z

(3-55) 

In a similar manner the second derivative of Eq. (3-54) with respect to (3 becomes as 

。， (ι“¥一 θihJ.I， ~xp( -=-~~)l 
θβ2 ¥;::'0' ~r / θ(3L{exp(-hJ.l，、 h

= (hJ.l，)2A(1 + A)(1+2A). (3-56) 

On the other hand the summation of rXr is also obtained from multiplying Eq. (3-52) by 

r and taking their summation over r as follows， 

zo町 r-ζr{l-exp (hJ.l，(3)} exp (rhJ.l，(3) . (3-57) 

(41) 
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Taking the first derivative of this equation with s yields 

立仁三 rx，)=I:_ [r2h1l2 {l-exp (hIl2s)}叫(伽2s)一的112exp (hIl2s)叫(伽2s)]
θs¥作日 / 

=Z r2hvp，Z rhuzy 
:=0' "'2~' :=0""2 exp(-hIl2s)-1 

n，b
 A
 
2
 

uv 'n F 
Z
 

2
 
v' 

∞乞門
U
'
 
1n 一一

and the summation of r2x， can be obtained from this relation together with Eq. (3-55) as 

白 1θ/∞¥
，一一τ(L:rx, )+A2=A+2A2• 

;:0. -， hll28s ¥;:0. -， / (3-58) 

The second differentiation of Eq. (3-57) with respect s similarly becomes; 
~2 ，/回 、 品開
か山川=均三[ル2{1-exp(り)}悶(幼門前向田p(hν2s)exp (伽2s)]

=L:{ r切ら弘一2r2h2d z， -rh2d ZF } 
::'ol' '. 'G..". -， .. 'Gexp(-hIl2s)一1... -Gexp(-hIl2s)一1)

zh24T3zf261影(友会(え叫)+Aい切A2，
which gives the summation of r3x" along with Eq. (3-55)， 

国 lθ2I 曲、 2e~ 8 I∞¥  
x_=一一'"~~~?( L: rx.)十一一一一τ・:"(L: rxrl+A2+A3 

r';;'O' -r (hν2)2 8ß2\~O'-r/ . Nc(hll)“8s ¥r"::o' -r / 

=6A3+6A2+A. (3-59) 

Using Eqs. (3-54)， (3-58)， and (3-59)， the summation terms in Eq. (3-51) can be evalu-

ated to give; 

え(へ+的r+伽 r+向 )=6ML43，
¥ 1VCnll2 / 

2(九一3九十2η.)=6( .. ~~ )3 r";;o -__， --r _. -r' - ¥ NchνJ 

、ー'''
nu 

ハ
bqa 

f

，‘、

、11
1
1
1
'与
E
s
t
i
-
-
t
J

Substituting these equations into Eq. (3-51)， obtained is 

子←z仰:cMNMP[副P町[川 [( 蒜剥市yμ3そυu(ω叫川e~
(3-ト一6引1) 

Finally the equation of intramolecular V-V energy transfer rate per unit mass into 113 

mode of CO2 is represented as follows; 

(42) 
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(誓)ご=zcMN，パ;ピ][(訪3(e~+ Rc{h) exp (与生)叫

B) lntramolecular Transition Rate for Mode 112 of CO2 
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Similar consideration can be applied to the mode 112 of CO2， and the equivalent rate 

equation to Eq. (3-44); 

dN2 田 /，1+1r+3，r 1，/+1 r+3.r 
--工=L: ZcMNMN:・7+3f[ν3; 112 JP[ν3 ，内]
dt t=o 叩 ~.I

国 1，1+1r，r-3 1，1+1 r，r-3 
三zcMNMN;，，;f[ν3 J 112山 ν3; 112 ] 
国 1+1，1 久r+3 /+1.1 1，1+3 
三zcMNMN::;+J[ν3'ν2 JP[ν3 ' 112 ] 

1+1，1 r-3，r 1+1，1 r-3，r 
+50ZCMNMN;訂f[ 113 ; ν2 JP[ν3 'ν2 ] 

is transformed into 

互苧告T工→匂ωNMNcP[♂川ιババP町ι叫叫[ιι叫;ピ込山以仏:;刀:山;J♂ふ;にむ河:h芯苫]哩也巨巴0円 tべ(七ヤい(ケ加山r什+

×狗吋吋e回叫叫X却叫pベ(件与半生吟斗)-一2i計炉J〆F円(α刷f什削十刊1)九)X勾九川叫1+州l+l{C叶ι1心eヤいいr什州刊刊+刊叫lοω山)(治(νr叫叩肘川+いケい印日刊一→引-1)(以山)(

Making use of the following equations; 

L:XI=l， 

国 _v

L:Cl+l)xl=，1<3，ー+1，
1'"::0 v -，-， hll3Nc 
∞ ~V 

L:(l+l)x川=ーヱL
I=o's  hLJ3Nc' 

and multiplying by rhll2， the summed rate of energy transfer becomes as; 

de~ ;， ， dN2， r 
dt :=0'目的 dt 

(3-63) 

(3一64)

(3-65) 

[""， ( e~ ，，¥ (3(}，-{hヘf∞
=7zrMNMNcP[ν; ~; ] I hll2 (一一+リexp(VV~ VOH L: r(r+1)(r+2)(r+3)川

M レ 3 し¥Nchll3 . -/ _"'-¥ T / l;:o 

一三代r-l)(r-2)xr}-hIl2("e:.)伝的+1)(同)(同)Xr~o' V ~/V -/-r J "'2 ¥Nchll!l;':O 

一台2(刊 (3-66) 

(43) 
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The summation terms in bracket are estimated by 

台(r切+山川云〆(r一山
、
目
」
ノ

ヴ

t
ハ
bqd
 
〆'也、

、.ga
E
E
E
-
-
E
E
k
r
Z
E
E
E
E
-
E
t
J

Er(r+l)(r+2)(r+3)zy-272(rl)(r2)川 =-18(JL+13
¥ Nch 11 2 -/ 

And finally obtained is the rate equation of intramolecular V-V energy transfer per 

unit mass to mode ν2 of CO2 as follows; 

(多)ご=仙ι:;;:]そ[-(長y(e~+ RC(J3)exp (与生)+e~(朴正}YJ
(3-68) 

4. COMBINED RATEEQUATIONS FOR C02-N2 SYSTEM 

According to the three-mode model shown in Fig. 1， summarized energy rate equations 

for modes of energies e~2=e~+2~ ， ~， and e'Jv can be given by the following relations; 

学=2(わ〆(笠xう，
チ(努);:;+2(穿)ご， (4-1) 

学=(努)T-V+ (努)ご
Substituting Eqs. (3-17)， (3-18)， (3-33)， (3-40)， (3-62)， and (3-68) into these terms 

yields the final form of Eqs. (4-1) as; 

じ 3(Jo
ニニゴ=-L1eHニコL1e.~? . dt “ (J3 叫，

生~=-L1 e~2+ L1ゐ
dt 

'K， er(JN 
ニニ~=-L1ef，-:.v-~' L1egN. 
dt --" CN(J3 

(4-2) 

(4-3) 

(4-4) 

where 

e~=ばc{ e~ 一与~}.
2 ex; (ヂ)-1 (4-5) 

ef，=ゐ(eL R7~\ J. 
N 叫(ず)-1

(4-6) 

(44) 
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d血材幼eK佑'K2=2仇九吋{(偽毒サ〉込hトH刊(ω附6

d崎命=巾Q伽叫α{附此Rcfla附0仇ω3ρ)最蒜N回抑叫pベ(与ザ83う)一(最N中K}
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(4-7) 

(4-8) 

These relations are what are called vibrational rate equations for CO2-N2 (+He) system 

employed in the analysis of CO2 GDL. Here rate constants Pc and QCN are defined by 

1，0 0，3 

Pc=ZCMNMP[ν3; IJ 2J ， 

QCN=zCNNNP[ν3; N2J， 

and each of these constants is the reciprocal of vibrational relaxation time " so that the 

parallel resistance rule for ， can be applied to the constants to give， 

XN ， Xc， XHe 
Kc=一一+一一+一一一，
'2N '2(コ r2He

白 XH•
Jol..=--Il..N-- ， 
'NH. 

XN， XC， XH• 
PC=一一+一一+一一，
'3N τ3C '3He 

QCN=主主，
τNC 

(4-9) 

with neglecting small terms. Relaxation times can be practically determined byempirical 

data， e. g. from Taylor and Bittermannll). The data for relaxation times used in our in-

vestigation of CO2 GDL are examplified as follows; 

log(Pr2c)=一0.7636-30.94α+599.1a2_2123a3，

log(ρ'2N )=-2.475+41. 43a-94. 36a2， 

log (T'2H.)=1. 673一72.31a+635.9α2_1667αヘ

log(ρτNH.)=-2.179+34.6α， 

log(ρ'NC)=一0.7297+19.03a-170. 4a2+159. 7αヘ

log(T'3C)=ー0.9207-89.93α+ 1433a2_5114αヘ

log(T'3N)=-20. 73+412. 9α-2681α2+5988α九

log(ρ'3He)=3. 360-160. 8α+1821α2_5699αヘ
where T(め，p(atm)， and ，(μsec) are employed and 
α=T→13 

(4-10) 

For example， the relaxation constants obtained from Eqs. (4-9) and (4-10) are shown 

in Fig. 2， in the case of (XC，XN，XHe)=(0.1， 0.4， 0.5). 

(45) 
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Fig. 2 Variation of rate constants with temperature. 

(Xc， XN， XHe)=(O.l， 0.4， 0.5) 

5. AN IMPROVED FORM OF RATE EQUATIONS 

Owing to the assumption of 3-mode model in CO2-N2 system， modes 111 and 112 are spか

cified by a single vibrational temperature T12・Whenthis model is applied to the numerical 

analysis such as time-dependent method for quasi-onedimensional nozzle flow of CO2-N 2， 

algebraic equation with respect to T12 must be numerically solved at each step to obtain 

the energies ~ and e~ separately. To avoid this numerical inefficiency， the rate equations 

are transformed into the improved expression with vibrational temperatures. 

Since the vibrational energy in each mode is a function of single vibrational temperature， 

following derivatives with respect to the temperatures can be derived; 

虫色 Di 叫J:;) ム司 自P(先)_J fc 官、

_.v l(~112y {回p(先)-ly -(ぞy{叫
白
N
一他山川

U
Y

一

却
一九一向

島
Mm一
河
川

(46) 
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nexp  (先)
ぽN.." (宮y{位p(女)-lf

The Rate Equation (4-2) for mode 1 in Fig. 1 can be arranged as 

def2 dTI2 . .，. 3{)。
一一一一一=-de~+ーよ deE.dTI2 dt --G {}3 
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(5-3) 

(5-4) 

and with the aid of local equilibrium together with Eq. (5-1)， the expression with TI2 

transformed from Eq. (5-4) is obtained as 

:t (主)=I目 p(え) +2~xp (お 1
ーブ l(::2 y {exp (手!:)-IY (31ずいp(兵)-lyI 

where dT~ and dT~2 are defined by 

dU昨即……作何問向=→北2江払べKιC

dT一2但R{巴叫先お削)万)r-ト一t吋低叫p崎(使主わか)μ川州低抑叫pベ(件等半f全今3つ) 
曲 {回p(かれexp(女)-1}

(5-5) 

(5-6) 

(5-7) 

In the similar procedure to obtaIn Eq. (5-5)， expressions of Eq. (4-3) by T3 and Eq. 

(4-4) by TN can be transformed as follows; 

ーー (2Y{e刈兵)-ly
五(去)=‘

出p(支)

(号r{exp (会)イ
ー(号)= (m器ぬ)， 

exp (会)

where d T~N and d T~ are given by 

川市exp(女)叫ザ~)一郎p(完)
… (叫支旬)-一1}{かe叫X

m…=喝んベ{仁e叩 l 4)-l 
(47) 

(5-8) 

(5-9) 

(5-10) 

(5-11) 
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Equations (5-5)， (5-8) and (5-9) are the temperature expression of rate equations， 

which can be employed to numerical analysis without solving them to obtain vibrational 

temperatures in each numerical step. The similar consideration can be applied also to 

the vibrational energy expression of rate equations， and both expressions are utilized ac-

cording to numerical demand. 

6. CONCLUSION 

According to the assumption of three-mode model in COz-N z (十He)system， the de-

tailed derivations of molecular vibrational rate equations are presented. An improvement 

of the form of these equations cqnvenient to tim争dependentnumerical analysis is also 

made to be present. 

Along with this system of rate equations， mass， momentum， and energy equations and 

equation of state are employed to estimate the performance of COz GDL. A quasi-onedi-

mensional calculation of these equation was applied to a nozzle shown in Fig.3 by explicit 

time-dependent numerical method devised by MacCormack as an exampIe. The typical 

result for the distributions of temperatures T， Tz， T3， and TN is represented in Fig. 4. As 

can be seen in this figure， the present method by the system of rate equations with temper-

ature expressions predicts reasonable performance of conventional COz GDL. 
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