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The Measurement of the Heat Release Rate of the Flame

M asayoshi Kobiyama, Chuji Mizuno

and Hirokazu Ishida

Abstract

In this paper, the authors proposed a measuring method of the heat release rate of a flame
being in a steady state to clear the mutual relationship between the combustion process and
the heat transfer process. The measuring method used here is the one in which the dis-
tribution of the heat release rate is obtained by substituting the measured profiles of temper-
ature, velocity, radiative absorption coefficient and concentration of chemical species of the
flame and combusted gases into the energy equation. The experiment was performed with
the coaxial diffusion flame made of the air-propane gas jet changing the excess air ratio
and the fuel flow rate to investigate the difference of the heat release rate. Experimental
results show the typical characteristic of the diffusion flame, that is, that there are not only
exothermic reacting zone but also endothermic one and that the higher exothermic reacting

zone exists near the flame front.
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Sound Field Produced by the Vibration of a Rectangular
Solid Structure and Sound Visualization

Kohshi Nishida

Abstract

The purpose of this paper is to clear the sound field made by a vibrating rectangular solid
structure experimentally and theoretically.

In the calculation of the sound field, it is assumed that the sound emitted by each plate of
a vibrating rectangular solid structure is propagated in the half space divided by an infinite
plane involving a plate and that the diffraction and reflection effects of the sound can be neg-
lected. It is further assumed that each plate conforms to the same deflection as in the case
of a rectangular plate with simply supported edges. The measurement of the distribution of
sound pressure levels in the sound field was performed by using a sound visualizing device.
The device consists of the electric circuit system to switch three colored light emitting diodes
attached to the microphone according to the magnitude of the sound pressure level, a micro-
phone automatic scanning device and a photographing set.

As results, the calculated distribution of sound pressure levels around the vibrating solid
structure agreed fairly well with the experimental results. Moreover, the vibration modes of
a plate were identified with both the experimentally visualized and the calculated distribution

of sound pressure levels in the very near field above the plate.
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72#2L, C=sinh(Zuma)—sin(2unma), D=cosh(2uma)—cos(2uma)
C'=sinh(2u.b)—sin(2u,b), D'=cosh(2u,b)—cos(2usb).
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A Note of Vibrational Rate Equations for CO;~N, System
Applied to CO, Gasdynamic Laser

Kazuo Maeno

ABSTRACT

The detailed derivation of molecular vibrational rate equations in CO;—N; (+He) system
is presented, based on the assumption of three-mode model. Also given is an improvement
of the form of derived rate equations with temperature expression, which is convenient to time-
dependent numerical analysis. A quasi-onedimensional estimation of the characteristics of
CO; gasdynamic laser by these equations was performed with the aid of mass, momentum,
energy conservation, and equation of state. Explicit time-dependent technique devised by
MacCormack was employed. The estimated performance of CO; gasdynamic laser shows

reasonable agreement with the result from conventional CO; GDL analysis.

NOMENCLATURE
C : Mass fraction of i—th gas
H : Vibrational energy per unit mass of i—th gas (mode)
4 . Vibrational energy per unit volume of i—th gas (mode)
f : Activation factor, fraction of collisions that involves sufficient energy
g : Statistical weight of I—th energy level
h : Planck’s constant, #=6.6256x10"3¢ Jsec
k : Boltzmann constant, k=1.38054x10-23 J/K

Kw, Kc: Rate constants for T—V process defined by Egs. (3—17) and (3—18)

l : Quantum number of an energy level

mi : Molecular weight of i—th gas

M : Collisional partner molecule

Ni : Number (population) density of i—th gas per unit volume, Ni=IZ_IONi,1
Ni,;  : Number density of i—th gas per unit volume in energy level ¢,

N{/  : Number density of I~th energy level in i—th mode with r—th level in j—th mode
P : Steric factor, fraction of sufficiently energetic collisions for reaction
Pc¢  :rate constant of intramolecular V-V process defined by Eq. (4-7)

Q7 : Vibrational partition function of i—th gas

Department of Industrial Mechanical Engineering Muroran Institute of Technology
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Qcy @ Rate constant of intermolecular V-V process defined by Eq. (4-8)

R; : Gas constant of i—th gas, Ri=k/m;
r : Quantum number of a vibrational energy level
T : Temperature, or translational temperature

%,% . Normalized number densities defined by Egs. (3—46)

7

% : Normalized number density defined by Egs. (3—46)

Xi : Molar fraction of i~th gas

Z : Number of molecular collisions per unit volume, per unit time

z; ; : Number of molecular collisions between i—th and j—th gases (modes)

v, V,V, vy Symmetric, bending, asymmetric vibrational mode of COgz, and vibrational
mode of N3, also denoting the energy frequencies of these modes
& : Vibrational energy of a molecule, e=lhv, 1=0, 1, 2,......

6,0,0,0y: Vibrational characteristic temperatures of modes v, v,, v,, and vy

v : Frequency of energy (radiated light), c=2av

7 ;  : Relaxation time of energy transfer between i—th and j-th gases (modes)
Subscripts

1, 2, 3, N:Vibrational modes v, v,, v,, vy

12 : The first mode of three-mode model, combined mode v, and v,

C : COq

N : N2

H, He: He

I, r :Quantum numbers

1. INTRODUCTION

With the progress of investigations about CO; gasdynamic laser (GDL), new appli-
cations have been in our scope to technology such as isotope separation, space energy
transmission, laser fusion, or material processing.  Together with these applicational
approach, the clarification of fundamental phenomena in CO; GDL is still of importance.
As regards the general characteristics of gasdynamic lasers, the reviewed volumes by
Anderson® and Losev® should be referred.

In analyzing the fundamental performance of CO; GDL, a system of ‘vibrational
relaxation equations that dominate energy transitions in laser gas system (COs—N3) play
a principal role. Several rate equations have been derived corresponding to the model of

COs—N; vibrational relaxation processes®®-®, Among others commonly employed are.the

(30)
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rate equations based on three-mode model, which were dissertated by Lee® or Anderson®
in the standard formulation. The detailed deduction of these equations, however, is not
so familiar to aerodynamicist who investigates CO; GDL from the fluid dynamical aspect,
and some misunderstanding for rate equations may occur without regarding the difference
of kinetic models, e. g. those of intramolecular processes.

Anderson? gave partly the information of these formulations following the work of
Munjee”, which is not enough to understand the intramolecular vibrational-vibrational
energy transfer of CO2 The derivation of these equations was given also by Suzuki® in
detailed form.

This paper presents the detailed formulation of vibrational relaxation rate equations
for CO2—N; system, according to the method reported by Suzuki, with further refinement.
Also an improvement of the form of rate equations is discussed in order to apply them

with computational facility to the numerical time-dependent analysis of CO,; GDL.

2. VIBRATIONAL KINETICS

Under the condition that dissociation or ionization of molecules are not prevailing, the
probabilities of detailed energy transfer in CO,—N; system are ultimately specified by the
following vibrational kinetic reactions;

Translational-Vibrational (7-V) Processes

COFw,)+M=—=CO+M+667 cm™! (2-1)
Ni*+ M= Ny+M+2331 cm™! (2-2)

Intermolecular Vibrational-Vibrational (V-V) Processes

CO¥(v,)+N===COs+N#+18 cm™! (2-3)
Intramolecular Vibrational-Vibrational (V-V) Processes

COF(w,)+M==COF** (v,)+M+416 cm ™! (2-4)

COF(w)+M=COF* (v,)+M+102¢cm™! (2-5)

In these kinetic reactions, the asterisks denote the vibrational quantum level in a given
mode, and M represents a collisional partner which may be CO,, N, (He). The intr-
amolecular V-V process given by Eq. (2—5) is well known as Fermi Resonance, where the
energy transition is so fast that modes v; and v2 can be reasonably assumed to relax in

equilibrium. Though the reaction by Eq. (2—3) can also be supposed as near-resonance

3D
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Fig. 1 Vibrational modes and energy levels of

CO2;—N; molecules. (three-mode model)

called “energy pumping”, these modes are treated separately because of the intermo-
lecular effect and of the applicability of this analysis to laser energy extraction. Ac-
cording to the conditions above mentioned, three-mode model can be assumed in vi-

brational kinetics of CO,—N, (+He) system, which is shown in Fig. 1.

3. FORMULATION OF RATE EQUATIONS

3—1. Vibrational Energy, Transition Probability, and General Rate Equation

As for the processes shown in Fig. 1,vibrational rate equations canbe derived in corre-
spondence with Eqgs. (2—1) to (2-4). Before penetrating into the each detailed rate
process, several fundamental relations of molecular statistics are outlined.

The vibrational energy of unit mass of i-th gas, ¢?,is given by

e 1
U — 1 3_1
€= Nimi; Nimi 120 Ni.ie= Nom IZ:ON;,Ith , ( )

where number density per unit volume, Aj;, is defined by the number (population) density

of i-th gas, NV, in energy level ¢, as
Ni=% N, e/ =Ilhv.
=0
From local thermodynamic equilibrium (Treanor Equilibrium) defined by temperature

(32)
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T, Boltzmann distribution in I-th energy level can be formed as

.g,. exp <~k—%)

= 3-2
lel N: Qf ( )

The statistical weight g, of I-th level is regarded as unity, and €/ is partition function of

i-th gas to give

Q,'-’=i exp <“M—1-J)=———L——— (3-3)

=0

for the system of harmonic oscillators. In terms of the combination hv/k called charac-

teristic temperature, ,, Egs. (3—2) and (3—3) become

Ni,i=Niexp (—@T-!){l—exp (—%)}
1 (3-4)
1—exp (—%%) ,

and vibrational energy e of Eq. (3—1) is expressed as follows?,

Q=

€f=RT25(:;: InQ¥= .__Q”ai__ . (3-5)
G

These relations are applied to the gas of diatomic molecule.  For poliatomic molecules
the relations can be extended, and the following equations are obtained about CO, under

the assumptions of local equilibriums;

Rcﬁl , 2R502 + R603

eg:(el;_'_zeg_'_eg):exp (%)_; exp (Tif)ﬁl exp (%33)_1 >

- (- )P (o (- (r-on (R 0on

where Ty;=T1=T,, T; are vibrational temperatures that define the local equilibrium vi-

(3-6)

brational energies, Rc is the gas constant of CO,, and 8, 6;, 65 denote vibrational charac-
teristic temperature for each mode in Fig. 1, 6,=1997 K, 6,960 K, 65~3380 K, (0,=3353 K) .
The energy ¢’ is extended to the local vibrational energy in i-th mode of CO,. The factor
2 of the second term in the right-hand side of Eq. (3—6) represents the degeneracy in v,

mode.

(33)



560 Kazuo Maeno

In the process of vibrational energy transfer by molecular collision, the rate of a re-

action is presented in the following general expression'?;

which take transition

per unit volume, per that involve sufficient
unit time. energy.
[collision rate]Z [activation factor]f

per unit volume, per

Number of collisions (
unit time.

Number of collisions) Fraction of collisions)
X

collisions resulting in actual reaction, (3-8)
defined by quantum mechanics.
[ steric factor] P

(Fraction of sufficiently energetic
X

The combination fP is usually considered as transition probability. Activation factor f
can be evaluated from equilibrium kinetic theory'® or simply from the principle of de-

tailed balancing® to give

1l+1

JANE) ]=exp<—g,l%> for /-1I+1, o)
3-9

Hil'l]:l for I+1-1.

Using the terms above mentioned, obtained is the general rate equation that represents
the change per unit time of number density of harmonic oscillators in I-th vibrational
energy level as follows;

2l+1

. I+ 1+ IENES! 15
ANii_ o NN fE d IPL G 1 zuNuNe i fC 1 1PC s ]

a M
-1 )y

bil-1 1 - I-b/
2 NNt L7 1PL & 14z NulNesifL 1 1PC D, (3-10)

5,1+1
where z;, is collision frequency between i-th gas and M, and the bracket [ ¢ ] denotes

the transition of I-th quantum level of i-th molecule to I+1 level.
3-2. T-V Energy Transfer

Regarding the transition probability, Landau-Teller’s condition in quantum mechanics
gives the following relations for steric factor,
li+1 l+Ll
PL ¢ 1=PL i 1],
(3-11)
I+1,1 1,0
Pl ¢ 1=(+DHPL 7 1.
From Egs. (3—9) and (3—11), the general rate equation (3—10) becomes in the following

form,

(30)
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dNt,I

Vot WP Ui I DN, o=t oo (=5 ) { Vo= D ML)

(3-12)
As the vibrational energy e/ is expressed by Eq. (3—1), the rate of energy change is ob-

tained by multiplying lhv to Eq. (3—12) and summing them over to give

de! 1 ) 8, )
i MNMP[ i ]th [1(/+1)N, o2 rrexp (2 ){/N,, DN
(3-13)
In the bracket of right-hand side of this equation, we have
S {UCH) Ny o= 2N, Y= 5 U=1IN; = 3 N, == 3 IV, 1, (3-14)
1=0 1=0 =0 =0
and
S PNy - I D Ny )= IN6 i+ S N (3-15)
=0 =0 =0

With these relations, Eq. (8—13) is rewritten as

de! 1

d Pl i - S thl, r+exp (-%) (& mon S I, )]

=W};n—i2iMNMP[ ‘;"] { —eY+exp (—'9—T”> (e}’+k0yN;)}

=z,.MNMP[1'z'0]{1—eXp( 2} R<> ~et}. (3-16)

This is the rate equation for 7-V process, and applying this relation to N; and v; mode of

CO; (Egs. (2—1) and (2—2)), following rate equations are represented;

(), om0 {1 (-G Lon—a)

()1

ZKN{;;R(A%;’:)i—I_e;}’ (3-17)

(G zeuvap i1 {1-exp () - (5

el ) (319

where Ry is the gas constant of N,, and Ky, Kc denote the rate constants for 7-V pro-

(35)
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cesses.
3—3. Intermolecular V-V Energy Transfer

As for the intermolecular process in CO;—N3, following kinetic reaction should be con-
sidered;

CO% '(v)+N;=COL(v)+N; " +18cm™". (3-19)
Equation (2—3) corresponds to the case of the lowest quantum level of this equation, and
it presents the model to determine the kinetic rate constant associated with transition
probability in undermentioned procedure. Similar to Eq. (3—9) from the principle of de-

tailed balancing, activation factor f for this intermolecular reaction can be obtained as

LI+1 r+1,7 _
Flw, Nz]=exp(#03 0”>,

T

(3-20)

L o+l

f[ Vs NZ ]:1 >

and the relations between steric factors are given by
I+1,1 rr+l 1,0 0,1

Pl ; Nol= (1+1)(7’+1)P[V3 N»J,

(3-21)

[+1,0 r,r+l L,I+1 r+1,r

PLvs; N2 1=P[vs ; N;]

A) Intermolecular Transition Rate for Mode v3 of CO.
With the aid of relations aforementioned, the energy transferred into mode v; of CO,
can be estimated. In the similar manner as Eq. (3—10), general intermolecular rate

equation from Eq. (3—19) has the following summed form,
dNBl I+1,0 rr+l I+1,1 r,r+1

dt ZZCNNa 1+1NN rf[ v3; N, 1P[ vs; N, ]

L, 1+1 r+1,7 LI+l r+1,r

ZZCNNS INN r+1f[ v3; N» JPL vs; N; ]

oo 1,1-1 r,r+1 Li-1 r,r+1

"Z=OZCNN3,1NN,rf[ vy ; N2 JP[ vs; Ny ]

I-1,1 r+l,7 I-1,0 r+1,7

+ZZCNN31 1NN r+1f|: V3, Nz ]P[ V3, Nz]. (3—22)
Substituting Egs. (3—20) and (3—21), and with rearrangement we have

dnN. 1,0 0,1
d;l z2eyPlvs; NaJ [{(/"‘1)1\/3 1+1~ [ N3, 1}2 (r+1) Ny,

DN exp (< BE DN ] (5-28)

The summation terms can be modified as

(36)
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S o o 1 &
> (7’+1)NN,r=Z VNN,r+Z Ny,»=7— )y hyyrNy,,+ Ny
r=0 r=0 r=0 hVN r=0

=N (75 NN;Nk-H) (3-24)

and
Z(r"‘l)NN r+1—z rNN r= ka » (3_25)

to give ¢

1,0 0,1 v
gg%:zcnrNNP{ Iz Nz][{(l“‘l)Na,n1‘1Ns,l}(ﬁ%+ 1)

01\] 63 . _
_{(1+1)N3,1—1N3,;—1}exp< )NwﬁNk] (3-26)
The rate of energy change of €5 per unit volume is now obtained by multiplying Ilhvs

to both sides of this equation and summing them over,

< dN L0 0,1 o
S it = zCNNNvaa;Nz][goth3[{([+1)N3’ZH_ZNM}(Névk_H)

—{(1+1)N3,1—/N3,1—1}exp<0N;03)];]—Neo%?g , (38-27)

then we have

de 1,0 0,1

= ey NwPLvy; Nz]hw[(Ne k+1)2 I(+1) N3, ,+1~1N3,}
N

ek Oy—0,\ & o B
VoA exp (2 )120 I(I+1)Nas 1N3,,_,}]. (3-28)
The summation terms in the right-hand side are replaced as
) Y No o1 N }—i(m)/N S Ny (3-29)
EO{/(Z‘H N3 141 af= 2 507 L NS =" g s
and

5 {l(1+1)N3,1—12N3,;_1}=i [(H1) N3~ 3 (1+1)2Ns,
/=0 =0 I=-1
=—§](Z+1)N3,1

— (;ekJrNc). (3-30)

Equation (3—28) thus has the form

cfie; 2oy N PL :z: ;\/;] [N:gv,vk exp (0";03> (e‘§+ch03> - <N_5;£N_k+1> e‘é] .
(3-31)

Using the equations for energies per unit mass and gas constants,

(37
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. 8 T R . SR & (3-32)
eS_Ncmc’ N Nymy' “Tme’ M my

the equation of intermolecular V-V energy transfer rate per unit mass into vs mode of

)(e+RCB) ( i )e3]

(3-33)

CO; is transformed as follows,

(‘%‘i):ﬁ:zCNNNP[ Lf ?\/‘; ] [ Ruby, &P (

B) Intermolecular Transition Rate for N,

Similar to Eq. (3—10), the general rate equation of r-th energy level of N; has the

form;
dNNr o LI+1 r+l,r Li+1 r+l,r

Z CNNS,INN.7+1f[ vs ; N JPL vs ; N, ]

+1,] r,r+1 I+1,] r,r+1

Z ZCNNs 1+1Nu, - fL vs 3 N2 JPL vs; N2 ]

LI+l r,r=1 Li+1 7r,r—1

—Z ZCNNQ. /NNrf[ V, Nz ]P[ Vs , Nz ]

I+1,1 r=1,7 [+1,0 r-1,7

+Z ZCNNB 1+1NN7*1f[ vs ; No JP[ vy ; N. . (3-34)
Through the same procedure, following relations are obtained;

PN+ DNV} B DN

N 1,0 0,1
d—u=zCNP[ vs3; NpJ [exp (

at
~{ DN Ny } E G DN 1] (3-35)

2<1+1>N3,-k0 + N,

. . (3-36)

g(l“‘l)Na 1+1= kﬂi )

ANy, deh
ZorhovT =0

ZZCNNCP[L':; R/;] [exp( w0, )(N:§3k+l)huN{gor(r—i-l)NN,rﬂ-goerN,,}

eath < 2 _
Vo LZ 7 DN~ XN} | (3-37)

oo \4
Z{r(r+1)N1v,r+1—erN,,}=——ei ,
=0 0Nk

(3-38)

< 2
EO 7’(7’+1>NN'r 7 NN‘r} (6 k +NN>
and finally for the energy transferred into N per unit mass,

(38)
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)] (3-39)

_‘—ccaN Lie_té INT -
- CN03<dt> ’ (5-40)

deN INT 1,0 0,1 01\’*03 e?é
(dt)v_ zCNNcP[xzs,Nz] (e} +Ruby )Rﬁ eNexp< T >(Rcl93

where C¢ and Cy are mass fractions of COz and No..
3—4. Intramolecular V-V Energy Transfer

The intramolecular reaction between v; and v, modes of CO; is specified as
I+1 7 r r+3
COy(y, ; v )+ M==COxv,; v,)+M+416cm™", (3-41)
where Eq. (2—4) stands for the lowest reaction level to determine the rate constant.
The principle of detailed balancing is extendsed to r—>r+3 change of quantum number,
and activation factor is given by
1,l+1 r+3,7 0*3
SLv,s v, ]=exp<~—iTe—2),

I+1,0 77+3 (3—-42)
Lo, v, 1=1 ,

Also extended is Landau-Teller’s condition to r—>r+3 change, and from quantum me-

chanics the relations of steric factors are

I+1,0 rr+3 1,0 0,3
P[ v, va ]=—(l+1)(7’+1)(r+2)(r+3)P[ua, v,1,
(3-43)
1+1,1 r,r+3 4,l+1 r+3,7

Pl v, v, I=PLv,; v, L.

A) Intramolecular Transition Rate for Mode v;.of CO,

Corresponding to Eq. (3—10), general rate equation for I-th level of mode v; can be

written as :
dN. oo [+1,] r,r+3 [+1,0 r,r+3
“ZCMMN STves v 1Py, v, ]
2,7+3 1,i+1 r+3,7 [,i+1 r+3,r
chMNMN SUv,; v, IPL vy v, ]
5,1-1 r,r+3 L,I-1 7rr+3
—Z zCMNMN f[ vy, v, 1PL vy v, ]
2,7+3 I-1,1 r+3,7 -1, r+3,7
+Z ZCMNMN f[ vy v, JPL vy v, 1, (3—44)
where N%7 is the number den31ty of CO; in mode vz with [-th level and in mode v, with

r-th quantum level. Substituting Egs. (3—42) and (3—43) into Eq. (3—44), we obtain,

(39)
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ng[ 1 1,0 0,3 o 2,7 2,7
a7 6 2uNu Pl vy v, ]Z_o[(m)(r+1)(r+2)(r+3>N3 Lo DG +3IN

ren (i 2N -GN ).

(3-45)
In this step introduced are the normalized number densities defined by following

relations;

2
_N3.1 _NZ,r , N3T ,_NS.I N

="

X;= 7 X, =7 xr;= x;= ° =XiTy.
" Ne " Nc¢’ ONe "' Ne No TP

(3—46)

In terms of these variables Eq. (3—45) can be rewritten as

1,0 0,3 I
et NP v, v, INe ) [ DD+ D+ 0, 2, L+ D42+ D)y,

+exp (@){z<r+1>(r+2>(r+3>x,_lx,+3— DD+ 2+ 3)2,3,05 ).

(3-47)
Multiplying Eq. (3—47) by lhvs; and summing over all energy levels, energy transfer rate

of mode v3 in the process of Eq. (3—41) can be written by

de' = aN
Ti%zgo”“’a -

1,0 0,3

1 oo oo
~ & zaulin Neh,PLus; 2] | £ S {1 Dy~ } 2,04 DG+2)r+3)

rexp (350 £ § {0+ D} 2 D204 (3-48)

I=0r=

The first summation term in the bracket of this equation becomes
S S {1 Dz a2, DO 2)(+3)
=0 7r=0
=35, DG+ E - Dln~ T Pa,}
r=0 =0 /=0
=3 12, 3 (P67 117 +6)z, , (3-49)
JEC =

and the second summation term is, without exponential factor,

TS {lzx,_l—l(l+1)x,}x,+3(r+1)(r+2)(7’+3)
{=0r=0
=5 DD+ £ D~ B 10 D)

=§ (r%c,—3r%c,+2rx,) <1+Z lacl) . (3-50)
7=0 =0

(40)
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Substituting Eqs. (3—49) and (3—50) into Eq. (3—48), obtained is

a1 1,0 0,3 =
d_tsz_G_szNMp[ vy v, J [—e‘;go(73+672+11 r+6)zx,
+ exp (302463> (Nchus_'_e;’) 20(7’3—3?’2'4"27)1‘,:1 . <3—51 )

To evaluate summation terms in Eq. (3—51), a Boltzmann distribution function is
introduced. Without taking into account other modes, mode v; of CO;is assumed to be in
a local vibrational equilibrium specified by a temperature T. Note that the partition
function is different from what defined by Eq. (3—7) because of omitting other modes in

CO;.  According to this assumption, following relations are obtained;

__ﬁz,_l_eXp< Z?)
T Ne QY
p=7r

={1—exp (hv,B)}exp (rhv,H), (3-52)

where partition function " is given by Eq. (3—3), and vibrational energy per unit volume
ey is represented from Eqgs. (3—1) and (3-5),

Nc/’ll/z

eV= Ncmce‘;='§orhuchx,=m . (3-53)
From Eq. (3—53), the summation of rx, is given by

oo A

Y rz,= 1 =% —y, (3-54)

= exp(—hv,8)—1 " Nchv,

Also from the first differentiation of this equation by g, following relation is obtained;

i(i ) hvsexp(—hv,8)  (e))%exp(—hv,B)
ap lexpC v, -0 (No)%hw,

v
+ —_
Nchuhu2< Nch) I, A(L+A) . @)

In a similar manner the second derivative of Eq. (3—54) with respect to § becomes as

ol hv,exp(—hy, )
0,82 <Z=: ) {exp(—hv,8)—1F
=(hv2)2A(1+A)(1+2A). (3-56)

On the other hand the summation of rx, is also obtained from multiplying Eq. (3-52) by

r and taking their summation over r as follows,

hiNgk:
g
X

=§07{1*exp(hu2/9)}exp(rhuzﬂ). (3-57)

(40
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Taking the first derivative of this equation with g yields

28 (; rx ) Z:O[ r*hy,{1—exp (hv,B)}Yexp (rhv,B) —rhy, exp (hv,B) exp (rhv,8)]
3,2 _5 N
rgor hvz, Eorhuz exp (—hv,)—-1
=hy, Z,Orzx,—huzAz,
and the summation of r%x, can be obtained from this relation together with Eq. (3—55) as

Z r’r,= h Y (; rx )+A2=A+2A2. (3-58)

The second differentiation of Eq. (3—57) with respect § similarly becomes;
a7 (5r) =25 2

= Z { 7% Zu%x,—Zrzh 2%
7=0

Z (#*hv,{1—exp (hv,B)} exp (rhv,B)—rhy, exp (hv,B) exp (rhv,B)]

xr
exp(—hv,f)—1 A Vzexp( huzﬂ) 1}

=% er 2”1’\;0 ™ aﬂ(;orx)+A2}—h2u%A2,

which gives the summation of r®x,, along with Eq. (3—55),
ol 1 25
3 2+ 3
rgorx, T )26ﬂ2<2 rx) Nc(hvz)z 6ﬁ<rzom) A+ A
=6AH6AA. (3-59)
Using Egs. (3—54), (3—58), and (3—59), the summation terms in Eq. (3—51) can be evalu-
ated to give;

Eo(r z,+67%c,+11rz,+6x,)=6 ( N hv2+1>

(3-60)
< 3. 0,2 — €3 \3
go(r x,—3r%,+2rz,)=6 (Nchu) .

Substituting these equations into Eq. (3—51), obtained is

de}

o zCMNMP[ vy (z)Jz] [<Nch ) (e§+Nchv,) exp <3627T03) —e} <N:I‘1£V % 1)3].
2

(3-61)
Finally the equation of intramolecular V-V energy transfer rate per unit mass into v;

mode of CO; is represented as follows;

(42)
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(%):TR_ZcMNMP[VS, sz] |:<R 0) (e4+ Robs) eXp(SﬁT 03)_6% <1+ Ritf?)a] .

B) Intramolecular Transition Rate for Mode v; of CO,
Similar consideration can be applied to the mode v; of COj and the equivalent rate

equation to Eq. (3—44);

dNZr o L,l+1 r+3,r 1,I+1 r+3,r

L 2uNulNe) " FU v o wa JPLvs 3 vy ]
1=

Lil+1 r,7-3 Ll+1 r,7r-3

_ZZCMNMN3lf[ Vg 3 VY, ]P[ vV, s Y, ]

I+1,1 r,7+3 I+1,1 77r+3

—ch,‘,,NMN3 rr S vy v, IPL vy v, ]

I+1,1 r-3,r I+1,1 r-3,r

+ZzCMNMN3 ,ﬂf[ v, v, JPL vy v, ] ' (3-63)

is transformed into

aNo.s =—é—zCMNMNCP[ Va5 [ 2 D2 { DO+ B) gy =r =D —2)2,}
=0

dt
xexp (L) £ G0y (DO D09z, r DDz}
=0
(3-64)
Making use of the following e_quations;
Z 1‘1:1 ’
=0
oo eg
D= (3-65)
EO(/ Dz, I, Ne
(1) et
P L+ thNC H

30, 03){ 2 rr+1)r+2)(r+3)z,.4

1,0 V
=—é—ZcMNMNCP[ Vs V ] hye <N . 1) exp<
- p _

_ rZ:OrZ(r—l )(r~2)ac,}—hv2 (—_NchVS){ Eor(r+1)(r+2)(,+3)x7

—2072(7—1)(7—2)@_3}]. (3-66)
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The summation terms in bracket are estimated by

Zr(r+1)(r+2)(r+3)x,+3 Zrz(r—l)(r—Z)x, 18 (2

Z rr+ 1D+ 2)(r+3)x,— Z r*r— 10—z, =

=0

And finally obtained is the rate equation of intramolecular V-V energy transfer per

unit mass to mode v; of CO; as follows;

(%)

1,0 0,3

szNMP[u'a;z; ]ﬁ[ <

Rdb,

4. COMBINED RATE EQUATIONS FOR CO.—N; SYSTEM

According to the three-mode model shown in Fig. 1, summarized energy rate equations

3
(63+Rc«9 Jexp ( 2

Nchyy >3

18(Akhyjq)3

3

T

_0>+e

(3-67)

for modes of energies €= e+ 2é}, €4, and &} can be given by the following relations;

‘Z‘l? 2 (lfiet:z)T |/+2 (%)Zi ’
GGG
GGG

Substituting Egs. (3—17), (3—18), (3—33), (3—40), (3—62), and (3—68) into these terms

yields the final form of Egs. (4—1) as;

delz " 362
—_— +_
q Ay A
des
dt ’
de,'(,__ " Ccﬁzv v
at A4 g, A0
where
0
Ae§=2KC{e§— ——RC—,,Z——}
exp <?2>~1
Ry
skt
exp <?)—1

(44)

(4-1)

(4-2)

(4-3)

(4-4)

(4-5)

(4-6)
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set=2Pc{ ({;—02 +1)3eg— (et Ret,) }%)Sexp (5—‘%”—53) 2 (4-7)
aetv=Qor{( o5+ Re00) pohexp (P200) - (1)t} (4-8)

These relations are what are called vibrational rate equations for CO;—N; (+He) system

employed in the analysis of CO, GDL. Here rate constants Pc and Qcwy are defined by

1,0 0,3
Pc:ZCMNMP[V3§ val,

1,0 0,1

QCN=ZCNNNP[V3; Nz],

and each of these constants is the reciprocal of vibrational relaxation time 7, so that the

parallel resistance rule for r can be applied to the constants to give,

Xc X
Ko, Xey Xue
Ton Toc  ToHe
Xu
KN= ¢ ,
TNHe (4-9)
Xy Xc X
Pe= el _C_|__H_"’,
Tv Tic T3he
Xw
Qev=—""
Tne

with neglecting small terms. Relaxation times can be practically determined by empirical
data, e. g. from Taylor and Bittermann!®. The data for relaxation times used in our in-
vestigation of COz GDL are examplified as follows;
log (pr,c)=—0.7636—30.94a+599, 1 ¢?*—2123a3,
log (pryy)=—2.475+41.43a—94.36a7,
log (pr34,)=1.673-72.31a+635.9a*~1667a?,
log (pryp.)=—2.179+34.6a,
log (pryc)=—0.7297+19.03a¢—170.4a’+159.7a3, (4710
log (prye)==0.9207—89.93a+1433a¢?~5114a?,

log (prgy)==20.73+412.9¢—2681a¢?+5988c?,

log ( pray,)=3.360—160.8a+1821 ¢*—5699a3,
where T(K), p(atm), and t(u sec) are employed and
a=T7"3 .,
For example, the relaxation constants obtained from Egs. (4—9) and (4—10) are shown

in Fig. 2, in the case of (X¢, Xw, Xn.)=(0.1,0.4,0.5).

(45)



572 Kazuo Maeno

0 —~Pc IS
| ——Qcn -
— K¢ -
g
L |

007 003 011 013 015 017 019 0.21
11
T2 (K?)
Fig. 2 Variation of rate constants with temperature.
(X, Xy, Xne)=(0.1, 0.4, 0.5)

5. AN IMPROVED FORM OF RATE EQUATIONS

Owing to the assumption of 3-mode model in CO;~N; system, modes v; and v, are spe-
cified by a single vibrational temperature T1;. When this model is applied to the numerical
analysis such as time-dependent method for quasi-onedimensional nozzle flow of CO;—Ny,
algebraic equation with respect to T2 must be numerically solved at each step to obtain
the energies ¢4 and e separately. To avoid this numerical inefficiency, the rate equations
are transformed into the improved expression with vibrational temperatures.

Since the vibrational energy in each mode is a function of single vibrational temperature,

following derivatives with respect to the temperatures can be derived;

\ exp (2-) exp (22
Z;ll: N [T\ T12c91 2 T2 T12\? Tléz 2| (5-1)
(71) {exe (T—l)‘l} (5—2) {exe (7—1)“1}
85
g;_i: y exP(n) 5o

() e (@)1

(46)
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Oy
defy eXp(TN) (5-3)
LN _ R, . _
M G e (7)1
01v TN
The Rate Equation (4—2) for mode I in Fig. 1 can be arranged as
del, dTy, 30
dTy dt def+— 0 dés, (5—-4)

and with the aid of local equilibrium together with Eq. (5—1), the expression with T’

transformed from Eq. (56—4) is obtained as

iy [ o) o) T
Zt(a—)h <%>2{8Xp (%)_1}2+2 (le> (o <le B 1} (—AT$+34TY),
where 4T% and 4T%, are defined by (6-5)
ATzvzch{eXp<;ii)_l eXp(%)_l}’ -,
o (2 oo @) (52

{oo (7)1} {or (7)1}

In the similar procedure to obtain Eq. (5—5), expressions of Eg. (4—3) by T and Eq.

(4—4) by Ty can be transformed as follows;

(&) oo (7)1}

d <€:) exp (70:2> (—dT%+4T%y) , (5-8)
<TN)2{eXp <ﬂ>—1}2
5 (gi) Oy - <§§)N <—AT}\’, g;g;ATg’iv), (5-9)

where 4T%y and 4T% are given by

O3\ (00 (O
ATy = chexp<T3>exp< I ) eXP(TN), (5-10)

{oo(3)-1Hew() 1}
1 - ! . (5-11)
AT{= KN{exp(?Z}) . exp(?”) 1}
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Equations (5-5), (56—8) and (5—9) are the temperature expression of rate equations,
which can be employed to numerical analysis without solving them to obtain vibrational
temperatures in each numerical step.  The similar consideration can be applied also to
the vibrational energy expression of rate equations, and both expressions are utilized ac-

cording to numerical demand.

6. CONCLUSION

According to the assumption of three-mode model in CO;~N,; (+He) system, the de-
tailed derivations of molecular vibrational rate equations are presented. An improvement
of the form of these equations convenient to time-dependent numerical analysis is also
made to be present.

Along with this system of rate equations, mass, momentum, and energy equations and
equation of state are employed to estimate the performance of CO, GDL. A quasi-onedi-
mensional calculation of these equation was applied to a nozzle shown in Fig.3 by explicit
time-dependent numerical method devised by MacCormack as an example. The typical
result for the distributions of temperatures T, T2, T3, and Ty is represented in Fig. 4. As
can be seen in this figure, the present method by the system of rate equations with temper-

ature expressions predicts reasonable performance of conventional CO; GDL.
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On the Typicabl Surface Landslide and Eroded Valleys
on the Slope in Monbetsu-cho, Hokkaids, Caused
by Rainstorm in Aug., 1981

Nobuo Kozima

Abstract

In Aug. 5, 1981, a severe rainstorm attacked and caused surface landslides in Hidaka dis-
trict, Central Hokkaidd. The soil layer, which contains volcanic ash bed in its middle part,
slided at 270 points on the terrace slope in Toyosato area, Monbetsu-cho. Mud flows oc-
curred and deposited sediments on alluvial plane extending over 170,000 m2. By the evidence
of succession of the sediments, it is considered as follows: —Volcanic ash bed in the soil
layer first slided along the slope in temporarily saturated underground water and came out
of the soil layer through seepage surface at the foot of the slope and flowed. Secondly the
soil layer slided, and thirdly it tumbled down and flowed. The process of the landslide is
shown schematically in Fig. 6.

The sliding soil eroded the bedrock and left scoop-, spoon-, and bilge-like valleys on the
slope (Photos 5~8).
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Catalytic Activity of Various Compounds
in the Gasification of Carbon

Part 1. Reaction with Oxygen

Tkuo Inagawa, Keikichi Fujikawa, Hirotoshi Tanaka
and Koshiro Miyahara

Abstract

Catalytic gasification of pure carbon in the reaction with oxygen was tested with the
carbon samples impregnated with various metal compounds. Compounds of Ia group
metal in the periodic table were the most active. The activities of almost all the com-
pounds indicated a tendency that gasification rates decreased with increasing number of
the periodic group of metal ion under the present experimental conditions. Within one
periodic group, samples were gasified with almost similar rates. The reaction using 180,
in place of normal oxygen formed considerable amount of oxidized compounds contain-
ing '%0 which might be present in metal oxide on carbon. Referring to 1) and 2) of refer-
ences we have found the results suggest that the working state of the impregnating com-

pounds is one of metal oxides formed by decomposition of these compounds in samples.
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Power consumption required for agitation of
slurry in a horizontal stirred vessel

Kiyoshi I[dogawa*, Takashi Fukuda*, Koji Ikeda*
and Koji Ando

Abstract

Power consumption required for agitation of the CaCOjs slurry in a horizontal stirred
vessel was measured, and was compared with power consumption for gas-liquid system.

The values of power number were correlated with Froude number, using average density
of the slurry. The relation was in good agreement with that for gas-liquid system. Viscosi-

ty of the slurry had little effect on that correlation.
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Isotopic Abundance of Lead in Japanese Granites Province

Hirotoshi Tanaka and Seiji Nakamura

Abstract

It is geologically important to determine lead isotopic abundance in granite from
petrographic provinces in Japane. The isotopic abundace can distinguish the geochrono-
logical characteristic of the provinces among others. Surfase ionization mass spectrometry
using a Hitachi RMU-6 Type mass spectrometer equipped with a newly established
computer system has been applied the determination of isotopic abundances of lead in those
granites from four typical provinces such as Tsukuba, Naegi, Hira and Sakihama.

Measured lead isotopic abundances in granite from the same petrographic province have
been found to be equal respectively within the analytical accuracy by the above method,
while geologically known difference of characteristics of the granites from those provinces

has been also distinguished by the isotopic abundances of lead.
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Emission Spectrography of Copper in Granites
and Their bearing Biotites

Hirotoshi Tanaka, deceased Nobuo Shimoda and Takanori Suzuki

Abstract

A minute amount of copper contained in granites and their bearing biotites could be
exactly determined by emission spectrography using nikel as an internal standard. Matrix
effects resulting from bulk chemical and mineral compositions of the sample and from
existent state of copper were minimized to negligible small by preparing the copper
standard series of granites and biotites whose copper concentrations had been exactly
determined.

A certain amount of Ni was added to these standard granites, biotite and the samples
under measurements, and the I(N1)/I(Cu) ratios were measured by the use of a Shimazu
QL-170 Littrow type spectrography. The I(Ni)/I(Cu) ratio could show copper concentra-
tions in the samples with a relative error of 5%.

Copper concentration in the Nakanomichi (Ibaragi Prefecture) granite and biotite
samples were found to be 5. 7 and 11. 3 respectively at the level of ppm, revealing a geo-

chemical importance of copper enrichment in the bearing biotite.

1. #&

il

7=y 4 MEABDIEC S EBLVZOHICEENLBRERFTOMBERS OEEHEZMSHEE
B E L, B2 OABOER N BLUOBERDDBELERL TSP, 206D BIHOD
FINNHATEIC L BERBEREZBND,

LT HEBLUCBERTOFHDOEERII—MICE ppm > 5108 ppm TH 55 5, Eiroft
Ao (ECIRBERTRZSTHS) D5a, RAROeotd TRRETRL AT RS E
NTV 5, HABIVEYPOHOIEOTICIE, NEEEL LTk, ], 7 Y292,
AV Ta9nd 2T V= =9 LY REPEREINTO SN, KERTE = X VvEEHL
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Too FHDIAIETIE, FOBEEAPICE T 2 HOEAR OEESE & Hralk & ok
Mk LB b)) w7 2PRGEEBRBEES D, ThERETZHDOHEBAV LGN
T3, PlAE, EABLTHMDOERD THS Si0;, Al,03 ZHIC Na,;COs 21 TARKL
TREMCOEEREA—ERMA L bD, Fid, W-1 (KRS 0L IcHEE DS OEE
ARSIV =2y aTERRER LIS, Hicld, MBERMOEEENTHEILI H5EE
LREBLITZNICBEERBEEZRMUI 3 SERAOCTRERB & Lt &R EPHmEIn T
59, FHEBERICOVTS, ZTOEMS ELEUMBZE Si0,, Al,Os, Fe,035, MgO, KCl T
AL, SAAMNEEES LT Y7 Y OEEARD I EDH 59,

A TOBRERRNT, L OEOERICIHBERMIIIEC H5%, BEROERICIIME
BEMIEEEREZHWS C LIk > TIEEMBROEELRE L,

2. % BR

FRD AT O TR, SRS REOSTICERE ZORFMES LUOAENERDO LB
DTH5o

2-1 @
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5=

2-2  FHNB LU

2-2-1 FhS

XIEEWR ; RFEE 6m 6o FHBNEM ; REE6m 6,

SR BIFEE 100V, —KEE ; 40V, FERE 5 0.00334F,

BC#E ; OmH.

Mot JORERE ; 200V, MEER ; 5 A Wiktth ;s 1: 4, WikEE; /8

2—2-2 HELM

21y b1 10/1000, BARMERE 5 2 mo FIEKERR ; 5080, B 5 m.

Bl B4 7oz —F, BHE; FD-111+20°C* 35, W7 405 — 5100 : 24,
2-2-3 EiRFHE

R e A0 HSEIE & Lice THR  EER B mOHMCER 2.5m, EIX 2mDR%EH
Ftz,

2-3  ApER
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WLT25%ICiEbEHIC=y FVIEREARNL, +HICE—IcBE LB s g/ bDa
U7 18, BEFIIMA TR,
2-4  IEHEHUK

FELED ETEL2TOMRTHE (1056) BLURER GORED £t TH
BEUO=w rvDR~R7 MVEEORBEAZBIEL, O (IN/Ieu) ZKkHi. £ LTZDE
DRI R 2R ALY EBIVRERZTNETNAME E - T, BobXERE (VI F
WOF F AN VEEED ; Pk DDTC L) KKV OMEAE I EHICERL, 206 %
BEERFIFHEE UTHW
2-5  HAE

= VB ; &IB =y v (99.99 %) AREERICIED L, NiSng/ml 129 5,

ZOMOAIEIT L THRAELHEH L.
2-6 SR

Cu; Cul3273.962A, Ni; Nil 3145.719A

3 MR LEBEZR

AETIE 2.4 KW TEERBZRAR L 7o, S0 bREH (Ini/leu) PRAEME, &SHES X
Uz DED 2 AAEET 4 BREARNTREREIER L1z, £ ED S bREME R LIEHMT
bZTDRENAFTDUBERETHALSENTE I, —RICIEIHDEBLUVRERPD= v 7

F-1 HERTECHEPOMDBE L ZD INi/lcu

s | GRS o Tt
A 3.4 0.43 0.45 0.44 0.44 0.37 0.44
B 4.5 0.68 0.73 0.70 0.71 0.70 0.70
C 6.0 0.78 0.93 0.88 0.92 0.96 0.92
D 9.6 1.90 1.88 1.83 2.11 1.72 1.87

F-2 EERFBERPOHFDER L Z D INi/lcu

e 7 e | IR ] Ini/Icu
BRERIER | (ppm) B T
0.65 0.59 0.58 0.53 0.53
E 76 | 045 045 0.54
1.04 1.28 1.28 1.30 1.28
F .3 | 132 120 115 1.38 1.35 126
G g | 174 196 152 160 1.80 | o

1.75 1.57 1.96 1.57 1.80
21.0 3.65 3.59 2.98 2.80 3.40 3.26
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Propagation of Elastic Wave in two Layered Concentric
Cylinder Having Different Elastic Constants

Kenichi G. MATSUOKA and Sumio G. NOMACHI*

Abstract

Propagation of stress waves in a two concentrically layered cylinder: an inner solid and
an outer annular cylinders of different elastic moduli each other, is investigated as an eigen
value problem of the coefficients matrices of boundary conditions which are derived from
the solution of dynamic equations of cylindrical coordinates by means of Hankel
transforms.

The discussions are around the variations of wave velocity with the change of ratio
between wave length and the diameter of the outer cylinder. The numerical calculations are

performed for several ratio of the diameter of the cylinders.

1. Introduction

A cylinder concentrically layered one with another is supposed to be the simplest
example of composite materials. The solution of stress wave in the two layered cylinder,
may give us one of the basic properties concerning the stress wave propagation in a fiber
reinforeced composite which has become of increasing importance as well as research
object.

In this paper, the discussion is specifically focused on the propagation of the axial
stress wave in the two layered elastic cylinder. The variations of the wave velocity are
shown by the change of ratio between the wave length and the diameter of the outer part,
with the different combinations of elastic moduli and densities. The dispersion diagram
thus obtained give the bar velocity of the two layered cylinder by letting wave length be
infinite, and the modes corresponding to various velocity describe how the composite

action works between both layers.

* Department of Civil Engineering, Hokkido University.
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620 Kenichi G. MATSUOKA and Sumio G. NOMACHI

2. Fundamental Equations of Stress Wave propagation

The equation of motions written in the cylindrical coordinates 7, 6 and z, yield the
solutions of the harmonic stress wave in the solid and the hollow cylinders by means

of finite Hankel transforms in the r direction, as follows;

ai
1
Ey
Vi

Fig. 1 The two layered cylinder.
4= (At B,py) cosmf + ?t=#V (1)
V= (‘imr“émr)si‘ﬂ mo - éip(t-zlv) (2)

A=Y LA NG (s / 26+ (1) At (=1 Bug—iN B/ 2} / N

k=1
+ (N oI LB NI/ N Nadld3 (Nar) / N B/ 220
+ (m+1) App— (m—1) By —iNEms} ] (3)

_ 2
B,,= k§1 L2 PN ) e/ 206+ (m+1) A + (m—1) B

TiINEni/2} Nyt (uN¥ 00 { xS (Nur) / Nu— Nuy 2 (Nor) / N?
X{ﬂmk/zﬂ"_(m"_l)Amk‘(m“l)Bmk_leEmk}]s (4)

. 2
w=Wyrcosmb « e =5 [GE(N,7) Emp+ (2uiN/ pp?)
k=1

$AG (Nar) =GP (N M Bone/ 206+ (m+1) A = (m—1) By
i ~i{NEn;}]cos mf. s ¢V, , (5)
where u, v, w are components of displacements in the 7, 0, z directions respectively.
u, A: Lame’s elastic constants, N=p/V=2z=rn//. p: circular frequency, V: propagation
velocity of wave in the z direction, L: wave length, /: half of wave length, o: density,
m=0, 1, 2,uer, Nu=N'—pp'/ps, No=N"—pp"/ (20 +2).
The following functions are seen in the Egs. (3)~(5)
G (NP =R, (Nr) /R, (Naw), 28 (Nr)=RE, »(Nr)/RP, (Nap),
1 (NP)=R®,  (Nr)/RP, (Nay),

which are for the outer cylinder by letting the outer and inner radii ¢, and a,, and a,
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=a,, that is
R®, (Nr)=I;(N"Kn(Nar-1)—(=1)7""[,,(Nar-) K,;(N7),
j=m—1,m m+l, k=12
In case of a solid cylinder, letting 2=1, and the radius = @, we have
R®, (Nr)=I;(Nr), j=m—1, m, m+tl.
The functions I and K are the modified Bessel functions of the Ist and 2nd order
respectively. The letters @mk, Amk, Amk, Bmx and Enk, are unknown coefficients relating to

the stresses and the displacements on the outer and inner boundaries.

3. Boundary Conditions

By putting 1 for the subscription, we have the coefficients of the outer layer and the
coefficients of the inner cylinder are given by the subscription of 2, as shown in Fig. 1.
Let r be @ in the Fgs. (3), (4) we have,
Anreay=Amer (6),  Bui)r-a,=@Bmss (7).
1). Conditions for r=a,.
The Egs. (6), (7) yield,
D) Apr Dra,=@Am1s  Bur.r-a,=@Bmi.1, (8)

The outer surface is free from any stresses, and it follows,

ii) O'r-al)r=01:0 o Bmia=0, 0. 1) r=a1=0 S A1 =0,
}o@
Trz 1)r=a1:o,
2). Conditions for r=a,.
Likewise, we have from the Egs. (6) and (7),
111) Am,, 1)7:42202 . Amznl, z‘imr-2>r=a2202Aml>2s
i i }oao
erc 1)7=gzzazBmg., 1 er»2)7=ag:dzBm1=2 ’
and the continuity of the displacements is written by
iv) ul),=,,2=u2),:a2, 01)r=a2=7)2)r=a29 wl)r=a2=w2>f=ll2
S Amei=Amizs Bwz1=Bmias Emz.=Emi.2 (1)
ar. 1)r=a2:0r~2)r=a2 s Trg. 1)7=02:7"70~2)"=‘12
S Am 1T mi2s Pmi = Pmie
and
Trz. 1>r=a2=Trza2)r=az, (12)
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The Egs. (8)~(12), lead to the matrix for the eigen value from which phase velocity

“of stress wave may be obtained.

4. Numerical Example

Taking the ratio of the elastic moduli and the densities between both layer as E,/E=
7. 0 and p,/p,=3. 2 with the Poisson’s ratio: v,=1/6, v,=0.3, we carried out the numeri-
cal calculation of the phase velocity cocerning axially symmetrical wave for a,/a,=0. 0,
0. 25, 0. 5 and 1. 0. The case of a,/a,=0. 0 and 1. 0 coincide with the cases a sing-
le solid cylinder. The calculation of the eigen values from the prescribed matrix, was
performed by means of iteration keeping an accuracy for a number of five figures.
The eigen value is nothing but the phase velocity, from which the group velocity is
derived by numerical differentiation.

Fig. 2 shows the dispersion diagram concerning the phase velocity of the lst order.

The ordinate of the figure is measured by the ratio between the phase velocity and the

2.5
2.0
—
0.
—0:25 |
1.5 F——=
N
V51
1.0 =
E,/E;=7.0 S
\)1"‘1/6
v2=0.3
0.5 F— 2
p2/p1=3.2
0 0.5 1.0 0.5 0
a, /% Lt/a,

Fig. 2 The dispersion diagram of phase velocity.
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2.5
E,/E,=7.0
-~
\\\ \)1=1/6
2.0 \ v2=0.3
\
\ p2/p1=3.2
0.25
1.5F—= i
Vs
V51 5 az/a1=1.,0’____4
//'
///
1.0 P
0.0_-~ :7 :
-~
|-~ /
0.5 \_;4_/
0 0.5 1.0 0.5 0
—a1 /4 2/a,

Fig. 3 The dispersion diagram of group velocity.

2.0
\\ E,/E1=7.0
AN
3 A vii/6 0.92
Y ~, . i
s 1.5 \\ \\\ v2=0.3
Ve 0.25 [\ Y 02/01=3.2 v
Vs, v\ Vs,
v a,/a:=0.5 » 0.91
\l \ _\ég_' a,/a,=0.5
1.0 — s1 ———
— \ \1/\\ /
Vo Pl 0.90 -
\ // v/ \'\\—/
v\ Py \ \ 0.25
0.5 o i e
=TT 0.80F \ \
\
\ \
() () \
0.88 L L L 1
0 0.5 1.0 0.5 0 0 0.1 0.2 0.3 0.4
ar/% L/a 2/ay

Fig. 4 The comparison between phase and group velocity of two layered cylinder.
shear wave velocity of the outer material, and abssisa, by @,// on the left and by
//a, on the right part in which / is the balf of wave length. = Thus the figure covers

all the wave length from zero to infinite. The dotted lines are for the solid cylinders,
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0.5 t y b\
0.25 pmm— ‘ . 3
7 L
A ~ 1 B
0 0 0 0.4 0 1.0 0 400.0
Trza, /E W

Fig. 5 The wave modes of w, ¢;, ond 7.

one with £, po,, v, and another with E,, p,, v,. The full lines are for the two layered
cylinder, and they are drawn between both dotted lines in Fig. 2. In case of infinite
wave length, V/Vs=1. 681 for a,/a=0. 25 and V/Vs=1. 942 for a,/a=0. 5. The bar
velocities corresponding to the above, which are calculated by use of material constants
averaged over cross sections, are 1. 699 and 1. 940, respectively. They are of fairly
good coincidence. However, as wave length tends to zero the velocity become to that
of Rayleigh wave on the outer free suface.

Fig. 3 shows the dispersion diagram of group velocities. The lines in the figure
represent same discrimination with those in Fig. 2. The group velocities of the
layered cylinder are not always evaluated between those of solid cylinders. The
minimum values for the layered cylinder are smaller than those of solid cylinders.

Fig. 4 shows the phase and the group velocities of the two layered cylinder, and the
group velocity is always lower than the phase velocity except in the short wave range.

Fig. 5 includes many figures showing the wave modes of the axial displacement W,
the stresses ¢. and v, with //@,=50. 0, 10. 0, 2. 0, 1. 0, 0. 5, 0, 125, and 0. 025. We

see that the modes uniformly distribute over the section when the wave length in large,
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however, the modes vary over the section as the wave legth becomes short. The mode
in solid cylinder tends to surface wave style as the wave length becomes shorter.
Whereas the mode in the two layered cylinder, keeps uniform distribution on the
section of inner cylinder until a considerably short wave length occurs, a concentration

of the mode to the outer surface takes place at very short wave length.
5. Conclusions

Investigating the propagation of stress wave in the concentrical two layered cylinder
of different elastic moduli and densities in the way of three dimensional stress problem,
we have the results as follows: '
1). The phase velocity of the two layered cylinder is in good agreement with the

bar velocity by use of statical equivalent rigidity.

2). By tending the wave length to zero, the phase velocity becomes the Rayleigh wave's
one on the outer free surface.

3). The group velocity of the two layered cylinder is not always in between those of
the solid cylinders of each elastic moduli and densities.

4). The elastic wave concentrates to the outer boundary for the short wave length.

The numerical example was calculated using FACOM 230—75 of Hokkaido Universi-
ty and MELCOM 9100 of Muroran Institute of Technology.
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The Dynamic Response of Plate with Two Ribs
under Impact Load

“Hiroshi Takano* Norimitsu Kishi
and Sumio G. Nomachi**

Abstract

Reaction against normal impulsive forces on the midspan of a rectangular acryl plate,
which is reinforced by two ribs parallel to its free sides, was measured.
Stress analysis corresponding to the test was carried on by means of dynamic finite strip

method.
Initial stress behavior and action of the ribs in the test approximately agree with the nu-

merical results.

1. INTRODUCTION

The response of a plate under dynamic load has importance in many applications.
The objective is to keep the plate from undesirable response by all means. Attaching
ribs to the plate are a common way of reinforcement.

According to C. Zerner”, the center of disturbance, the point where the impulse
acted, remains stationary until the return of the disturbance reflected from the boundary
of the plate. This implys that when the impulsive load acts between the ribs, their action
associated with the plate should differ from what is supposed to be in case of statics.

The present investigation was undertaken to gain insight into the initial response of
the rectangular plate with ribs, under the normal impulse by way of test and analysis.
The rectangular plate with.two ribs parallel to its pair of free sides made of acryl resine

is used, and the stress analysis is performed by means of dynamic finite strip method?.

*  Structure Departure of Civil Engineering Laboratory, Central Research Institute of E-
lectric Power Industry, Abiko, Chiba.
**  Departure of Civil Engineering, Hokkaido University, Sapporo.
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2. EXPERIMENTS

Figure 1 shows an outline of the experimental set up and a flow chart of the measure-
ment. Experimental technique is almost similar to the one what we used for the beam
impact problems®”®. The boundary conditions of the plate are two opposite sides free
and the other sides hinged. A rod is set on the midspan of the plate, which is impacted

T
acryl resin

(a) experimental equipment

r- Reproduction —-—---—---—--—-—————— 1
|
| i
; |
Polaroid Syncro-
Pt |
; Camera Scope |
]
| i
| |
W. Drop | |
| Photo Buffer Wave |
| Corder Amp. Memory |
| :
Bar L _________________________________________ J
I T
| !
| . 1
| Bridge D. C. Data i
Plate Gauge ] Box Amp Recorder :
! |
I |
L

--- Record --—----—-—m—m----———o————— o 4

(b) measurement block diagram

Fig. 1 Experimental set up
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M M

1 i

| I 18 S
125 | 250 | 125
L 1
500 . mm
Span Length 1 = 100 cm
Elastic Rod 1 = 50 cm
¢ = 30 mm
‘Drop Weight W = 1.9 Kg
, : d =30 cm
~'Acryl resin E = 30000 Kg/cm?
o . v = 0.38
o =1.18 g/cm?

Fig. 2 Specifications of the plate with
' two ribs and elastic rod-
through the rod by a dropping weight. The variation of impact intensity is observed by
a strain gauge at the bottom of the rod and measured impact will be applied to the
impact load on the plate in case of numerical calculation.

Strains on the sﬁrface of 'the pl»ate are measured by ﬁeans ‘Qf one gauge method, that
is a foil strain gauge Whpse length is 1 mm and resistance IZOLQ.V In order to record the
high frequency components, a D. C. Amp. that can measure up to 20 KHz was used and
the measured data were recorded by a wide band data recorder, and the strains were stroed
in Wave Memory, so that we could reproduce and magnify them any optional time span.

By making use of symmetry of the strain distribution, we limited the measurement to
a quarter or a half of the plate. The specifications of the plate vﬁth two ribs and the
loading rod are shown in Figure 2. The impact was produced:by 1.9kg weight dropped for
30 cm above the loading rod.

Symmetrical loading is for the case when the impact load acts on the midpoint of
plate, and eccentrical loading for the case when the impact load acts on the central point

of one rib, respectively.
3. EXPERIMENTAL RESULTS

Figures 3 and 4 show the variations of strains with time for the symmetrical and ec-
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dirszonrrozsmm===d
w—~74~-~—_ —
3
4
Pt Lt 3 5 5 5
5 SG
7
8
4 ¢ lower Fiber Strain

# : Symmetrical Point

(a) variation of longitudinal strain

(b) variation of transversal strain
Fig. 3 Variation of strain on top surface of plate in case of symmetrical loading
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(b) variation of strain on bottom surface of plate

Fig. 4 Variation of longitudinal strain in the plate in case of eccentrical loading
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centrical loading, respectively. The impact strain in the rod is illustrated in Figure 3 by
®, whose curve is a triangular distribution with the duration of about 2.5 msec.

The variation of strains at the incident moment of impact in Figure 3 (a), shows that
the strain wave front advances in concentric way about the speed of shear velocity. The

strain gauges @, @ and ®, which are glued on top and bottom surfaces of the plate,

give all symmetric pattern at the incident moment before 5 msec, as shown in Figure 3
(a). This implys that the ribs do not play a part of the structure and the plate behaves
as a plane plate. For the time being, the strains vary in a manner of the natural vibration
of the composite structure of plate and ribs, and the maximum response takes place at
the very beginning as shown in Figure 3 (a). It is very. much like in case of impact
of infinite beam due to bending.

The. strain measurement when the impact load acts on a central point of one rib is illus-
trated in Figure 4. Compafing, for instance, two curves of ® with each other, we can see
that the one for the top surface clearly differs from the other for the bottom surface.
This implys that the composite action of the rib may occur from the beginning of impact.
For the time being, the response rapidly moves to the natural vibration of the plate with

two ribs.
4. THEORETICAL ANALYSIS

Long sizes of a strip element are denoted by ¢ and j nodes, displacements in the x-, y-
and z-directions by u, v and w, and rotation about x axis by 6, as shown in Figure 5.
The function for w, § may be expressed by cubic variation of y and for u, v linear of y

in the narrow direction of the strip element.

Thus,
u=u“)u,»+u("’u,. ...... (1)
v.__v(i)vi+v(j)vj S (2)
w:w<i>w‘+w(j>wj+0<i>0‘+0<j>9l_ ...... (3)
in which

u(”=v“')=1—7;
u<j)=z)(j)=77

w®=1-37"+29°
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Fig. 5 One strip element

w=3n%+27%
0@=b(7—27%37°)
0P =b(=n%+7?)
where 7=y/b. The position of the displacements are identified by the suffix i and Jj.

The Galerkin’s method® will be applied to equilibrium equations of in-plane and out-

plane forces with the weight function u‘®, v'®’, w'® and 6 (k=i or j);

*(%ox  Orzy 0%\ w40 .
[i(Gz oz 2w ay=0 (5)
b(Otzy Ooy 9%\ 4,

Jo( 92 + 3y patz)v dy=0 e (6)

b (9*Mzx  _9*Myx 9°My 4w By g
J.<8x2 I 0zdy I 0 y* *,Ohﬁ+p>w =0 o (7

v (0'Mz . 0'Myx My 0%
J ( 92 2 azay oy “Mar

0

+17>0(k)dy=0 ...... (8)

0
and integrating by parts eq. (5)—(8) with Hooke’s law, we find the equations between the
displacements and the forces on the normal line iand j. Then applying finite Fourier trans-
forms, and taking the natural boundary conditions for x=0 and I, we have the stiffness

relation as follows :

62

[K]{S‘m[B]}Jr[M]b?

{(Smlo1}={Sml N} +{Smlp]} . (9)

where
{Sml01}=[ Cmlu; 1SmLvi] Sm{wi] Sm{6,]
Cmlu;]Smlv;] Sm[w;] Sm[6,] T
{Sml f1}=[ Cm[T;1Sm[S:] Sm[Q:] Sm[ M;]
CmlT;1Sm[S;] Sm[Q;] Sm[M;] I”

/
Cm[u]=_[0ucos @llxdx, Sm[v]=J'olv Sin%xdr
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oMy 26Myx

T=hrxy, S=hay,
XY ay Q= 3y o

m=1,2, 3,...

in which [ K], [M] are stiffness and mass matrices, {Sm[p]} is external force vector by

nodal loads. Thus, they are rewritten in the following forms:

(Al A3 | A2 Al
| 0 0
A5 —A4 A6
Bl B3 . ' B2 34
‘ B5 —-B4  B6
(K 1=GhVp? s
Al —A3
0
A5
. Bl B3
L Symm. B5 |
Cl 0 L2 0 1 0
0 0
C1 0 C2
Dl D3 . ”DA2» 7777777 D4 1;1
D5 | -D4 D6 E2
[M1=0h e AR o (Smlp)}=Sml ]
S Ccro0
C1 0
P -
L  Symm. D5 —E2
where
Sy e SO
et ) e (GO
ar== 2 (77) w0 () () () )
e () e O )
ASz%(%—?)ZbJr% B5=rp? 11(7)35 <”7> +1i55 (%—QZ%}
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el (o {5 () ()

b b 13 # 9 1,
-2 == =5 2=—p  D3=7—b
Cl=7 C2=7 Dl=-b D2=—5 510

b _r _ 13, L oL

El=3 E2=i; Di=—gpgt’ | Do=yggt’  D6=—g5h

in which Vp:x/Z_/(—l———u), rp= hA/12, and G and v denote shear modulus and Pisson’s ratio.

In order to analyze, the stresses and the displacements in a whole structure, we must
transform local coordinate of each strip element into global one. By making use of the
matrix [T] in between local and global coordinates, the forces, the displacements and the
loads are transformed by following equations :

{(SmIF1}=[THUSm[ f1}

{(Smlal}=[THSmls1} b e (10)

{SmP1}=LT HSm[ p]}
where

1 0 0 0
[sz[L O:I with (L] 0 cosg sing 0
0 L . 0 —sing cos¢ O
0 0 0 1
¢ =angle of the element by global coordinate (clockwise positive) as shown in Figure 5.
Thus, the dynamic equations of concerning the whole structure can be expressed by

[Ksz‘]{S‘m[Ast]}+[Mst]g—;{g‘mfdst]}={S‘m[Fsﬂ}+{§m[Pst]} ----- (12)

By letting {Sm[Fst]}=0, {Sm[Pst]}=0 in eq. (12), eigen values and corresponding mode
vectors may be found out. Thus obtained mode matrix [@] together with normal coordi-
nate vector {Sm[¥]} lead to the relation :

{Smldst]}y =@} Sm(¥]} e 13)
Substituting eq. (13) into eq. (12) and considering the orthogonality of matrix and Ray-
leigh damping effect hr, we obtain the equation of motion for the r-th eigen value wr as
follows.

SmlTr]1+2wrhrSm¥rl +orSml¥rl=Pr/Mr. e (14)
where

Mr={0r} [ Mst]{®r}, Pr={07}"{Sm[Fst]+Sm[Pst]}

{§m[¥/]} yields {gm[dst]} through eq. (13). The nodal displacements and forces are ob-
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tained by means of inverse finite Fourier transforms.

5. COMPARISON OF THEORETICAL AND TEST RESULTS

The numerical calculations on the two ribs plate, were performed taking 51 terms of

the Fourier series.

The structure was divided into 14 and 27 strip elements for the sym-

metrical and eccentrical loading respectively.

The variation of impact load were assumed to be triangular as shown by @ in Figures

3 and 4.

(a) longitudinal strain response

. Experiment . . Expeiment
— Finite Strip ——— :Finite Strip Method
Method
ﬂ — ﬂ AN o
Y :32 msec ° 0.2msec
I - X
Vi |
I fe
o o
05 — « 05
1.0 1.0
1.5 1.5
“e
.
; P 2.0 2.0
.
.
T
stroin .
5&)[ *
.
0
3.0
T 3.0
'
!
| 100 100
)
| o1 ;
. 1
|
le ‘
L, LIK]
l . 200 W 200
trai ,ustroml
50» strain o
[¢] 0

(b) transversal strain response

Fig. 6 Comparison of theoretical and experimental strain mode
variation over cross section on top surface of plate
at midspan in case of symmetrical loading
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. : Experiment . < Experiment
: Finite Strip Method e : Finite Strip Method
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' I
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o
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500[ swlfslﬁln
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(a) longitudinal strain response (b) transversal strain response

Fig. 7 Comparison of theoretical and experimental strain mode
variation over cross section on top surface of plate
at midspan in case of eccentrical loading

The measured and analyzed longitudinal and transversal strain distributions over the
central créss section at certain time are shown in Figures 6 and 7 for the symmetrical
and eccentrical loading, respectively. In both cases, the analytical results may agree
with experimental ones very well.  This may indicate that the finite strip method is

adequately apply for elastic impact problem of folded plate structures.

We can see that the stress wave propagates in transversal as well as longitudinal di-
rections. In the beginning of the impact, the two ribs do not act as composite members
and in long time range the ribs get in cooperation with the plate and the whole structure

vibrates according to its fundamental mode.
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We can also recognize that the wave propagates in the transverse direction from Figure
7. The unloaded rib does not seem to work as a reinforcing member at the incident of

impact, whereas the loaded rib then may bears the most impact load.

6. CONCLUTION

Investigating the measured strains in the plate with two ribs from the beginning of
impact to the time when the lowest plate vibration occured, with the analyzed strains
corresponding to the test, we have the following remark.

(1) The plate with two ribs not behave as the composite structure before the reflectd
wave refurns from the boundary. The plate responds as a plane plate at the incident
of impact which acts on the portion between the ribs. When the impact load acts on
one of the ribs, the rib only bears the load at the very beginning of impact.

(2) The finite strip method of stress analysis may deal with the impact problem of folded

plate structures.
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