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Experimental Study on Bending Strength of Four Pile Caps
Kazuo OHTSUKI and Kuniyasu SUZUKI

Abstract

In this paper seventy-four reinforced concrete pile caps, each with four piles were tested under vertical load. The
variables involved~ were spacing of piles, arrangement of reinforcement, side length column and depth of pile cap.
For all pile caps final failure was in bending.

In regard to the ultimate bending strength the results of the test were compared with the values calculated accord-
ing to the provision for the bending in A.LJ. Building Code Requirements for Reinforced Concrete (1982), to the
equations proposed by others and to that by authors. )

To conclude the discussions the calculated values according to the author’s equation agreed well withthe ex-

perimental results.
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FilEIRRI R 1 ~FBRIV (No. 1~34) Ti3 6 Ocn. ERVRUERVITIX 4 Scn




Ko® MK - B K O

BD—7, 8 :BD—5, 6HMELERIHE, 28, HBREHTIT—Frr257E—
wicaryrz)— beFTRRLE, (K- 128)

BD—9, 10: &%MHEEBD—5, 6 LRLEL, ChiAME GIE+257E) NEH
MENOEFAT2 1 1125 L) K81, TRPhOBSICHERK LS. (M- 138)
BD—11, 12: BD—5, 6 tFULHKHEELKEHFATLIC2HLT, HEKESRLECT—F
7 O & AT HRICE RIS L 25 E

BD—13, 4:BD—5, 6 tFUHKMHELHETICHES, BROOFFEHIC2H5L, ThE
WA SRS T —F v 700 L AT ICE TR L 2256,

BD—15, 16: &#%MHENFBD -5, 6DFNLITIFHE LI LBXICL, &Hr7—F o7
DI E PATICH & A CEREH L7256,

UEko)>HBD—9, 10ix R CHE TSI B ETHD, BD—11~16i2 Clarkel? 25 5
OEMPIYRELEED & LARBECES 720D TH 5,
iv) EBRN o RERHE

£B& IV iXBlevot- Frémys) BT AMBIREET S E LTWhb 27 TEOEWEEIZDOW
T, ZOBELWATH L 2HBE LT Tbh7, REBRKIISRGE LTHEHRICT v 2 %
w726 o (BDRY), o BD—11, 12: FICH EICHBICEFEH LS D (BD CRFI)
BLUBERBHE L THHRE AT 7EHEID 2enD i E T TIHETF/-bD (BDBRY, K—
128) ©3R5T, £RFEICAT TEX20, 30, 40m® 3L L7,
GRS RMG L LABD 20100V T, BEFAR CHE UL ZMITH I, EES
BRELZAYF L IRMARVICEBME D AL BB L) ICED, MORBREKOKGE D =
nERLE L, '

v) EBRV0RBRHES

EBN & TORBREKIMHEBES CFROBELMED 45 LIL <, Wl AR E RS KV
BAETH-T, ¥ADOR CHEE SQ2TRAVIEE FE02. 51‘") ELTWVWABE)IZBDIZOVT
OBRFDPRLELEZ OGN, 22T, EBVTRHEB* EBORHTEIRASA TV L E
ZONBMEDIREE LT, 27 7ES X UHRE 2 ZL &€ 2ROV TERL . KB
BORFHIEL T, EBRNLERCL THRGEEED X5 7TREICHL FHGLE —E L L1,
vi) EBRVIORERHKY

EERVIIIEERV LD HWTIT - 22 b 0T, HKHE, X7 78, Gt L ORGELEL,
EBRVORRBERE LTERBLZ LD TH D, RBREOREIFEIERVEFRLTH S,

B, DEORBRKCTIIERNDBD BRIIDORKRERAEZKRE, W bSHHICT7 » 7 21T
PASS



4 BRAUH R, 7 — F > 7 OMNT T 1B 2 EEREIRE

2.2 HREFEOHMES LURE
FRHLEMBOREBL a2 ) - OREEYER - 2BL UK - 31057,
ﬁﬁ%@&%uux&W7*~A%mw,%f7~%y7137®:y70—b%ﬂﬂt,%

RITHHEE, ZOMOERTIIS ~ 6 BMBIHMOT Y 7 ) — M HR L, 20, BF

HHO*Xr v Er 7 (FBRI~No&, EBRI (M43 H, ERI~N M4 10) BLUORE

Boix+LEERI Me6H, £2  BEOME

TOMOER  MA3H) 0f

BRI A IR 5, HER | C A48 EBRR | R | WrimhE (AFF) %ﬁﬁﬁ?ﬁ m%ﬁi TR by feh X
cm? kg/cm kg/cm %

H, £RI~NTHw14H, I | D10]0.713 3800 5340 | 28.0
EERV, UTRIAEDHME I 6 | 0.251% (SEH]) 3030 3740 27.0
220 kg/cif ) BB ¥ THEMALTH it D10 0.713 3920 5440 32. 4
fVZ—no— bcHw bge V| D10[0.73 3990 5620 | 25.4

v | D100 713 3980 5510 | 27.9
Yo PERDBRCTRER (K 0] 1010 5510 | 219

BR] :M435~45H, EEI :

£3 BMBLUars)-FORE

£ B # e &

®| B HOWIE | 2527 | ket ] Kk wAo N & | B
B | WIBE MK | KIE MIMR | ke/on? cn % ke/w’| kg/n’ | ke/w| kg/n’
I | <hmm 3.20 | £20mm 6. 20 240 18 62 174 280 899 | 964
| <5 3.00 | <25 6.90 300 18 58 161 278 970 | 1034
m|<h 3.26 | <20 6.75 280 18 61 165 271 950 | 1020
IV | <5 2.99 | <25 6.91 280 18 57 177 309 885 | 1021
V| <5 2.79 | €20  6.53 240 18 63 169 268 926 | 1030
VI | <5 2.93 | <25 6.86 240 18 63 169 268 926 | 1030
W | HEER LRSI O ) BDF

| B R ERE O R

Zl A b BERLINS RKEAY N (A

Ma15~18H, EERII : #427~420H, £ | M427~37H, EBRV : H436~41H, EBRV
DHH28~37H) ¥ TEBRIENTRPEELS, .
ARBRARBUERF IS RBRIK T £ 12 6 KD 15em ¢ X30em (EERT ~ M) X i, 10cm ¢ X 20em (EER
N~V) ORI 2 ER L, BIERORBIKEF—FECEE LR, 7—F v ZREBBCE
AR (34) LOICHIRAER (34) 247572, MEHEMRKORBRE R IIE— 4 1Mo EBREE
REFII-FHLTRLE,



AT I SR S NI - 3

2.3 WESLUXHEFE
EBRI~NTRR-2(a)RTLH1C, 7427 —BIFMHABRE BABE200ton) O F —
ThOEE, TERBREGS, BRE, RBREORLETHEESTRCBET A0 -5 —, EHE
WAL A, FICHELE L 22 S 3 em, EESen OSBRI E A L CakBrk % & x|
BRI L 72, 2B, EXMORNEERET 5O CRESmOIA Y —2 bL Y F—
EHEZTICHAL, 52 LoWME- VO FABBEZFHIL O - FErve LTHGW, a—F
TV DRRIHKEEE 1380kg TH - 720

| L | LR RSB K
7 125~ RUERREAN ) |
¥ v
v v
P 7 7
T 7 b b
7 7 HE ik
N RIS
{ sk N
— oL e S0 -5 -
= e £
— BRI = = ERHE2
] > B2 -
o e
w NE
i~ 100tk
HWEE Vv }43’-5
[ 1
(@) 7Lz5-REGRBRES o K (6) 7oz —RERFRBRBN N

B2 # % E

EBHERIIINET 227 -HBBOBRWECHT AR OOMO LI 1 £ 0.020 & FHIC
Holo T, BRAWEERN I TOLWMERMIIOWT, EXAORDELWED (1/4) DfE &
DHERD IR, WThORBKL S, ZOROERIREHS, 1+ 0.150&HICHY, #
BEPFRKESRDICLANSTL0KIEST 2SR, ERERICIIORNDIESD X
XD ERDUORRNLHR IR O N2 572,

KBV, ITik, LROBZILERNORYEN 2 BHET 201 — 2 (b)ISRT L9 ICH
HABBOT— T VO LI 2E0EEMEY v v ¥ (BEK100ton ), WATFIX Y, ERE, FREZIT,
EEHACBEHTRLZES AmOBEHREN L CERT S _RELROU—5—%EX, HiZ LR
DiGE LRI L CREBfR & &, 8L 2,



4 FRMHMY 7 — 5 ¥ 7 O (2B 2 EB R

2.4 ZEFRAFESLVOTAHERIS X
1) EAEHA ik

EBRN~NTEHH— 3 (a) iRt 7 —F > VEE & SO EE LR % BT — 7V E
LZRHIA 7 L — 2 1CH) D3 72 R/NBRE YVicomm D ¥ A Y V7P —JTEHll L7z, 7—F > ;’ﬁ
HPREDIzbAHEF, UETRLATATEAO A YLy —Y (Ro1k2BX04E5) 12k
HEHHMED S X AR RBOEME KD, ZOfE% 7—F ¥ VEEHREOFAMESSE LBV T
BH L, :

EBRVCTR Y v v FELOBMF ) Lig2 I LTy —F v VEBHREOSE H LR %
HEL 72,

FEERVITIRE— 3 (b) ISR & 50 81 5 12 s A cn
FEHIL, BOBELABICLTIHADbaER %3\ NGO ;ﬁi <>
W7z, 2 > 4 2 .
OQ——'B . .
BLE TR 7 72 b db %\ 1 SATE 7 1S 00 288 S |t .
oL EOHEEBRIEL L7, O o, 'C i T o O
i) 7—F v ZIEHEO T AR ’
NRENEL, EREOEROEES & O BEY B3 ZAEHLE
DERNDICEFENDZ LR, BERACIERT A ( 7— “ ] i N
BT, RERIENo.29~34CIEE— 4 (a) ISR F & 9 LEs | T
I L == 1)
@l HEEHEH
s U=

2, 7—=F Y VEEICRE/ImO 7 A ¥ —2 L ¥
F—U %L, SWERGTEMS 1 ton) T &2
ZOOTFAREFML, &8, ¥— VORAIEIC E4 WSGHHIE
2V TIRBIEIT o 72 ZRITCHEM A BRE R BT

BB LTRD 2,

iz, %L’Cfﬁt?ﬁﬂiNo.35~50'C*tilﬁl(b)L:ﬂ_i'é‘J:’) [
|
|

3. RBRERBLUEER

3.1 MEBHICOVT
BHE(a)~(h) CREED T —F ¥ VKHOBRESAGIREO B2 RT. 7—F ¥ ZIEHE OF)
BRIVTNORBRE L SHBET OPRMNED 2\ BT ML A O P BRI AL 72,
BER(a) RMEBAMED 445, 27 7O5KMHH70.528%, % L CTHERHGOBETH D,
CORBBTRMABRIIL L PATICH LM ERBA LR EORRME AL, BAFOL60%EED
BRI ETDEREALHHIRE % o 700 RAMERICRBERICAON S X5 ICRRSH 3 H
ey, BFOHBRIIHM L -BREFKECHDOL, BBIELS,

U



KM X - H K B K

27 7TENEL, HFHHOKREVLOTEI LR LEMNL BRI E 20, HHHOIE VY
DTRFERGH L -BRROASKECHOL, BEBIET A 5,

(a) (b)
BD-20-1 BDC-20-1
(c) (d)
B-35-25-1 BC-35-25-1
(e) (f)
B-45-25-1 BC-45-25-1
() (h)
B2-35-25-1 BC2-35-25-1




4 KT 7 — F + 7 OB 25 B LB

EE(b)EBHE(a) AL 7R~ 3 v ORBETHE S LICHBICERIRG LB ETH
HH, NBRIHEBETO7 —F » VEKHEICAL, Z2ORBAMEDC0%FLE T CHEIRNT
HEICHETIC) ¥ Z7RICE L 2ARD S SBOBBEIMITIRIC 7 — F > 7 AR - TEE
L7zo TORMEOHMAEVARKLM L, LA THAOBRENKECHOLRAWEICET
Bo AT TENHL, HEEFEBOBEITH LI OL) 2 @BIKRELR L,

BHE(C)~ () 3MHEBEAIMED 315, 25 7O HA0.158% O34 O BB IKRT T H
%o (¢), (d)i3A T 7IEA35em THERM & HFESTRSG, () ()25 FEAd5em TH%
fLH L EFRBOBETH D, ThHEDHDTRVTIRG 7—F ¥ FVEEPRD 5 Wiz 720E0
WALZMBRI\MEOHMMEIXIIAT 7HHE 4 5ET AL ICHERICHEEL, 25 70
DRELKRBE T TR, FL25b03—KDATHE, RRKICREEICROAL LI I
MBERESBRIKECHOL, ZROAEKT BREL %2 572,

BHIEDBVICEDBROMELE T2 L, £FRBOLOTEIMIEICHET L L)
FETLHEMPRONE D, HERHTREZOL D 2BHEOBEIR SN v,

27 TEDENIOVWTRD L 2T TEDOE NS DIE EERBHIC IS C DBRE % £ 2 Eh 4
Rons, '

EHE(8)(h)REHE(c)(d) LML 7aR~2 3> THBHLDOA%0.264% L1 L 238 D8
RBRRETHL, ChODLDLRAMENTO%~80% £ TXFHD (¢), (d)DPE & Rk

DRFERKR L RT A, BRI EESL ) ICHU-BRE L ~2KE2Y), 257
HOBED NG LTL ~2KE 2o/, BEREBOBESAIBEEICROIAD X5 g
DYLCHEIHND LEIER IR > TWVD,

B, FHEIL LD, HHVWIIATTENECLDOTIH, BAWELRL, GREMEOL
TERDASFERL THRACHENMET T H2EM T 7 7THHICHOBHEIAL, BEICELA
BE) M REBIKRBREET HHERE Lo 72,

7, BE(c)~(h)RROGNBLLIICRTITEDEL, WMEBOBK VL DT, REREESY
b7 TRMME uRCﬁﬁSZTFﬁﬁEMEtwaéﬁ%ﬁ%ﬁtuﬂaéo;@ bR
RRWN*ZEZ D ETHIREBTALENSLEEZ OIS,

3.2 MEMEIIOVT

i) BAEAMEERMEICOWT

EBRERBONTMBRTEL R~ 4 ONBETEOMIR T, £, RERENo.1~No.285
L UNo.51~No 74D FBAEMEIHWIRICL D 25 TIRHEICBESRE L L 2B L E X0
WETHD, o TIOEICH, BELIC -2, BLXOBEENBEALERSHL L H
SELOBRENEGINTUDLLEELOND, ZOMORBADMBIFEIL 2 T 7 12 JiH L
IAY =AMLy —VOOTRUEBEISRDIMETH - T, FHOBRIOME IR 2

9



I

&

PN T | S

T

"

®4 EBRERO

SHITeEe oS e e = T T T e e e e e e e e S S L o e e e e e Ll T T T T e e e G S e e - T T T Y e e R P P P R P R

ton

[ttt vt LD L0 < L0 < LD < T G0 00 N v < = 00 00 AN AN < < 00 00 N N LD 16D B B © S N 603 € LD 00 50 7+ < L0 £ [ O O N N < < 00 3 55 01 74 L13 LED e 7t O3 0¥ & vt 03 &3
—— e ——— o —— Tt vt v vt Tttt at e

BeRTEE | RARE

SR T I T T e e R e - T e e e e - T T e e e O S E L R - o s
I~ O3 O3 0= 1= 00 T3 ON L O3 00 < F 0% 0 0 €0 00 < O N L3 B < 03 < 0N B €0 0N N 5 €6 L3 03 I < 00 00 < O = 0N 00 00 S 00 e N < S <F 06 S 06 S S 00 <F <8 S 03 105 S L 00 T3 08 08 3 o)
—— S S SRS S S ST B 00 (N v < T 00 00 i i < 5 00 60 O — LD L3 1= £ OD O N NI LD L0 I £ O S N OV €0 €5 GO 00 © v N T3 [ €0 00 00 T S 3 v vt 5 ) B O 5 4 )

—— —_— —— o — Tt e g

ton

—— o

FEMEE Pee

Pcar ton Peas

B

o e e e e e e R N N N N N S N N N N S N N NNSSSEE.
(0310 03 00 O 6 00 O N €3 v 00 0 = F < O L ON T+ O O i 00 0 ON < <O N 013 = £m 7 OO 1 0O V3 3 LED 0O 7 I &N = = €0 00 3 00 ' = e F 1 O D O ) < 10 = 00 D L3 163 €0 e 1 v i = <)
00 1= & 13 £ 00 [ <O 60 5O b T3 L0 b I (O I [ 00 O3 53 G £ (O €O £ 60 O €O £ 00 00 > O Ol AN A AN 7 & S vt 7t (NI T3 S 00 5 S5 0O 7 0¥ 1 ~F 1 1 53 0O 16> N & G 00 S P e bm F L3 10 60 08 O o)
S R e e e e o e o o o o e R s R R R R R e e e B B P DU (M N B g B e P e P R P P P P ey
NSAAB NSNS NANANAAAANAAAAAAAAAA NSNS NN NASNASNSNSNABNANAASNASNNANONAASNONSNAATNTNAA AN A

T L DRI DT TITI N 0D T T3 T T T3 e T T T i L LD LD LD LD 00 00 O3 6¥3 €9 € 00 00 O O B B €4 6V T T C7D 693 00 00 LD LED T < T O w00 O3 T3 T+~ O > < <
3 O~ e e e e R P N N 00 00 R B N N G0 0 M B N N 0GOS D B P L= T TI R S ST IO LR LD LD O3 T3 <F < T3 O3 b= b= 1 0= T3 O3 3 O3 103 163 b= 1 163 13 &N &N LS LS i e
N EI T N AN N N O N N N BN AN N 6 6 65 L6 BN EN 690 6 LD Led SN EN 0¥ 693 L6 LD G\ 6N 6 63 LD 6D £ 1 6N N < €65 €0 50 G0 670 60 ¢ €5 €5 00 00 03 03 i < €6 €6 50 60 €0 €5 60 60 €0 16 65 &)

BRI E

T L0 00 T © T+ T B O\ O 00 7 O b= D v T b= T3 OO
LB S BN BB B S 00 TS LB O F LS F T O F S o6
— OO O L 05 6 LD L L - T 0D O < <L 0 60 £~

00 I O3 I~ 1= 00 O L 00 00 L0 D LO WD OO LD = O N SO0 WO F WO L O FLO O b= T3 v S F IO 00 TN AN v i = 013 S T3 1= 00 v LS H S v S T3 6N 00 00 T3 €5 €0 & 06 08 < <f ¢S o3 v

Tt e e e e O\ T e = O 00 LD S v O O S LO et O O S O 00 S LD LD €O CO.0N 00 H S LO LO B = O LD [ [ b B €O €0 = L0 < L0 L0 €0 €O LD < < L6 LoD oo LoD L)

=0 N O O O WO D O D ONNILDO NN DO N DO O D O 00 00D 00 O == O\ S O 7 O £~ 1= L0 €O L0 T T O €73 €0 093 O © v O i B 0r) B €O O3 v O] 00 00 v T 00 13 6O &3 < T &N
O ON A A S DM NN O A AN O =IO MMM A M A = DO MO O DD O T3 0N 00— O3+ T3 v S T 00 00 TH > I S 60 T T3 60 00 T I 60 TH > - T T )|
i T T T D N I T S S S S S S S S S S S S S S R S I S S S S S I I e
IS Sl laclacoctocloctoe] edenedc R IER MR MM M MMM MMM M AIMmmMmMmM Mo amalmalmama NN AN Na N e N e e e e e

Ft

kg/cn®| kg/cn’| kg/cm®| P.: ton

o
<3}
— N — N
iy THON A O O N | | — N N
T ON 7 O\ 4 ON 1 6N 7 O\ 7 O\ 4 N 74 O\ 7 O\ O\ +H N 4 O | | | | [ToRTe | |
n O T O O = O O N | ! ' ! ! | | | | ! | D N O W AN AN B W
e R B ENE TN ] ! ! ! ! 1 o0 0O O 9O 9O 9O 1B W W W A & o N | | [SS N
| ! S O 0 QO O 2 N AN AN N M M oM MmN N NN ! | | | [T g | |
® OHNMINOWS O © N m ¥ N o = ! | | | | ! | ! | | | | [T BT BT BRI O S
I N D LD O =00 v rd rd rd e v 4 O] O = | I | ) ! ) = s N N = R = = G G e | | ™ ™
& | ! 1 ] ) ) M m m M @ @ M oM < N M M = M o = <R ' | [ ) — oy | !
,‘ﬁm = = =} [=] (=] [=) = =} =) I I J | ! i | J ! ! ! ! < [ < (&3 <9 M — o
—B ~ "o ~ 0@ =3 ~ ==} M @ =3 < =] ~ ~ < ;M m -] =] ~ =] -] ~ =] ==} =] =2 =] ==} ~
O [N N OO DN O TH AN M HLO WO =00 DN O 1 CN O I LO OB~ 00 D O v O 0 LD O B 00 O D O 6 LD €O b 00 TD O v O\ 0 < LD CO b= 00 T3 D v O\ €V I L €O B 00 O € i O\ 07 <
= T o = O O OO O N SN O AN G\ 6 01 60 6 60 6 O 6 00 O S S S T S S L0 L LD LD LY L LD LD LD L (D €0 €0 €0 €0 €6 €O €0 €0 €0 B [ B (- |

10



4 AMSFFRL 7 — F ~ 7 OMFRI1 B3 % EBRRFSE

EAHRE67mm O [ C AT AR ARG (0.02mm) (AL § A MUBETHELL EOVTHE (299X
10-6)IELAL ZDOWHETHY, HOBEIRFL CRE6TmO B T—8I REHT o #lF3 3EisEE
CAHET 2074240, BICTHABRIEBICHY TS0 34 (299X10-64+1.8/Fc /E4)I05%
LIBOWETH L, 72720, a2 )= ORETOMITFIHEEEY1.8/Fc, BlIEMOY »
FREBAEMRRBEL VRO ZEE S ICE LV Lz, 37, ZSWEEEO O &EHIME % BaH
Pl L CRRME E RO 2 KBRFREIHE T — FAREL 20, AR L2 BRBIBEITE b o
7ehS, MBEOMEM CHRABENSEL L LTHRELBVILVLDEELIOND,

o3, BERH THHMIMOEELED AL RICT B RERMANo. 17~No. 22K UNo.29~No. 34D %)
BAMEILOVWTRL L, FIERARBEICI > CHELAE, BEIOFAIHIMES,SHEL
FETHLAWEL X7 7HEEALT 2 bOAERET 5L, WFho 25 TET S HEHE
PLZAL 2o TVD, TOZERLARBEICL (B-ARAKEL FHMERERO b D &
Erbhb,

R, HERBHE L2b 0 LR EICHBEFRH LS D (No.5,6£N0.11,12), (No.17,18
£No.23,24), (No.19,20& No.25,26), (No.21,22% No.27,28), (No.37,38%No.59,60), (No.53,54
£No.61,62), (No.47,48& No.63,64), (No.57,58z:No.65,66§, (No.71,72& No.67,68), (No.73,74
EN0.69,70) IZDWTRZ L FIBAMEIIYERG & L2bODOHNESIKE L b EHAIRS
Wad, ZOERILTLLHETIEL L, BARTERBEOBERES L UOBELEORND
ERELZZ NG, BEMEOEVCILMBRENEOERINIVWEELIONS,

RIS D & % RIS BIERH D (No.53,54 4 No. 71,724 No.73,74) , EHELH ® (No.61, 62
ENo.67,68L N0.69,70) ICPWTRBZ &, BHEVEVICLIAENLZERIRONT, RERH
FREOHKHEDEVCRNARNEICS AL Z0BBRIIVEELIOND,

DED X CERBHFEDECBLOHKHEOECONBRMNEICS 2 AFBRIIEI VLD EEZ
bhb,

i) ARMEERME L RYMFRANED L

K- A ORBMITHAEREMIEBRCHEA L7288 % SD35(No.3,4i2 S R30) AL & LD
RYIFFAS 13RI ) BE % 2200kg /crf (No.3,4131600kg /crf) & L TR C HL#'8212 5 » T3k 7= B 1 i
FHAHEBL O Z ST 2 MBRTEERBEOLYRLZbDTH S, 2 BHITHEMHER
i=7d/8% LTM=ac-fi-j &V Pcal = 2a,-f+j/ £ & LTHEE L7z, £ IIHFRE & A0 BEEE,
AERMAN0.29~No. 50D b DIZD T, EEREL L TE— 4 OWABRTEMOFOKEVWHOE
Wo7,

KHOLDEN 1 LN/AS O TREMMITHAMENCRENET L L v EKT S, &
DL B EHMEFR L 22BHIE O EVN.3,4, HETEO/AS Wb o, Bt 4 KkE W
No.35~No.42, No0.59,608 & U'No.51~56, Z 5 TIEAHEHIH <, SMHH O/ 2 vNo. 43,4400

11



K M X -8 K B K

NCIRBIMTFEMENCTREYETLI LIZh D,

kol A7 TE, HKH, BRSO 7—Frro7aR—v s v EEBHIC K 5> T
ftsazedbhsb,

T—=Fr73HPICER SR, [MOr0EENELTCORRESATY, TR shZELTY
BT A EPBOTHETHS 2 L, BICAROBEREHOBMEEE, BERHLEEKRL
YEERITENES D20, BREEPELSEEVEIICT—F V2Rt o0 ENH L L &
Zho

COES BB TE, F—4ICROAL X)) CEHMFFEMEN CARLETL I L
T—FrrEEtk, BOTERZFHETHY), SHBEBCHEY 2BEHEERVHTLENS B L
FEZDo TOHIOVTIEHUNERIT S, ’

3.3 BBmEAHICOVT

i) MR EERES X CRAMEEREICO VT

K4 CERBEOMITRERWES L RAMERRL 2,

BRI EZ 2 5 7IKH O SE S MEMEFHIMESSHMICHEMLGED - L EOWMETH Y, RAH
FRALTO DM UHEAS LR L% % o7t XOMETH B,

EBRNOHKHEDOE L WRERANo. 5 ~No. MO BRMEIC OV TEE 2 KO FH THET
&, BRBALIBNOBKHGEHE 2 0 1 & L72N0.9, 108X OHBET EMEESBECHBICE
FAECH L 72No. 13, 14 DEA MO b DX D 10% BRE/NE R EZRL TV A, ChidKERIBHO4E
THHREPICHBES CEPERTVE20, BEBERIEICZORSORIM O LS &
DORKEL LT, —BIEHEREHRIBRLELY, BRZEDZOTREVDIEEZI OIS,
THUNORBRKR T, BHEOEVHLVIMEOERICIABRFTEDOZITDONE W,

BRARMEIZDWTHBERTE L F#ICN.9,10, No.13, 4D EIBH 2R L D HIEVEL % -
TWwaY, ThoDEERRBRFTEORE LN b/ v,

RICEBRN O BN . 17~No . MO BERWEB L URAMEICOVWT, 2hEAFALRAT TE
DHDOFEIOWTHET 5 &, HERY, HEEPESBLUHERGCHBHE 25 7 Lk
L FTCHET b 00BN LZERIRO LV,

I MR TR LAERV BLUVIORERAEN.35~No. 740 T, EfHE: (O%RM & H
B OARIT 2L OMEORRHES L CRANECSWTHET AL, 25 7EOE
VNo.57,58 & No.65,664 & UM 8k#% 10,264 % DNo.71,72 & No.67,68 TR EFEE L L2 Zh EFh
DRBEOTTHERIE, RAWEE DEIKREL L > TVED, ZOMORERE TSR &
HPRHOBICHENZERIRS LRV,

Doz edhs, REBROHBHNO TR —Y 3 v 0bOTIHYEEN L EDEGICE A
EIhswborErons,

12



4 AL 7 — F > 7 OB B3 5 EBROTZE

i) HTRRE EEERE L A ORB D ER L o B .
R— 5 ICHFRRRFT EEERME & EEORBENHER L o iz ———
7o o\ oll
KPR CRFROMISISEEWE % R CHEE B2 THE . .
R CERD, ZOWEMN OGS .0REE# % A C T Code (i 1> :
TR (1R >, BREROMIEE 5 0 & > B O Ol
ERETHZLICL - TlipNnL (2)RICk 5T, b5 2ABBRfEIE T
(RABL(4)RIZL > T2, T

R C'825% M5 B o &

Peal = 2a-f,+j/ ¢ (1) '
Rt AR B Rt

2_ _ .2 .

Pcal = T?f_sg_~;) (2)
bS5 2R

Yan®#? Pml=4-dﬂpg/{€p41— ﬂz)] (3)

34,
Blévot — Frémy OR? hm£4-¢@g/wpq1-2;p)’ (4)

T ZUC, Peal ! WTRBHEREM, a —H 0K LWEHR
fy ¢ FKBORIKIUCHE, j=(d—a,-f, /1.7Fc.B)
d @ 27 T7OKBE, Fe: ¥ 7Y — MEE, m=a.f,.j/B
rol AEWR, B XTI, ¢, AURIFE, ¢ AR & ALO R s
RICLD &R CHEEB2FR DI 5 EERMED HIEN0.35~No. 74 % TD b DTz 2 T1.0LL
TehoTwa, COREHEMICIN)HEMICAEN RS 7 (d) L HFRE— VOO REERE () & ok

- A/l ERoTHRTAEH~-6DEI 0% b, COMEY d/ 4 DEIBER2.05BE D LD 2

bOTRIUDMERLOUTIZZBLEE L%, Hlb, RCARICL - THESND BT E
dd/ L B2.08BABEI R TOR-Y 3 YO ABMEHIMT 7 —F ¥ 7128 L CRA %
B5zazriiin,

RICHERBERICLBMEICOVTRS ERCBARICLBML ) b EFIS CHE S DA,
R CB2HRDGE L FMKITN.35~No. 74D b D TREBRMBLV b AE L oTHBY, ERAO
x5 25z il b, »

FIABBRICEBMEICOWTRS & Yan OR? B & 0° Blévot-Frémy ORI 12 X Bz wF R
DABET OB % 52 HHERERYD, LRORCEIROMABIE LA 2D d/ L 5

13



- 3

KO£ M K - &

T D He

=5

B
i

9)

ton

3&&&LLLLLLLLLL
MM MmMmmMMmmm o™

0 O LD LD £ B T 60 LO LD £ [ 6 60 LD L B £ 00 00 F <FH O O 00 00 AN

] S SO oo OoMOOINOoOOIRISSS
© A A A A A A A S A A A A S A A A A A I O O I S A I OO A O oo oSS
B¥ NSNS AABASANSNSNASNASABANSNABNPABNSNSNSNAANSNANPABNSNSNAANSNBNASAANAA,

X X % % % % % %
; = 00 00 = v [~ [~ v v OO O v v OO 00 O €O = [ S [ I = [T O O < LO LO F < €0 O b= 0~ €O O b~ |
S S TIBBNAN LM NS S S S MM 000500 00¢S B TITIVBVBXB AT HIRI IO O F < S S|
ﬁ = OO = DA ANNDID OO MM O W=D MMM O DM N O O D D)
— —— — RENEE  p e PR
>

g |~ ~mAaAamaAaAaA~AaA A P N N N
BT ] A Sy S T2 N300 N = L0 O O N © 1= L3 6N T3 00 00 L) © €O v b= £ 0¥ 6 O 71 00 O\ €O L0 ' I O O\ v L0 <O 63 1) 00 < L0 T3 €O E 0V © <0 00 O O < N €O <O &N |
n” G = O = DO DD v N D D N N COANCNFHMNANIM MMM AIMM P FMMAIONAN AN N OO =D WO T <M P IOV O v v v+ OO O < < N 0D CN O\ O\ v v O OV
WE| | SN SRR (N S N N U N N N N | et vt el e e et et e vt Y 1 v 1t 1l 1t et Yt Y el et d ok e 7t 1 ed 1t e 1k 7t Y Y Y e ed et T d 7 Yk Y Tt 1l 1l e v e ¥ 1l P T
- \BASABABANS NSNS NS NSNS NS DB [ SASASASASASASANBAB NSNS AB NSNS ABNSANBAB NSNS NSNS NSABAS NSASABASAB NSNS NSNS NSASANSASABASAB NS N NSNS NS NSABASABAS NS NOADNSNBND! N1
S 5 o[PS c000000w0w D00 73 S S 10 00 3 073 o 5 €0 0 073 3 o S L Lo 1 L L5 50 50 073 03 65 073 1 1 £ e 5 0 073 05 60 O S0 €00 00 50 073 07 £ €00 O 0 Lo 163 40 < 1w 16 0 o
k9 0&&115555555&&& BB DB MILO T LI T TIP3 S S 00 00 T3 T3 0P 0 S S b= b= 00 00 0N OV F 073 03¢5 ¢ O 0N 06 00 043 03 00 00 &N N I <F LS LS < <F L3 Ly
m = — MMM MMM 3355883355883355884455770033446699446688115566661188008800
——
e e L o T B o e Py oy o e P o e e ey Pt Y oY e P ST gt e e P ey Py ey e YoV P Yo FenP e P
N NN R N A e DRG0P DD D000 e 0 07 T F e L0 73 = N €N 00 00 T 71 T3 O v F 00 < 00 163 i = LD €0 T3 vl €73 63 D L3 L0 O3 €0 s 3 O < v O3 <+ <F & =
N 2] NNS®BBBB®SFBnTS L3 L6305 €0 0 D L5 L 0 €O 165 D L3 L6 €5 00 T €65 €O L L > ¢ < < < 74 S 7 00 00 b= €65 1= 00 L €65 L3 L1 < ¢ 63 €0 € = 00 < < €O L6 16> L> <F ¥ Le> L6
[N SECJNE U N U N U N N U | et ety el et et et et et 7 1 et ot vt ¥ et et ek 7k el 1t 7t vt 7t O] O\ O\ O\ 1t vt v 1 v e 1 et et ot vt 1t 1 1 v 7 d et et 7t v vt vt ]
«© SASABABNSABNBAS NSNS NSNS NS\ [ SASASASABAS NS NSABAS NS A NSASABAS A ASASASASAD ABAD DI A S NSNS NS A DA NS S A ABAS NS S S S AD A AS S S A DAS NSNS,
2> <~ s oococoocooocoocoo B D B B =2 =T P e e T Y e e e b L = R e e e e ===

OO0 M08 O OO MMME=I=M AN AN LD = r— D O O D T3 T3 v v 03 09 S S 00 00 L L 00 00 L LD
NI IO A= =M MO LD L DD F FLOLOLO L T3 3 €O €O 00 60 €O €O 00 00

Pcat

tm

e e i e e e i e e e
——

SHW

oS ITIRIN®0®
— o —

—

79)
78)

11&922222ZZZZZ&54&54&544556&4455&655&&&&LLTT&&&&55&&&&4455Q0&& ............
NN = = (6 O D H R D = b= 6O
—

RC' 824 | BRREE

Peat Py | Pcat Py | Pcat _Py | Pcat _Py Pcat _Py

Pecat

ton

T Tt T T e e o T T T e T e e S e e
VOO NI= MO =N LN DN DD LOM

7)1

Lo O o o
D PO OO AT DO —H IO OO OONOTONOODODODOOO—O D

9
7
8
1
9
3)

SROSASSS

FREIRCIILS

= R N N N S N I I N N N N S A I S N O N N S O A T S A N N N O O S I A O O N N S N A S S S S
Q S negavge YIS ngoyNaNnE Yo YN CaNSCnm S S s d O aFdoSoaNSS TS HSSOF SO SRS s 0TS B T o9
+ S S S S S B 00 AN v S S 00 00 v v < < 80 00 6 16D LD B £ TP OB AN AN L LD [ B O D AN N €0 €0 00 00 O — AN G £— €O 00 00 D DM e D N NS> I N N
e —— —— —— o — o —
—eN— N
OO = O N | [ e N
e T O\ N T O\ N 4 O\ O 4 O\ = O 4 O\ = O O i N ! ! L o |
O N T O = O N — O ! i i i i i ! ! | 1 [ Y - B BT e N N Y e
—ONTH NN | | | ! ! e o o 0 0 O 9 © W0 oWwow o N N MmN N N
& | ! e 00 0 O © N N N N M M omo oM &N N A | 1 o W |
OoHNMILES © © N Mm * N m» = | ! | ! | ! | ) ) | - I L S T SV - B B S Vs B T
[~ N D <O O =0 D A i A v O O = | | l ! ! =TT S S Y - S Y o B ST o S e =SV B = S T B - BN - B c B | GCIGE]
aa | ! ! ! ! | [ &) m Q| «Q <) S TR S S S B R e = Mmoo < i 1 1 I — oy 1 |
rhighing = = [=) [=) = [=) = =) =) = a i U | ! ! ! 1 ! ! ! ! ! < [ Q [ <& < - o
= =) > =5} ~m @ m ) ~@ xQ 2] = -] =} -] ==} ==} -] -] Q == M ==} ==} = Q =) =) =) =) == @
=] 1 O\ 00 L €O 1 00 TP+ N O < L O b= 00 O O v EN O LD L0 B 00 T © 1 N 0 LD €0 £ 00 T O v O 09 LD €O 1= 00 T3 O v O 0D LD €O 1= 00 O € v O3 00 < L6 €O 0= 00 T3 O v— O 00 <
= e = T N N Y N A Y N AT AN 60 0D CD 00 00 D CR CR 00 00 TSP < = < L0 LO L0 L0 LO L LD LOLO L0 €0 €0 €0 €0 €0 €0 €O €O €O €O b= b= b= I~

55b0D

[

*ENZ1.5< 1 p/d 2. 5080

14



4 AWML 7 — F » 7 OB B 5 BTz

|
i
1.2 4 |
|
I
s o
1.14 . ° .
' ’ .]
) b
. 13 *
S e i o "~~~ S
. ¢
< ] '] °
N | [ ]
Q .
.9 I
N 09 | .. .
Q | [ [ ]
| °
|
0.8 1 °
| i s
| .
| . {
0.74 | .
' °
I
|
0.6 :
T T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

a1

BI6 R CHHEB2HNNME & EEE L  H
2.0 2% b D (No.35~No.74) 12D v TEHEME IS T 5 EERIED 0 F1y 5 & OFE#R 2 % I
% & YanDHTIE1.648 £ U0.23, Blévot-Frémy ORTid1.328 L 000.16& % 0, W L bEB
ECHFHIELTVD L RE L%V,
Dok, a4/ ¢ 0fE»2.0%82 %% &42M1Liﬁﬁ¢7 —F Y I OMITR D % R
RAHEELBLRERLS 20,

4. PIRBRICES(RABERICOVT

4.1 BEDO S ABRXNDEZLS

PO ABRICES CRAMER E LTRAMBO Yan OR? B £ U Blévot-Frémy DR 35 % o
Yan ORXBAEO @A 2 7 7 EHORMHEMICIYE IS5 L, ZOHE LN SHHIE LD
MBI 27— POROEMENZ P75 & LTEZS A, HELOEGAETZ O

BRI OSEF IR & 96, ZOKRPED BB OFIRIEHENES L LTHEIRT L
%,

—7 Blévot-Frémy ORXBHOMA A2 5 7 L H 2 5 5 FlE7 17 £ OREWRIE O d0 2
LTwaEL, TORPSEMPLOEEOSBGMUBEESHT P T A2 BRTL L LCHEART
VB SELE COENONAE, Yan OBa L MHTH 2, 2 LC, b EHALE L
HAAERE SN BB REMEL DHED 1/4 O0fis@bE LTV,

15



K £ MW X - K B FE

CHOMALECIIELT, 27 7 LHOHMEOSEILFHIC> W TIISRIES R TE
59, BIEOERE L OB RD> S R COHHMBOILN 5 OME O BR D, WIHEEROR
BILRE(RBETHEEZOND,

4.2 FREFZBNCLIBHBORETHIH

Bl— 7 ENo.SIEFNIZDOWT, av 27 ) - ORBRBEEZEB L -AREZEBITICL - THS
NAHEEOSEHBICHES 2R LEDDTHS, 28, ZORNEIHHINEEH SO S
ﬁ%%wﬁﬁﬁﬁﬂipfﬁbfﬁbtbmfhh,%WK%LT®¥$ﬁ%ﬁ@—80;5T
H5,

E7 I OSE SIS AR

Bl—7 (a) RBRIFHVEI ) -REOEFI THER LKA TORNRBOILNIH TS
D, FE(b)ZBRITr»O TREEXRI CEHERLABOZATH 5,

K CiEar ) — boFEREME, 3020 - EHEBBOMNEFEOE T VLS 7 —F
Y ORBEOKREE THIICEBRLBLL0TE R VD, RANOEIKESLT LLERD
IS TIREE 2 BB ICHBLL TV 2 b Tld vy, EBRIC X NEHERM 7 —F » 7 A5 R
TAHE, 27 7R BRI ABEEIN -7 (b)DIEHKRED L 2B LA T 7 Lk
CETELTVALI EDS, MIZR SN DHME OB 5ME, PSR 7 —F v 7%
R 5 & EOHMEBOIBHDMRAEIEMLTHBEEZTHORELBYVREZVLDEE LS,

Bl—7 (a)IZloNns X5 ICHBEEANOI)E, BRERI AT THOKMVERE S T

16



4 BRI 7 — F > 7 0l P 7 1 B9 % 8RR 78

HER LR CRHEMARROBEEEIHTRE 2T
VA%, (A REIAERTE BRI b T S ) A
ELTwa, Zhicx LT, BREFX57EHEEL T
MR U 72 BB CId, HERR A R 0K BE o FEfEs ) 4t
BEEICHIR L, HME PR cdiciRIc 2415
EIEHoTVD, [RE LD MR T TEIHEL,
POMMBEOIE b 013 & OBIMIEH <, HEBAH~
DISHOEPE T WHE/ 25 7E) okEnbonid
CHEECRBEERD,

CRHEDZEDNDL 4 RHLFMT 7 —F ~ 7 OMIT#R
R, HE) oK IHERSOMAT L EL T
MIEESNALI B EEXLDLI EFHEL,
4.3 FPSIZBRICES(WMHARXOEN

BIE Cai~7: &9 ZHHEB O HikEL ZE L,
4 ERFEHMY 7 —F » FORBEBIZERDE > 2 b
ADEREND DD ERET 5,

HE@H A7 7 LHECHENEO 4 505 iE %
o THEMICHODERZA P T » b LTEESH, #
®K¥&ﬁuﬁET®ﬁﬁﬁﬁﬁﬁ%®m%ﬂ&%%
W, EORER T IMOMARR I EHEI bD LT 5,
(—9)

ZLC, HHHEHENOERKISH A E2-—100 X5
LEAESAEREL, RIOEHA T v MEI O
DENEXBLOLDET B, 72751, GHfER
Mk, 27 7E) Ok > TELbD LT B,

ZIT, WK -100 L) 2=ARS O L 204
NBERO S E, RLE#HS 3r/8 OfEE %D,
H—1LUIR LR LD, PIRADOBHEESxIRDL I IC
k%5,

AL a3 .
2 X7 2 g '

S.ox=4ad/ (4a— 371) (5)

JR -'__Rf &
4
1
\
MRS Y
1
cB
.
z[ %
o
&
B8 EH 4 H
P
EfER 5y b

B

R

ta

Re

B9 b7 ARERBRSH

T2 120 NOHERFRLD Tapid kDX H 12K T 5,

17



K% M £ - & K B K

’T -_“_ﬁ;- 4 ad
ATy T 2 4a—3r n}
. _ 4a—3r /
..TAB-—gzd P (6) , //2
o ob— e
ZOTAB DS —HRBDEFGOEIRAF, O 1/2 12% L w ¢
EBLCEPRRDEH TR D, r /9
1 _ 4a—3r ,
KN F, = T P&D BE10 HMEo 5
P= 4F,-d/ (a—0.75r) (7) ot

SCTrofRfr el BE L (=a)/d DEI

Yo TRO LI IHET B0 i
£,<1.5d & a=0.75 X
d
1.5d< £,<2.5d D&& a=0.75 }(8) -
+0.25( ¢ ,/d —1.5) 5

(8)KiE €,/d=2.50k X, FLIINFFHE 5 T2 a2
DENRIEACHOBAILEFTLE )L S
LOEL, £,/dH1.5L2.50RTitaDffi%
A X o TRDBE L LD THD, p[F4M
4.4 RREEREREOHR e

K-S 0BRAM(T) Rk > TROLEEERBEEOLE o fr,

FIR Lo BB IO T, MRS £ EBEY 2/

Rllo SRIZES L HOTHHIX.03, HifF%30.05, % o
BES%RELRD, KEBROHEHCTIRIETICR CEBRBEIHEL e/2

e BEELD. ‘ H12 s Lo oss

EXY, /¢ 220582z A5E) %7 uR—-2a 04
AU 7 —F v ZFORBR D ERFORERIC X 5 TH
BERAHEELBRALLEZOLONS,

B b5 2

5. € ¥ U

DEEBHERICOVWTRET LR, ROBEIHL» L% 572,

1) 27 7IKHEOFBEMNE GG B L OB ENIE > THERBELZT TRV,

2) 7=Frro7u0R—-T 3 VBLUHBHICE > TRR CHERFRICL 2EHMITHE
WENTT7—F v VKEHICBREEETLHI LD D 5,

18



4 RKLFHT 7 — F ¥ 7 ORI 5 5 ERAORE

3) MRE VOB EADR T TEAEDOR A/ H2.0%BAAL) T O K- 5
YDOARPEFEML T —F S ORBWHIER CHERFRICL - TROOND ZFNETF
[\l%, .

4) BEO b ABRC L2 RBMIMEEBEC TR OERMBEBIFHLC VD,

5) ARTRELL b7 2ABHIES CRREDMERL 0/ 0 22085 T0H— 5 >
DT —F ¥ FEREIIN LTS LBETHIET 5,

AR, EMERK ENERE BLLEHEAZER) SHUT2VCHEORBRIR BN E

E7—=FrrTuR—var, HFHEOBRICOVTHSL 2T LLEND 5,

B0, RBOERIEZRERB T AR S PIZFHELEENLE DB LDTHBHOb & 1247

bRIZbDTHHLI L ERFEL, LASEHBLEFE S,

1)
2)

6)
7)

8)

2 2 XM

AARBEFS D “Sha s 2 ) — MESFHEHE - TS, (1988)

HT.Yan: “Bloom-Base Allowance in The Design of Pile Caps” , Civil Engineering and Public Works Re-
view, Vol.49, No.575, P.493~495, May (1954), No.576, P.622~623, June (1954)

J. Blévot and R. Frémy : “Semelles sur pieux” , Annales de 1'Institut Technique du Batiment et des Tra-
vaux Publics, Vol.20,No.230,P.223~295,Feb. (1967)

AN, RE D HEMEY S ML 7 —F L S ORBRNCETAHE -1, 17, BARREs:
RS ESE289, P .41~52, (1980), §5299%, P .33~43, (1981)

MK, KE, 13 @ “SHEMELZ 5 A RMEFEARMTL 7 —F > 7 OfiFBEMR I oW B
RS SAL Rl ST R R 4ENo . 54, P .28~31(1981)

RE, M " 2ABMB O 4 AT 7 —F ¥ 7 OMIFHREER" 0 AR SEE T HHERE
#No.63, P .71~74, (1990)

RE D “ARBRHML 7 — F > ZOMIFBIEERIC oW B AR SRR (hE) P .817
~818(1990)

SR, R ARBIFL 7 —F © FOMTBEERERIC OV T (20 2) " BRSSO RS
4 (GRL) (1991)

9) REE, K 17 ARBSFENL 7 — F ¥ 7 OHIFINIC 2T HARBESE AR EEEE G 1991)

10)
11)

ACI: “Building Code Requirements for Reinforced Concrete, ACI 313—83"
J. Moe : Shearing Strength of Reinforced Concrete Slabs and Footings under Concentrated Loads” , Bulletin
D47, Research and Development Laboratories, Partland Cement Association, Skokie, Illinois, May (1961)

12) J. L. Clarke: “Behavior and Design of Pile Caps with Four Piles” ,Cement and Concrete Association, Lon-

don, Report No.42, 489, Nov.(1973)

19



On the Distributed Coupled-Line Digital Frequency
Multipliers-Part I : Output Simulations
to Cosine Half Wave Inputs

Iwata SAKAGAMI

Abstract

The simulations of output responses of distributed coupled-line digital frequency multipliers are discussed. The
simulated waveforms are obtained from sampled data of measured amplitude and phase characteristics and found to
be in good agreement with experimental photographs.

The input signals here are the cosine half wave pulses sliced at a positive level. Therefore the Fourier transform

and the energy ratio within a specified frequency band are also considered.

1. Introduction

Speeding up a train of unipolar or bipolar pulses without using nonlinear elements has been dis-
cussed for the case of distributed coupled-line (briefly, DCL) networks [1, 2]. The main theme of
these past papers was how to synthesize DCL networks from network transfer functions and im-
pulse responses. For the network synthesis, it has been convenient to treat a train of input pulses
as a train of impulses. The reasons were as follows: (1) The train of input impulses possesses
equi-amplitude and equi-spacing discrete frequency components over -oo < f < oo [3], and (ii)
the frequency and phase characteristics of the DCL networks are also periodical at all frequencies
of -00 < f < 00, as the network transfer functions are expressed by the delay operator z_1=exp
(-2s 7)) or the Richards variable t = jtan 8 ¢ [See II. in [2] for the symbols T, B, ¢, and s].
Theoreticélly, the property of (1) can be matched to that of (ii) at all frequencies, and this eases
the synthesis problems.

Normally, the transfer functions of DCL networks are calculated on the basis of TEM wave
approximations. Arbitrary waveforms are allowable as input pulses if the waveforms are duration-
limited and no overlap occurs at the output port. However, a train of cosine half wave (CHW)
pulses will be introduced in this paper for the reasons that (1) the CHW pulse occupies the nar-
rowest bandwidth among many other duration-limited waveforms [4], (ii) the train of CHW pulses
can be obtained easily from a sinusoidal oscillator, and (iii) the train of CHW pulses is considered

to be suitable to the high speed pulse transmissions.
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The main topics here are: (1) A CHW pulse in more general form [See Fig. 1] and the Fourier
transform; (ii) Energy within a specified frequency; (iii) Energy spectra of periodical CHW pulses;
and (iv) Simulations of output responses of the DCL digital frequency multipliers.

In this way, the functions vof the digital frequency multipliers will be clarified and verified from

the considerations of these subjects.

2. Energy Ratio of a CHW Pules on the Frequency Axis

A. Fourier Transform apd Effective Bandwidth

v (%)

Fig. 1 shows a cosine half wave (CHW) pulse which is sliced

at a positive voltage level from a sinusoidal wave. The waveform
viis '
A (coswyt—cos b o), [t] <aW
vo= 0 ,VItI >aW (1) +
—aw aw
where, w, = 7 /2W, fo=am /2, and 0<a<1. . Fig. 1 A cosine half wave (CHW)

. . L. . pulse (0 <a < 1).
The a is variable and represents the positive voltage slice level

indirectly. The 2W indicates the duration of the CHW pulse at = 1. Designating the Fourier

transform of v(t) by V(w), the CHW pulse sliced at zero voltage level is given by a = 1 and repre-

sented by
cos (woth L] <W
cos (w nt), t| <
v (©) =‘ VW ’ (22)
0 [t] <W
A 47 VW cos(Ww) /(T °—4W2w?), w#+ T / 2W
Viw) = - (2b)
VW L w=+7T /2W

(1) needs to be discussed at first for the following reasons: In general, CHW pulses created by
diode circuits and so forth correspond to the case of 0<a<1; and a train of CHW pulses with
variable duty ratio can be obtained from a sinusoidal oscillator by changing the positive slice
level, though this is a rather primitive method.

For the waveform of total energy 1,

oo 1 0
f_wiv(t)lzdt-———f v (0)|do = 1 (3)

2w -0

Using (3), A in (1) can be given by
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A=y m™ /y/W{ 2am + amcos(a7) — 3sin (ax) } (4)
By (A. 2) defined in the Appendix, the effective bandwidth A @ of (1) is rewritten by
" .
(Aw)2=flw‘dv(t)/dt|2dt. (5)

Calculating (5),

Aw= T ‘/ am —sin(ax) . (6)
2W 2am 4+ am cos (am) — 3sin (a7)

V (w) can be given by

V (w) ="4W 7 AP(X), (7)
where

P (X) = Xsin (4 o) ;o?n('x-i ?()/—a)a(:r” c—(is)((ﬁ/(z)sin (X7 2) (7a)

X=2aWaw. (7b)
Putting

7, = 2aW, (8)

T ; denotes the pulse duration in Fig. 1.

Egs. (1) and (4) in case of a = 1 represent the same equation as in (2a). In the same way, (7) be-

comes equal to (2b).

B. Energy within | 0 | < Q
As the total energy of v (t) is 1 due to (3) and (4); the energy ratio E,, of the energy included

within | @ | < Q to the total energy is given by

1 Q 2 .
Era"‘é? f_n ’V(w)! dw . (9a)
4W 7 A® ©10 2
=== | [P (x)]? dx. (9b)
a -T1Q

P (X)at X =0, & a7 are given by

2sin (o) — am [
Lim P (x) = —n (60 v <03 (8 0) (10a)
X—0 27

am — sin(am)
lim P (X) = 5 (10b)
X—+am 4 .

Taking (10) into account, the numerical calculations of E,, are carried out as a function of (7 1)
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by the double precision Romberg method. The results are shown in Fig. 2. The curves Co. 1 and

Co. 2 represent cases of a = 1 and a = 0. 5, re- Q Energy Ratio

—

spectively. The curve of Rec. indicates the energy Rec.
ratio of a rectangular wave [See (A. 5) in appen-
dix], presented for comparison with the CHW : Cos1,C0.2
pulses. It is known that the effective bandwidth
A w of the CHW pulse of a = 1 is the narrowest

among many other duration limited pulses [See (A.

. o

4) ; when T ; = 2W, (A4) is equal to (2a). ] > r . : , . - . —

©0 2 4 6 8 10 12 14 16 18
However, there are no practical differences be-

T, Q

tween Co. 1 and Co. 2, so that the case of energy !

Fig. 2 The energy ratio within | w | <Q as a
ratio 99% is examined numerically at first as a function of (£ T y).

standard of bandwidth required for the network design.
(1) The case of Era =0.99

When a = 1, we have 7;Q = 7.426. For the pulse duration 7; = 1.1 nsec [See C., V. in [2] ],
we have fg = 1.074 GH,. Here fq = Q / 27 . When a = 0.5, we have 7 ; Q = 7.484. This
means fo = 1.083 GH: for the same value of 7 ;.

The fq of this case indicates that 99% energy of a CHW pulse is included within | f | <fgq.
(11)The case of E,, = 0.997

It is known that the energy ratio of a Gaussian pulse exceeds 99.7% at three times the effective
bandwidth of the Gaussin pulse. For the confirmation, the case of E,, = 0.997 is also examined
about the CHW pﬁlses. For a = 1.0, and 0.5, we have 7 ;Q = 12.11, and 12.60. Using (6), we
have  / A w = 3.85, and 4.0, respectively. This means the energy of 99.7% of the CHW pulses
of a =1 and a = 0.5 are included within 3.85 times and 4.0 times A w. .
(ii1) The case of rectangular pulse

In order to exceed 99% energy, there must be 7,0 >64. 63. Therefore, a fairly large fq is re-
quired.

In the following sections, the CHW pulse of a = 1 will be used for the calculation of output re-

sponses as the curves Co. 1 and Co. 2 are very close to each other.

3. Energy Spectrum of a Train of Input Pdlses

Now let us consider a train of unipolar pulses vy, (t) of time interval T (period T) and a train of

bipolar pulses wr; (t) of time interval T (period 2T) [ For instance, see Figs. 6(a), (b)].
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A. The Case of v, (t)

The pulse train v, (t) and its Fourier transform are given by

, =
v O = 2, Vike ) exp (ko Ty, (o0 <t < o) (11a)
k=-00
Flve®]= ot 2, Viko®) § (0 ko), (11b)
k=-00

where @ ¥ = 27 / T. When the DCL n-section networks in Fig. 4 in [2] are used, T=2 (n + 1)
7. The 7 indicates the time delay of a unit element [ See Fig. 3 in [2] ].

As the energy within a period is given by

fT/Z Ivee (]2 dt =1,

-T/2
we have
I &, N
?ZV (ko ™) =1, (12)

k=-00

where V (kw *) = 4W r AP (X)) and Xy = kw * T .

B. The Case of wr, (t)

The pulse train wr, (t) and its Fourier transform are

o

1
wre = 2, ViEkthe /2 texplj @kt ot t/2}, (o <t<e) (13

k=-00
Flwe, ©1= 0* >, Vi@k+thot/2} 8 { 0 —(2k+1)w*/2}. (13b)
k=-00 .
The wr, (t) alternates between the positive and negative polarities at time interval T. Assuming

a positive polarity pulse arrives at the input port of the DCL networks att = 0,

fT;iz lwre ()% dt = 1,

Therefore, we have

1
T -

[

S, v @kt t/2t =1, (14)

k=-c0
where V{ 2k+1)wt/2} = 4W T AP (X) and Xy = 2k+D)w T 71/ 2.

From (11b) and (13b), it is understood that the frequency components of periodical unipolar

pulses or those of bipolar pulses are discrete and given by integral multiples of w ¥ or odd num-

ber multiples of w */2 and the amplitudes are determined by the Fourier transform of each con-
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stituent pulse. As (12) and (14) can be obtained by multiplying the mean power of periodical

waves by the period, each term of the left side of each equation represents the energy spectrum.

C. Frequency Characteristics of Test Circuits A and B
Fig.3 shows the same measurement system as in Fig. 1 (a) in [2]. The design parameters of test

circuits are the same as those in [2]. Therefore, the amplitude and phase characteristics can be

Al € 3'17 %;Re
Ag . . Test Circult A
% ]

R1
Ro Test Circuit B

< T>T->=R1

B1

Fig. 3 Test circuits for measurement, where P. G., test circuit A and test circuit B
indicate a pulse generator, a 1-section directional coupler and a 2-section
coupled-line network.

calculated from their network transfer functions. Figs. 4 (a) and (b) show the amplitude and phase
characteristics of test circuit A, and Figs. 5 (a) and (b) are those of test circuit B. In these figures,
the theoretical curves are depicted by broken lines to suit the computer drawing. The equipment
for the measurement was a set of HP8620A, HP8410A, HP8746B and HP8413A. For the ampli-
tude characteristics, the measurement data were tied with solid lines directly. However, for the
phase characteristics, there were not many measurement points. As seen from Fig. 4 (b), the
theoretical curves have double values of —90° and +90° at integral multiples of 385MHz, so that
the data from close to these transition points could not be measured accurately. Therefore, on the
phase characteristics of Fig. 4 (b), the 3-rd order least mean square (LMS) polynomials y = a ¢ +
a1x+azx’+a 3 x> were derived from the measurement data. In Fig. 5 (b), the situations are

similr to the above.

D. Discrete Frequency Components of Input CHW Pulses
The trains of CHW pulses for the use of output simulations are respectively shown in Fig. 6 (a)
and (b). In Fig. 6 (a), the period T; is 5. 2nsec and the duration of a CHW pulse 7 ; is 1.1nsec. In

Fig. 6 (b), the pulse interval T is T;/ 2 or 2.6nsec and the duration is the same as in Fig. 6 (a).
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Fig. 4 (2)Amplitude characteristics of test circuit A. Fig. 5 (2)Amplitude characteristics of test circuit B.

Solid lines: measured. Broken lines: theoretic-
al.

(b)Phase characteristics of test circuit A.
~ 1 3-rd order least mean square (LMS)
polynomials.
Broken lines: theoretical.

(c)Energy spectra of Fig. 6 (a).
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Solid lines: measured. Broken lines: theoretical.
(b)Phase characteristics of test circuit B
=~ 1 1-st order LMS polynomial for the first
peried and 3-rd order LMS polynomials for
other periods.
Broken lines: theoretical.
(c)Energy spectra of Fig. 6 (b).



Assuming that the
pulse generator P. G.
in Fig. 3 outputs the
pulse train in Fig. 6
(a), the energy spectra
calculated from (12)
are shqwn in Fig. 4
(c). Similarly, assum-
ing the test circuit A
generates the pulse
train in Fig._ 6 (b), the
energy spectra given
in Fig. 5 (c) can be
calculated from (14).

In Fig. 4 (c), the

energy of the unipolar
CHW pulse train ex-
ceeds 99% at f =
1.154 GHz, and the
energy of 99.5% is in-
cluded within | f | <
1.154GHz.
Within | f | <1.731
GHz, the energy of
99.77% is included.

In Fig. 5 (c), the

energy of the bipolar

Iwata SAKAGAMI

g Input Wave+orm

Time [hsec]

E Input Wave-+orm

4 T 1] T L
0.0 5.0
] Time [hsec]
' ﬂ N [\ hA
J i '!
\/ \J v
Fig. 6 Trains of CHW pulses. Fig. 7 Experimental results at
(a) Input for test circuit A. (2) port A;, (b) port Az, and
(b) Input for test circuit B. (¢) port By.

CHW pulse train exceeds 99% at f = 0.962GHz. The energy of 99.5% and that of 99.85% are re-
spectively included for | f| <0.962GHz and for | f| <1.731GHz.

In this paper, the measured data from zero to 1.731GHz are used for the output simulations.

The DC component fo in Fig. 4 (c) is cut off completely, as seen from the test circuit A. From

Figs. 4 (a), (b) and (c), it is understandable why the frequency components f2, f4, ... are rejected,

and others f1, f3, ... transmit to output port Az This is the reason why the output pulses can be
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formed twice as fast as input. The test circuit A satisfies the prescribed amplitude and phase
characteristics approximately in the region where almost all the energy of input pulse train is con-
centrated.

As seen from Fig. 5 (c), there is no DC component in the train of bipolar pulses. In Figs. 5 (a),
(b) and (c), similarly to the case of Figs. 4 (a) (b) (c), the components f1, {3, {4, ... are ‘rejected and
{2, {5, ... transmit to output port B,. This is the reason Why the tripler can be built up with DCL
networks. However in the case of Fig. 6 (b), the outbut pulses overlap each other at both edges as
pointed out in Fig. 2 (c) in [2]. Referring to Fig. 5 (c) again, higher frequencies than f5 can be neg-
lected. Therefore, in other words, it can be said that most of the waveform shown in Fig. 7 (c)
comes from the transmitted component 2. The duration of an input pulse being shortened, the fre-

quency domain spectra spread to higher bands, so that separated output pulses can be generated

three times as fast as the input.

4. Simulations of Output Responses

In this section, the waveforms of output simulations will be compared with photographs in Fig.

In general, when inputs and outputs are denoted by ar (t) and b (t) in the time domain, their

Fourier transforms At (w) and Br (w) are related by
Br (w) = I'n(w) Ar (w), _ (15)
where T', (w) is the transfer function of n-section DCL network.

When Byt (w) and Bzt (@) respectively represent the output Fourier transforms for the train of
unipolar input pulses at (t) = v, (t) and for that of bipolar input pulses ar (t) = wr, (t), egs. (16)
and (17) are obtained from (11b), (13b) and (15).

Bir (@)= w* >, Tuko®)V(ke®) § (0—kot), (16)

k=-00

Brr (@)= ot >, Tu {(@k+ 1) 0*/2} V{@k+tho*/2}
o 0 lo—Ck+hwt/2}. A7)

A. Output Waveforms of Test Circuit A
When the output of P. G. in Fig. 3 (a) is assumed to be the pulse train of Fig.6 (a), we substitute
wt = w{=27/T)and n =1 into (16), where T; = 5.2nsec. Then we have the output Fourier

transform of test circuit A.
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Bir (w) = w/ 2 I ko) Viko) s (0 —kw). (18a)

Taking into account the following: (1) I'1 (0) = 0; (11) 'y (w) and V (w) are even functions ;
and (iii) Phase 0 5 (w) of ', (w) is a odd function, the inverse transform of (18a) can be given

by
s =
bir (1) = 2 T (ko) | Vkoi)cos { kot — 61 (ko) }. (18b)
k=1

The sampled data for the output simulations are shown in Table I. They are obtained from the

Table 1 Sampled Data Used in Fig. 8

Freq.[MHiz] O 192 385 | 577 769 | 962 | 1154 | 1346 | 1538 | 1731

Ampli.[dB] v | 7.0|34.0f 7.0|25.0 | 7.2|{21.0]| 8.0]16.9 | 8.9

Phaseldeg.]| x| -6.1]73.8| 4.9]80.9 [17.4]76.1]33.0] 99.6 |53.3

measurement curves at the discrete frequency components in Figs. 4 (a) (b) (c). The phase data
were read out from the 3-rd LMS polynomials. Applying the sampled data to (18b), we have the

resultant simulation waveform in Fig. 8.

B. Output Waveforms of Test Circuit B : - Case of Input Waveform Fig. 6 (b) -
The output of test circuit B can be obtained by substituting w ¥ = wi=2m/Tsyinto (17),
where T, = 2.6nsec.

In the same way as in A. IV,
bar ( t)—T 20 K+ Dwg/ 2} |V {@K+1) wf/2}
ccos [(2k+tDwy t/2— 0, { (2K+1) wF/ 2} ). (19)
Applying the sampled data from Figs. 5(a) (b) (c) to (19), the resultant simulation waveform can be
obtained.
C. Output Waveforms of Test Circuit B: - Case of the Waveform in Fig. 8 being input-

As the input is given by Bit (w) in (18a), we have

Bar (@)= wi >, Tatko) Ti(koy)V (ko) o (0 —koi, (20)

k=-00
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In the same way as in A. IV,

2 oo
br =5 2, [Tokoi) T ko) V ko)
k=1
ccos {kot t— 01(koi)— 0zko]) }. (21)

The amplitude and phase sampled data

000

for test circuit B can be obtained from the g Output Wavesorm D] Output Waveform

measurement curves in Figs. 5(a) (b), but

in this case the sampling points are taken

at the discrete frequency components in ]
]

Fig. 4 (c). Fig. 9 shows the result. It can

be said that Figs. 8 and 9 well approxi-

0.0 5.0

Time [hsec]

mate the photographs in Fig.7.

7 Time [nsec]
D. Output Responses of Ideal Networks Fig. 8 The simulation of Fig. 9 The simulation of
. . test circuit A when test circuit B when
Using the same programs as in A., B,

& prog Fig. 6 (a) is the in- Fig. 8 is the input.
and C, we can show ideal output re- put.
ponses. Followings are the data used here for the test circuit A. 8

O,
6.95dB and 0°  at (2k—1) w Q| Quiput Uovesorm

100.0dB and 90° at 2kw }

Fig. 10 shows the output waveform using the data of @ 7 ~ 9w 7

The frequency band of this case is 0~ 1731 MHz, and 99.8% of the

energy of the input pulses is covered.

0.0 5.0

Time [hsec]
E. Output Waveforms:- Case of duration 0.66nsec-

As ststed in D. [l ., when the duration of input pulses is 1.1nsec, Fig. 10 A theoretical re-

overlaps occur at both edges of each output pulse of the test circuit sponse by an ideal

coupler of K =
B. Here let us take up the case of input pulses being shortened to 6.95dB.
0.66nsec.

When input waveform Fig.6 (a) is applied to port A; in Fig. 3, the approximate output wave-
form of test circuit B via test circuit A is given in Flg. 11 (a). The calculation is based on (21) and

measurement sampling data obtained at A. and C. in 1V.. Therefore, the frequency band under
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consideration corresponds to 0 ~ 1731

MHz and 99.1% of the energy of input

5000

0
Output Waveform g Output Waveform

pulses is considered here.
The ideal output response which we
can expect is shown in Fig. 11 (b), where

the input pulses Fig. 6 (b) are applied to

port Bi. The used data at 2k + 1)w F/ 2 an

(18 0 0.0! o0

are (1) 5.4 dB and 0° for k = 1, 4, 7 V

d (ii) 100 dB and 61.945° for k = 0,
and (1) an or Time [nsecl Tive secl
2, 3, 5, 6. The frequency band is 0 ~

Fig. 11 Output waveforms for CHW pulses of duration 7,

2.885 GHz, and 99.8% of the energy of = (.66nsec.
input pulses is taken into acount. (a) An approximation of the output from test cir-

cuit A to B by the measured sampling data,
where Fig. 6 (a) is the input.

(b) A theoretical response of an ideal 2-section net-
work for the input Fig. 6 (b).

5. Conclusions

In 1., a cosine half wave (CHW) pulse sliced at a positive voltage level has been considered on
the Fourier transform and nhe energy ratio. It has been shown no practical differences exist on
the energy concentration in the frequency domain between the case of a = 1.0 and 0.5. Fig. 2 can
be used to know the energy concentration on the frequency axis for the CHW pulses and rectangu-
lar pulses of arbitrary duration 7 i, since the energy ratio E;, is represented as a function of X =
710, )

In I, the energy spectra have been considered on a train of unipolar pulses and on a train of
bipolar pulses. It has been found that (1) the frequency components of these periodical pulses are
discrete and the .amplitudes are determined by the Fourier transform of each constituent pulse,
(11) the proposed distributed coupled-line (DCL) multipliers function like passive linear filters
which eliminate certain frequency components and pass others that the trains of input pulses ori-
ginally possess, and (iii) although the network transfer functions are obtained on the basis of TEM
wave approximations, the fabricated DCL networks (test circuits A and B) have satisfied the pre-
scribed frequency characteristics in the frequency band where almost all the input energy concen-
trates.

In IV, the output simulations of the fabricated DCL networks have been obtained from a few
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sampling measurement data by using a 16 bit personal computer and MS-FORTRAN 77. The re-
sults have shown good agreements with the experimental photographs.

The experimental networks, test circuits A and B, are handmade, using copper clad laminates.
Therefore, precise fabrications with low loss materials will provide even better output waveforms

for the input pulse of shorter duration.
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Appendix [4]
The Definitions of the Effective Duration At and Effective Bandwidth A w

Under the condition of fi t | v (t) | Zdt = 0,
(A = f: v 2 dt, (A. 1)

(Aw)2= f;: wz‘v(a))|2dw, ‘ - (A, 2)

where V (w) is the Fourier transform of v (t).

Theorem
On the effective bandwidth A w of a duration-limited pulse waveform v (t),
Aw>7m /(Ty) (A.3)
where 7 is the duration.

Equality is only achieved when

2 T
—cos (—1), |t|<7,/2
v(t) = 1 T

0 ot >t/ 2 (A. 4)

The Energy Ratio of a Rectangular Wave

When a rectangular wave is represented by
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A |t <Tty/2

v(t)={
0, |tl>ry/72

the energy ratio within | o | < Q is defined by
Q oo
E..= f_a{v(w)lzdw/f_m\v(m)Izdw, (A. 5)

where V(w) = 71 Asin (X/2)/(X/2)and X = @ 74,
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Superconducting Magnetic Sensors (SQUID, QFP)
and Their Application

Hideaki NAKANE *,

Abstract

Superconducting magnetic sensors such as SQUID’s and QFP are extraordinary sensitive detectors of magnetic
flux. Thin film and bulk devices are used at 4.2K in numerous high resolution magnetometer. High sensitivity of
these sensors lead the applications of neuromagnetics and non-destructive evaluation. The present status of the de-
vice technology and the future subjects on these magnetic sensors are described in conj'un/ction with recent high Tc

superconductors.

1. Introduction

Electronic applications of superconductors have a wide technology field in both digital and ana-
log. Superconducting magnetic sensors including SQUID's are major application fields of supercon-
ducting electronics. The superconducting devices exhibit unique performances in sensitivity and
accuracy, comparing the other devices. There unique feature of the superconducting devices come
from the macroscopic quantum effect including the Josephson effect. Recently, the superconducting
device technoloéy has been much progressed by a new microfabrication technology based on Nb or
NbN junctions. This technology has been mainly developed in the course of Josephson computer re-
searches. The present status of the device technology focused on the magnetic sensors and discuss
the future subjects for these devices are described in conjunction with recent high Tc oxide super-

conductors.

2. SQUID magnetometer

SQUID are currently the most sensitive detectors for measuring magnetic flux and are used in a
wide variety of applications of which neuromagnetism is a very remarkable one. SQUID consists of
a superconducting loop including one (rf-SQUID) or two (DC-SQUID) Josephson junctions. DC-
SQUID are nowadays often fabricated as a washer type SQUID ring with a planar input coils on

top. In these SQUID, the equivalent flux noise at 4.2K is about 3X 106 ®o/ 4/ Hz (® o;flux quan-

* Department of Electrical and Electronic Engineering Muroran Institute of Technology 27-1 Mizumoto-cho, Muror-
an, 050 JAPAN
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tum), which corresponds to a noise energy of a few 100h. In onder to deduce the position of the
flux source accurately, it is very important to construct a multi-channel SQUID system which is
very useful to search nervous activity in human brain. The development of the multi-channel
SQUID system is now in progress in a number of laboratories in the world, e.g. the Low Tempera-
ture Laboratory in Helsinki (24 channels)(1), BTI (37 channels)(2) and Siemens (37 channels)(3).
These DC-SQUID have analog feedback circuits as in Fig.1. The analog feedback circuits make the
periodic output signal of DC-SQUID to a linear signal which is proportional to the magnetic flux.
The multi-channel SQUID system needs large number of analog feedback circuits that causes in-
tegration difficult. A digital feedback circuit has been proposed to make the superconducting feed-
back circuit on the SQUID’s chip. The digital feedback circuit should havd functions as a counter
and a D/A converter as shown in Fig.2. The magnetic flux coupled the digital feedback SQUID
was as low as 1.0X 1073 ®o/ v/ Hz

Out
p.Amp L. Amp

Pickup coil

DC-SQUID

Fig.1. Equivalent circuit of SQUID magnetometer with analog feedback circuit

—
- = ] MM
Pickup coil % ? u

-

DC-SQUID D/A coverter
(Hysteric SQUID)

Fig.2. Equivalent circuit of SQUID magnetometer with digital feedback circuit.
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3. OFP magnetometer

The Quantum Flux Parametron circuit (QFP) is a cryogenic circuit which has higher current
gain and mijch lower power dissipation than other cryogenic circuits. The QFP consists of a su-
perconducting loop having two Josephson junctions, two inductors L1 and L2, and a load inductor
Ld as shown in Fig.3. An excitation line coupled magnetically with inductors L1 and L2. A small
signal input current flows into the QFP and it is amplified by the excitation current. The QFP
does not operate as a conventional analog amplifier, because the amplification gain of the QFP is
not linear with the input signal. The QFP can be used as high gain current comparator. The output
current of the QFP is detected by a conventional DC-SQUID instead of a Josephson sampler cir-
cuit. The QFP magnetometer consists of a sensing coil, the QFP, DC-SQUID current detector and a
feedback circuit. The feedback circuit consists of a pre-amplifier, a lockin-amplifier. A sensitivity

of the QFP magnetometer will be cxpected to be 6.4 X106 ®o/ v Hz(5). It is same order as the

& o+

p. Amp L. Amp

Out

Ld

QFF  DC-SQUID

Fig.3. Equivalent circuit of QFP magnetometer

000

Pickup coil

4. Oxide superconducting magnetic sensor

Recently, much interest has been generated by the discovery of superconducting properties in
copper oxide materials at temperatures in excess of 100K. There is now a very substantial effort
directed toward developing fabrication techniques which would enable the community to exploit
the unique properties of these materials. In particular, several high Tc SQUID’s have been fabri-
cated and operated at liquid nitrogen temperatures and above (6-9). However, the two key struc-
tures which have been essential to the operation of high resolution low Tc SQUID have not yet

been fabricated out of the new materials. These elements are a high quality Josephson junction and
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a low noise, multi-turn transformer or input coil structure. At the present time, the non-linear be-
havior which occurs at grain boundaries in the material. In thin film SQUID, the film is patterned
into a loop which crosses one or more grain boundaries. Josephson-like tunneling at these bound-
aries then' produces a modulation of the screening current in an externally applied field. Noise
levels of these SQUID’s were still several orders of magnitude higher than the expected value.

In order to realize reliable devices, it is needed to establish technologies for thin films, tunnel

junction and microfabrications, all of which are the future subjcets.
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Distribution of Seismic Intensities in Muroran City
and Noboribetsu City by a Questionnaire Survey

on the 1987. 1. 14 Earthquake
Kunio KAWAUCHI, Noritoshi GOTO and Akira MUTO

Abstract

On January 14 in 1987, a big earthquake occurred in the northern part of the Hidaka Mountains. According to
the report of Japan Meteorological Agency (JMA), the seismic magnitude was 7. 1, the maximum intensity as high as
V was reported at Kushiro, intensity IV were reported at Obihiro, Urakawa, Hiroo, Morioka, Hachinohe, Nemuro and
Tomakomai and the seismic intensity at Muroran was [[. Immediately after the earthquake, about 6,000 question-
naire sheets were delivered to the persons in Muroran City and Noboribetsu City. It makes an estimate of the in-
tensity distribution in detail. The results are following as ;

(1) The seismic intensity of Muroran and Noboribetsu area was determined as 3.5.

(2) The seismic microzoning map was shown in each area (every town).

(3) The maps show that seismic intensities depend on the subsurface structure at sites ; for example, the intensi-
ties in unstable places of alluvial formation are, on an average, about 0.4 ~0.5 more than those in relatively
stable places of The Tertiary or igneous rock.

(4) The seismic microzoning maps in Muroran City show the almost same result at the case of the 1968

Tokachioki earthquake.
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TiOz - B2 O3 IREHID Mg B#EICIZ & 5 TiB, D4 RK G
SEHMRIE - LRERE - Bl

Formation of TiBy by Magnesio -thermic Reduction
of TiO2 - By O3 Mixture.

Shinji Hirai, Michiaki Tsuchiya and Hiroshi G. Katayama

Abstract

Experiments were conducted in order to elucidate the formation mechanism of TiB, by the simultaneous magnesio
- thermic reduction of TiO, - B, O3 mixture. TiB, was formed at 897 K or rglore, and its X - ray diffraction intensity
increased with increasing temperature. In addition to MgO and MgTi;04, which were main by - products, Mgz (BOs)2
and (Mg, Ti) O were produced at lower temperature and at higher temperature, respectively. In the n;agnesio - ther-
mic reduction of TiOg, Tiz O was identified at 1273 K or more, and its X - ray diffraction intensity increased to a
maximum at 1373 K, but finally disappeared at 1573 K. In reduction of short time period, however, the formation of
Tiz O was observed even at 1573 K. On the other hand, in the magnesio - thermic reduction of Bz Os, the formation
of boron could not be identified by X - ray diffraction, but weak diffraction peaks of B4 C were detected. It was in-
ferred from these results that amorphous boron had been formed. Thermodynamic concideration clarified that TiO,
is easily reduced to TiO with magnesium, but the additional reduction of TiO to Ti is difficult at higher temperature.
Therefore, since the formation of boron precedes in the simultaneous magnesio - thermic reduction of TiO, - Bg' 03
mixture, it was concluded that TiB; is finally formed according to the next reaction : TiO + Mg + 2B = TiB; +
MgO. :
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Fig. 3 Change in the relative X - ray diffraction intensities of TiBs,
MgO, MgTi;04 and (Mg, Ti) O with the amount of added Mg.
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Fig. 6 Change in the relative X - ray diffraction in- o = o (18) o . . R
tensities of Mgz (BOs)2, MgO and B4 C with NET—5 ERVTRDT %]iﬁ}o) AG
% Fig. 7 1278 ¥ o TiO, ® Mg 2 & % & IC I

temperéture.
i, RORISMB LTI S T TiO, 2 5

p—7

Tiz 03, E5I2iE TiO ¥ THEHICHETT 5,
2 TiO2 + Mg = Tiz O3 + MgO (1)
AG° /] = f229990+ 20.21T (1 922~1363K)
AG°/] = —349700+106.98 T (1363~1943 K)
Tiz O3 + Mg = 2 TiO + MgO (2)
AG°/] = —137110+ 7.32T ( 922~1363K)
AG°/] = —256820+ 94.10T (1363~1943 K)
L2 L, TiO ® Ti ~OBERIGENE, KBMCESHETT 545, SR TEETLEC 25,

TiO + Mg = Ti + MgO
AG®/]= — 95270+43.221 T
AG® /] = —214970+129.99 T

(3)
( 922~1363K)
(1363~1943K)

hid, QI LD CEHEBEHBOZETTIE Ti.0 DEFRELG LA L, EEERZICIIHEE
LR EBCHIET B, —F, BiO3s D Mg ICXBABITEIGMWIE, WFNOBEIZBWTH I

BHERED RS,
1/3B;0s+ Mg=2/3B + MgO
AG® /)= —200290+ 47.27 T
AG®/] = —319990+125.68 T
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EBRICOQRBRRZEI I, CORBELTETLTVWALDLEES NS, £2T, TiO, -
B:03 REWO Mg BT, #M0, KIEUBLTRILS TiO, @ TiO ~NOJTL L, KB
X% B0s® B ~OBTLAED, £ORFEENHE-T TiBz #ERTHLDLELONS,
TiO + Mg + 2 B = TiB + MgO (5)
' AG®/] = —379780+ 63.72T ( 922~1363K)
, AG® /] = —499490+150.50 T (1363~1943 K)
%3, Ti- B RKEE Y 12 X g, Tiz By,

100
TiB FDER & VLWAFEST 525, Th
bIFAREROERY P ISR S b5 50—
720 2 DERE G X 0 RIEWH AT L,
B0 B BEMA SR LF 5 0 hE A °
EIT L EELLNS, - 50
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X -100
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g -150
-200
-250—
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350 1000 1400 1800
Temperature | K
Fig. 7 Temperature dependence of AG”.
4. & &R

AT, TiOz- B3 BEWD Mg I X ARBFEITICK D TiB: ¥ AT 5B RSB

DVTHRH L, BOhTBELUTICEHNT S,

(1) TiB, D4HIX, 873K L LECHER S, ZOXBEFREEIERIIEHEK L. 37,
AR E LTHIZ MgO B XU MgTiz O AR L, ‘% Ofth, KIRM T Mgz (BO3)2, & imfl
T (Mg, Ti)O bAERKL %,

(2) TiOz ® Mg BTE T, 1273K L ET Ti,0 (BTERETHEMED o Ti) FRE SR,
1373 K T% ORI &R KICE L 7245, 1573K TRIEE L7 72721, 0.9ks ORI 2
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(3) B:03® Mg MILTH, B DA% XMEFICL > TRETET, FEHEE LTEET 2 L
HESNh7z, b, EEYHRICIPED BLC FRESH, ThiIEHED B HEHLoITE
UG L TEB L DEELZENS,

(4) BAFEHBREFHOKE, TiO, O Mg BITLTIE, TiOz 5 TiO F TOBTHEES T 2 5 75,
EHIETIO D o Ti ~OBILH, HRMTHEE DBV & Abho e $7, TiOs - BOs
REYWD Mg BILTIH, T3 B ogb BADREITE, TiO2 D Ti0O ~NDOETLHKDD, RO TR
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(x #&)

1) MJBE#=F5=v 4, IYva=ya, 21 (1973), 145.

(2) J.J. Kim and C. H. McMurtry : Ceram. Eng. Sci. Proc. 6 (1985), 1313.

(3) 1. B. Holt, D. D. Kingman and G. M. Bianchini : Mat. Sci. Eng,, 71 (1985), 321.

(4) H.Itoh, T. Matsudaira, S. Naka and H. Hamamoto : J. Mat. Sci., 24 (1989), 420.

(5) T.Matsudaira, H. Itoh, S. Naka, H. Hamamoto and M. Obayashi : J. Mat. Sci., 23 (1988) , 288.

(6) J. Brynestad, C. E. Bamberger, D. E. Heatherrly and J. F. Land : High Temp. Sci., 19 (1985), 41.

(7) 1. D. Casey and J. S. Haggerty : J. Mat. Sci., 22 (1987), 737. "

(8) KUz, W 1 AIB, RA—FK D L—¥F—RlRFE, 10 (1988), 72.

(9) VEILBSRE : MM KESHEHFBMESR, %F (1983), 172.

0 A H, EEER, SERE, SEN % AAET I 2 AGRBACEEESHETRE, (1988),

) FHia, TRERE, AL 4 BRSEFSHEEE, F (1990), 364.

(12 J. K. Walker : Advanced Ceram. Mat., 3 (1988), 601. ’

13 FE, AR, RIL 1 BRSBEFESHEEE, 1 (1991), 324.

4 FMH % FJJE#ES  #SR)IKETHRMcEE, 23 (1985), 37.

(19 A. Calka and A. P. Radlinski: J. Less - Common Met,, 161 (1990), L23.

(16 J.J. Ritter : Advanced in Ceram, 21 (1987), 21.

(17 J. L. Murray and H. A. Wriedt : Binary Alloy Phase Diagrams vol. 2, Ed. by T. B. Massalski, ASM, (1987),
1793. :

(18 E. T. Turkdogan : Physical Chemistry of High Temperature Technology, Academic Press, N. Y., (1980),
5 .

(19 J. L. Murray, P. K. Liao and K. E. Speart : Binary Alloy Phase Diagrams vol. 1, Ed. by T. B. Massalski,
ASM, (1987), 392.

69



Nifaxd4 ¥+ — b L7 WC-Co RBHL S L
PR DI LIRS

PEEF IE - WIMEZ - I B - SeE 3D - R O¥ - 21lnEt -
WA - AR - B D) - WEHE— - R

Diffusion Bonding of WC - Co Hard Metal to
Steel Using Nickel Foil as an Insert-metal

Tadashi MOMONO, Nobuyuki DEGAWA *!, Hiroshi G. KATAYAMA,
Isao SHIBATA *? Yoshihiro MINATO *2, Tatsuya KANAYAMA *2,
Kazuhiro YAMAGUCHI™*?, Masahiro SAKAI™?, Isao MAKINO*?,
Syuichi KAMOTA*3, and Yasuki MIYAKOSHI *3

Abstract

Diffusion bonding of WC - 10% Co hard metal to mild steel (S 20 C) was carried out by holding at 1000 ~
1075°C for 30 min under the applied pressure of 0.5~ 1.5 kgf / mm? in vacuum using Ni foil (10~500 g#m in
thickness) as an insert-metal. The tensile strength of joints increased through a maximum at 100 g m thickness of
Ni foil. Beyound 100 #m however, the strength of the joint was almost independent of the thickness of Ni foil. The
improvement of the bonding strength was interpreted by the decrease of the thermal stresses which is due to the dif-
ference in the coefficients of thermal expansion of the hard metal and the steel during the cooling of the joints. Ther-
mal stresses have been estimated by the theory of thermal elastic analysis based on the finite element method.

. # &

@M A4 (Hartmetalle, hard metals, cementedcarbides) & 13, JEfifEEENa, Va, Vajk
WET 2 9EEDOERE (Ti, Zr, V, Ta, Wete) DRI E R E L, Zhd0ORIIHEE Fe,
CoNiREDEBE M) vy 7 AL LTHMLAZAGEEBHLTL I T Ehs, BESLICIRE
OBV S D, THOAEELRBES IS b LA, SEMSICOEN, BWHEE CHYMMEA
BELTWDIEEZHEHLE LTS, 20X) 2LEEOBBAEEOHT T, WC-Co RBEL
ESHEEE, PUITD, EARREE, BOEBIYE, WERLYE, AN CER, BEERINS WL LD
HErAL, FCYHITAEL L THORATWS,

MREBR TR LR PR TS0 P imE RN il T
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BE E-HIEZ- I EeSeE TheER - Sl IUORRE - SR K DA - SRR

—F, COXILRRBEEEL TR OB, EREADLIMPIHVSRTELD, H
MEFRLAEETHH L 0OMBIRL LT, ZORBEBIRAONTEL,

ABZCIE, BBEEOK X REEAHE OWMES T 2 RANAR 222512, WC
%b%ﬁﬁ%ﬁ&ﬁﬂﬁﬂ%@ﬁ%ﬁ%%b,%ﬁ%%%#%%m#:t%i&ﬁm&tto
oG, BESESLHMOMBM 2 EARD, GHBICBT AREEEICERT 2BREIEHO
Bilk, BLXOREOHBICE > TEL AR 2 LBEILEW (7 # : CosWsC) DI % B 1LY
$hH72O, 41— e LTH NI BERAV,

EZHT, FROLD CHBMOMBRBRBOERIKELIGE, BUCHOREIBTL Z &
DRTERV, TOXD ABIEHOBREE LT, HE? 31) BEZOER, 2) BREERRO~ »
Fr 7, 3) BHEMBONE, 4) BICHHBEO 4HBEYBTTVwo, RfREI NS 2)~4)
DHHEWKXHEETHA 4 — ML LTN FHERY, BESLBEHBMEOBEL, HREE
B (FEM) i0&oT¥3al—Yarli,

2. KA

BAICH L o BEA S OLRRR & BRI E 2 K 1 IR Yo FMEHI210.7%Co 2566 D
ThHY, HBEEEEER LIRS ST, 88k S20C HOLEMM L% 2 1R,

®1 WC- Co BBESORMIEE 22 HHOILZHR
Cofit “Hih WChIfE | LLE "B C Si Mn P S
: (o) | ot /") | (un) (o) () $igk | 0.012| 0.007| 0.229| 0.012| 0.009
"ggo 10.7 300 <7 14.5 87.0 | 1140 $20C | 0.203| 0.202| 0.330| 0.010| 0.016
A (Wt %)
Mgk BEERHEMTH D, S20C #H
VT D BB 25 L 3 % JE o 7 BAMR | | EEae
EEAEORKRIE 6 11.2X9.3 ! L
mm, ZMOFIKIZ 4 14X 20 mm Begi T B H
THY, 1 ¥ — e L TRV | !
Ni O 51210, 30, 100, 200, | TPAOEAY—H WA YA VEY FHRELS um)
500 #m & 5 T H %, S
SEE ISR O I 18, A 7t RE
&d/ NS/ BBONEL 3 R !
WL, 6T S 0RO (o BREaREALY b
WX Bk NI WS 4 Ni B ILEdEATIE

W/ BMONIARE L, BESELRLICSEE L, FBMOM4EFFIEH 1 IGRTESD
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Ni % A v — b E LA WC - Co R 4 b SOT M S

ThH D, B H20T A ) — HRRE, BELE GRS um OF AV EY ML L, 2B
Ni EREEMOTTEL, T b BRI L 7,

LRI EAEROBMN K 2 1RT . SMEEE0 LS CRE LIBE L Raeb
ETH oy b LI BABEHEAIL10 Torr GOKZE L L, B~ OIE GHE R~ 712X D fFhw,
EH (Pe) RABIO— FEVICEDBRELZ, R OMBIC IR EIFE L, FIEoik
B (Te) WCBEROMBIEN & HAHM (o) & LA, COBEORE —EH — BEOMEE
B3 ISR Yo % BRI G CA BB & BARMBKMAI 2Ky MEEL, 44 25—
WCEDHIMT 2L LB ICRETEL.

BAW S, BARE I LEAHAICERRBEL T4 - TR 72, HvRBH OBk % X
4(a), DIRTo @OEFFEHET7 6 X20mm & LEBETHY, BARBHEEE L BHMOEE
BRI L 720 (D)IBEARABRN # BEASEH OIS b THINIL, W% MIOME *
T L7, GIRABRIEA v 2 oy RIFRBEZ A, 702y FEEL.Omm / min I TERT

%tgﬁl/f:o
r__EEzzi—smmﬂyfm

- gy =31l
-— % &
T Teb-—--- L‘tB“J
} F LWy - B
[_t— "j—J Ps
R
]
7V T 1 — BHAEY 5
P B
& g\\\
AN :
8 A 0
| FARR SR S KRB
O"U’;jf FL M3 AR HATEN 5 L CEARN O
KR = == CRDEPTES BARWE I S 5 KSR &A%Y 5
wEA Ui Few O XMEH I, LEROT R OB
C ] B D EIFEIT DTl » 7y Fvie
B2 ek B B X I CuKae #TH B,

% BHREREIC X D BIE )5 A AT
i, TROFEMBINTurs gL (v4aryyey FIOAME BREFE~27—) 2BV,
NE CH®PCI800% ) =X X—=VF N ¥a—FIlTITR -7,
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Ni# Nif

@ y Y ﬁﬁ# M

-+¢|o—>]

- 47~ 49 >
(b) 10 $11.2
. 24
47~ 49 -

4 FERBF O

3. XBREREEE

3.1 BANEER

MW AE LMk * Ts = 1075C, Pg = 1.5kgf/ mm? tg = 30 min DHEAEMHT, 14—
MEERCTICEBERES LR, BAMEAERI CRG T AR, BARECHES L Vil
ﬁ%ﬁﬁ%t??v?@%iﬁ%b%hto:@;5&Mﬁutﬁiv71-ﬁﬁﬁéﬁusw
TLELIEBE S, BRABOERIIERTLZDOLEIOND, Lo TUKDESERIC
RFA H— MM ELTNiEERVE,

EHE1E, BE310 pm Ni A v — MM EHOTHgk e BEAE L 2HBESLEBED,
BERELEONFEBFABEE LR, BELEME Ts = 1000C, Pg=0.5kgf / mm% tp
=30min THhHb, @QRFEENT I THY, (b)i21000C, 50 hr HILE L 2R Th D, BEE L
DG R X5, #MEk/ N BRECILEWBORKIIRD SN, HELBROKE, B
DERELDBICHFEOMMHPHEE L 5> Twb, —J5, Nifh/ WSS F IS T/ %M
RO LN, BEMERRLTEL AW EE2RBLTWS,

FBEIC B 243, 530 um O Nifi% 4 v ¥ — MFE LT, Miske BEAE L 2 H8ESL
12a 0, BARELEE O HEMEMMER Y /RT, BE5ME Ts = 1000C, Ps= 0.5 kef
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Ni ffi% 4 > — & L7z WC - Co RBIEA & & Sk OIS

/mm? tg=30min THb, (A)IFEADO T THY, (b)i21000C, 50 hr HEME L 2R T H
o BELTICHRTNI B/ HEBESEREICKRESR L ELbh 2BEHMIBEInL, 20X
LZARBEROHBICIEAGREDO LA, BIXUBAGENOMAIHENLEZ OGN, DEOES
&M% Tg = 1075C, Py = 1.5kgf / mm? tg = 30min & L7,

BERH3IEES500 pm DO NiffHEA Y — ML LT, Mkt BEAEL 2B LSS
D, BERELEOAFEMFRBEE L RT, BE4ME Ts = 1075C, Py = 1.5kgf / mm?,
te = 30 min Th A, #igk/ Ni i, BLU Ni i/ BESERECIBAOLEWE OB R
BHRTF, BEMIBOTRETHD T LERLTWD,

3.2 AWM

SADKRICHT X, BESLM% Te=1075C, Pp= 1.5kgf / mm? tg = 30min T—E & L
TEEGL, TOBESHELTSIHERELRS IR T, MEd 4 ¥ — e LTHW Ni HE
STHY, MPLAHTHRBRFERER 40O L 5 I ETFCGRELZERTH S, -0
4@D LS IR EYHIMI L CHBR LR TH D, WTFhofliid Ni HOESICL bR
VEBICEAESPEAL, 2 NiEESUETRIZEI-E L 2LMAFROLIE, 722
DOHBOABIE, B THEEAREOKREVWEDPATHY, 1 ¥ — MHEIKEREIKTH S,
COX)RBENE, €T3y EREAKICBVTROONRY, BAHTORSIHE IR
N, EERBMIEEEC NI R LB-BEEL 25,

B, BAKoRXTEZWHIL 2 VWIS, —BRMICESMEEVERLE LT, BE4E/ Ni
FEEAWMICBILRBEAMOBRE L, THICLL L IUREFENBETFONE, T2bLEBEEA
LN, PHVIBESESLSHMEOWAR, < 0BICELT LN TETY, LM
BYERDPEL, URME LTHEATAHALD LB SRS, Thix L CTHTEH 208 L 723543,
b D X 512, KEEGECHKRE LB HHIRE S A, BoBRGRSKHES b0 LE
AbhA, ‘

PDEOBED»HRSE 283 5E, Ni fAEE100 #m M ETi340~42 kgf / mm® OEEE TR XA
BoN, NiftM e ZZABEOREThD, 0L L RYENOBERIECE LT, @Y
PEBL VB LI, —~EOHE S ETHMENITIT-EL 250, FEHEARELRE S
LMW RNRELREANL BB TL-0LEZONE, T2bb BN ENMRIERMICERT S
T TONELRBEREETE, BICHOBHFEATHTH), —EESLL LTt Ni HOBENLE
Weho72bDrELLND,

BBESHIRLAL I, BEGEE Ni UEE 2 EHEES LHR, 2oEGHsRVvT
NLEWEAE4E,/ NifE/S20C HAEKID SR EE L o7z, ZOFRREKRZHBLZ VY, B
WidHBEASE,/ Ni RHCHhoz2 b, IV OBRBRETEy, RAFHESOREL
BHTA5TFETH %,
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PREFIE-HUIMEZ I 1-SeE The s v @nEh - IOANS - B EE R Y- ES— - SR
N is5

) ——,—’l‘l'I“WC*C o

FEE e

(QEEGDF x

Nisgdg + » fH

A & r
(b)1000°C, 50hr#kEaLE 100 um

BER1 Mgk SBHEASEAFE O FEMEHE,
A% 0 Ts =1000C, Pg=0.5kgf / mm?,
tg = 30 min, Ni{HEX=10 g#m.
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Ni %A v H— & L7z WC - Co RiBEA S & SR BIES

Niss

MEIE: - 3=Y0F -3

N iy + » fH :

S

(b)1000°C, 50hr# M mE 100 um

BR 2 Mgk A S84 TN O SEMEH,
BASM 1 Ts=1000TC, Ps =0.5kgf / mm?,
tg = 30 min, Ni {HE &£=30 #m.
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PREF OE-IMEZ-RIL HeSRE ThedssE o SnEde oA mHE R - R I}J'%Bﬂﬁ—"éﬂﬁﬁﬁ

ER3 Mgk HEASSEAREOEMBENE a0t ),
EAEM © Tsg=1075C, Py =1.5kgf / mm?,
tg = 30 min, Ni §HE & =500 #m.
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Ni iz 1 > %= MHE Lz WC- Co RBIEA 4 & SMniisiEs

40

r\\\1=

E 5200 wc Co $20C

N

80 (

=30 F .
v A

i A,

i

= A/ o 0

fi, As bonded

| b 1 1 1 4L
!

0 100 200 300 400 500
Ni@EES (un)
B5 S20C/ BEEEHAROBEAHS L Ni HH 2 L Ol
3.3 WA X S#

BEFE IR E N2 RSB & FET 572012, 5IRAERAE M OBENITE 2 X SR L7,
DX LTI E - C, B BOHZE LWL 42,

BI6, X7 3MBEGEL MK % Ts =1000C, Py =0.5kgf/mm? ts =30min DL LT,
JFa30pxm O Nifif v — b &R TS LBIEO X ST SE 2R3, M6@)B L
TEREEDOEEITHY, K6(b)& 7 (b)IF1000C T50 hr 14 BALE L TR TH D, W%
RBBRHT 2L, HAOT T TENICKBEN Y — 7 2568220 5 h, BELSSH I
BREBOONLE V., 2O ehs, REAFECRWEWIZNIGEEBESEE OB CEL- & 5
Ehs,

SHUSK U CRBULE L 2235814, TH (Cos W3C) #5820 b, Mgkl IZBIEA &0 —8As
FE&h7zo Thbb THOTBUC L > THESERMSMILL, 2 J v 7 »HERMO—5%
EifLI-LE2bN 5,

—7, BEEE LML % Ty =1075T, Pg =1.5kgf/mm? ts =30min DEA LT, H1
500 #m D Ni A 4 — M 2 THA L 2B O X SUBHTEE % [0 8 17412 8 (b) &L b
BREEEMWICE WCHIE Co INDHHDOMIRFIE S he b o 2255, [8(a) & DBIS 2k X 5 i,
MBI NI AFE S h, WHBSRER L TEXD L, OO NI i & BEL 4
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Ni %A % —FHFe L7z WC- Co RBRA S & SO s

(®) [awasom o Ni
. o WC

v Co

4 (111)

i
Enmm)

o (100)

E#E (cps)
o (001)

(a) =
gk s
B o _ _ 33
Q o - NO
3) - - dC
% ‘; E’ [oNs]
5 Ju
I ! |
20 30 40 50 60 70 80

26 (deg.)
8 Mgk WA SIEEARE O X BB (Ni {5500 #m, AN )

EOMTHELAODEEZOND, T 2MEMIZ WCHIBESNL 2D, BELLSEH
D—EWHIMBEMIHEE L VB L HBEND, T0bLBEEEO 8% 259 7 HZE L=
EERBLTWS,

LBIDOLENL, Co, ¥-FellXAMEFAARBOTHEELTVWALI LS, HEDSHEES &
CHETHEETH 5 72,
3.4 AREXEE (FEM) [CL3BEHDDYIaL—>3>

BEEE L HMOMPROERIGER LT, #4%0OGHBRCRET ZHET X, HRES
HE A SR X ORI L2, BRCHVC 2 BESS, SMOEMEEEE3 IR,
AT ET VI BES S, SKBMONF L b ICHEREL.2nm, £ S 3EBA£9.3mm, 2@
10.0mm OABLEEEbEEAALE L, S 5REEIBEARE (Ts =1075C) » 5%
(20C) & L7zo F28MRRIENH I BT, BERIZHASABERHV, HieN =X
W, WHEEMHEEAGLTEIT L, 284 % — F NiBOMBELRIT 272042, Ex10
gm E500um DFHIZO>VTI I ab—}F L1,

KO BT OMREONLICNERECTH %, B Thdsr I Lrs, RLEL)HEEFICD
WCER L7 KENGBEARECTH ) LA BEAS, FTHAMEL R, BEAE0LHI
NC, MEOERLRKTHLZEHFWHSITH D, 7, NiHEL10pxm I H~<T500um O
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PREF IE-HJIMEZ- I SE DR - SlnEt ORI - EFE SRS TS EE - SR

EBRKRMESKECDE, NiFORBERBAKE VD, ESHMATLICLENTERE
IHREGEsNT-0 RIS,

®/3  HEM oW

# # YU U % K7V H M RRH
(kgf /mm?3) (x10-°/°C)
WC-Co&&| 5.2x10* | 0. 23 5. 1
s % 2.1x10* | 0. 30 11. 7
s Ni 2. 1x10% | 0. 34 12. 6

R

A4 U — MHTE L Ni#1O0pn Ni#500un
EHRAE TR AE ERRAE
+3. 9005%x10"°¢ +3. 8221x10"¢ +3. 9045x10°°

9 JEHERH

K0T DAERG O N B ARERNEEHRHTH B, 14— M E2HVEVEA R, X
FILN O L EEREOBEASSMICRIE & LTEKb S h, Tl dBHe S hifi
WKIEMIEH L LTERDLENR TS, T2bbBREAEMICEVIEIENEL TV, TR L
T Ni HEE10 pm Tid BWMEE NI BERECY 7 ML, ERICHIABEAEEME Ni i
BFERHLTWDI DG hb, Tabb, ZOESTRENICAH—LFILHHFERT S 2 & A5
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LR THL, SHINITAFESE500m EHWMEE DL, BRAEIEHO FifEiRFLICS 7 2

515&

FERE

Ni fli% A Y= b E L7z WC - Co RBIEA 4 & SO TEEE S

c\

//
A
L
,‘n'

B

e

§
| Cy©
c/ /
."/ e <
A ¥ — ML NiflOun Ni#500un
EIRE (=) kg/m?| +1. 6581x10°° +7. 3203x10"° +3. 3082x10"*
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Semantic Analysis of a Declarative Language
Based on Knowledge Representation

Hiroyoshi BABA, Ichiro SUGIOKA

Abstract

The objective of this research is analyzing and understanding the deep machanism of a declarative language, for
example Prolog, by adopting time-state, hypothetical and multi-universe inferences in such a symbolic processing.
We coded the analysis system in Automated Reasoning Tool (ART*) and LISP. The main part of the system is sepa-
rated into three parts, namely, the first part is 'syntax tree construction’, the second part is ’attribute evaluation’
and the final part is 'viewpoint network simulation’. The 'input to the system is source codes of Prolog. Then, after
passing through inside the system, the result of processing is outputted. The result means the simulated variable at
each stage, that are temporary, hypothetically and hierarchy.

This paper describes the peculiarity of declafative language, the methodologies for representing incomplete know-
ledge that related to the programming of our system. Then, about the implementation of the syntax and semantic ana-
lyzer, some considerations regarding the system are described.

1. Introduction

In the researchés of the field of artificial intelligence (AI), it was since the last decade that some
Al researchers have started to study knowledge representation including the concepts of temporal
processes.

Compilers, in the other words, language processors, consists of two parts -- an analysis part and
a synthesis part. In the analysis part, it is necessary to formalize the semantics of the languages
for their semantic analysis and context analysis. Usually, semantic analysis are divided into static
analysis and dynamic analysis. The former plays a role of verifying the correspondence between
the usage of names and their declarations, inspecting the information of types, and checking
whether each definition is duplicated or not. To fulfill such analysis, the attribute grammar of
each programming language are basically introduced. But we still don’t have the unified methodo-
logies for the latter, dynamic analysis. Theoretically, an attribute grammar is also able to analyze
the semantics of programming languages dynamically, but we tried from a different direction --
simulating the processes of a program to apply temporal, hypothetical and multi-universe reason-
ing. Partly because tempokral inference is related to nonmonotonic reasoning while hypothetical one

related to monotonic reasoning, they are the main topics of the recent researches of knowledge

*ART is the trademark of Inference Corp.
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representation.

Monotonic implies that the number of facts in the database is always increasing, but nonmonoto-
nic is not always increasing.

As concerns knowledge, there are four different kinds of ambiguities : Uncertainty incomplete-
ness, polysemy and fuzziness. In our study, we focused on specially the incompleteness of know-
ledge to analyze the language processing. In incomplete knowledge, it is possible to be denied pre-
vious true facts concluded by some inferences at the time new facts are loaded in a knowledge
base. So this situation has nonmonotonic characteristics. Some Al researchers have been studying
the logic for incomplete knowledge, also the other establishing dynamic inference systems that can
update a set of the truth in a knowledge base in real time (or, in each step of changing conditions),
effectively. The representatives of the former are nonmonotonic logic and a default reasoning, and
the ones of the latter are a truth maintenance system, and an assumption-based truth maintenance
system. We put the essence of their concepts in the analyzer.

There are many classes in attribute grammars. Originally, an attribute grammar stemmed from
an context free grammar as its semantics. Even though many researchers presented their theories
and systems using an attribute grammars, it is hard to find the relationship between non-procedu-
ral languages, like Prolog or LISP, and their attribute grammars. Under such a situation, we de-
cided to attempt analyzing Pfolog language. Prolog is one of the non-procedural, namely, declara-
tive languages. In analyzing Prolog symbolically, we considered its attribute grammars from the

context free grammars as the processes of static semantic consulting.
2. Declarative Language

There are two different categories in the programming languages -- a procedural language and a
declarative language. In a procedural language like FORTRAN and Pascal, programmers show ex-
act steps of processing. In other words, they have to implement HOW to solve problems in their
programs. On the contrary, we just write codes WHAT to solve programs in a declarative lan-
guage like Prolog. A declarative language is sometimes called a relational language as they only
describe the relationship among different predicates and clauses. _

Nondeterminism is another peculiarity of a declarative language. It is the theoretical concept for
the definition of abstract calculus models. Intuitively, a true nondeterministic machine is the one
that can choose the next proper way at each alternative. We hardly realize such a machine truly,
but we might simulate, or resemble its machanism. A logic programming model is a good tool for

doing it, and the model of the programming language is declarative. Technically, a generate-and-
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test method is fhe representative strategy for simulation. However, a don’t-know nondeterminism
is more difficult to figure out the right choice at each alternative than a don’t-care nondeterminism
as it's not always true to reach the goal through each division in a don’t-know nondeterminism and
the latter one is opposite : any different decisions nevér fail. The former nondeterminism has a
limitation that we cannot find the way should be proceed to next at the each time.

Some simulation programs are suitable examples for application of the nondeterministic prog-
ramming, and especially, to simulate the' transition of an nondeterministic finite automaton (NDFA)
is better instance for a don’t-know nondeterminism. It is very easy to implement the interpreter
for various kinds of automata in Prolog so that we programmed NDFA in the declarative language
as a material for verification of our simulator.

We implemented the dynamic semantic analyzer for a declarative language as its simulation of a
don‘t-knbw nondeterminism. We don’t think it is valid to simulate the meaning of a procedural lan-
guage simply because the language is quite deterministic -- the sequences of each different process
has been determined in advance.

The nondeterminism of Prolog is deeply related to its recursion in the program. Sometimes it is
very complicated the trapsitions of variables in Prolog because the both characteristics are in-
volved tightly each other. Therefore, we constructively applied hypothetical reasoning to Prolog’s
nondeterministic éharacteristics, and simultaneously, we also did temporal and multi-universe
reasoning to its recursive functions -- to inspect the language multiply -- or, in a sense, three

dimensionally.

3. Knowledge Representation

In this chapter, mainly, the methodologies for representing an incomplete knowledge, and temp-
oral reasoning are described and discussed briefly.

3.1 Frame Problem

In [1], one of the few philosophical problems in artificial intelligence was pointed out -- the
frame problem. The frame problem implies such a truth that the quantities of the descriptions
might be enormous and intractable in a trial to express all the changes of c¢onditions in the world
only by logic. This is an essential problem of the complexity, and the frame problem suggested
that we describe or process only a partial information in a huge world. More concretely, the prob-
lem is separated into two'Aclasses : the frame problem for description and that for processing. The
former is an approach to attract the best conclusion by describing the situation partially in incom-

plete information. The concept of complexity is related to both space and time, that is to say, pro-
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cessing and description.

In [2], an another direct approach toward the frame problem, the unless operator, is described.
This trial contains two ideas : the one is for properties and one for actions. In the former, an ob-
ject retains its property until the property is explicitly changed. In the latter, an action is keeping
until it is explicitly discontinued by another action.

3.2 Default Reasoning

A default type of reasoning is to formalize the inferences logically under an incomplete informa-
tion. More concretely, it appoaches to expand the first order predicate logic so that the logic can
accepts some exceptions and such an intuitive semantics. Default reasoning [3] and nonmonotonic
logic [4] are the representatives of trials to deal with calculating the situation in incomplete know-
ledge from the side of logic approach. Both realize the impossibilities of proofs for some facts by
an original modal symbol. The difference between them, however, is that in default reasoning, the
sentences include its modal symbol appear only in the inference rules, while in nonmonétonic logic,
the modal symbol itself is admitted as an formative element for logical expressions. Truth mainthe-
nance system, it may be described later, inplies some methodologies how to realize such modal
logical formalizing instead of the difficulties for apply their concept on a computer.

3.2.1 Default Reasoning and Nonmonotonic Logic

The default logic consists of a set of axiom and a set of default. It introduced a modal symbol, '
called consistent, for the inference rules. Default rules are supposed to indicate what conclusions
to jump to.

In default reasoning, it is always possible that an inspection of its noncontradictory for judging
whether a logic expression is a theorem or not fails into an infinite loop. It is because the infer-
ence rules show defaults unable to exist in the range of the countable and finite number. The_se-
rious defects of such an default type reasoning comes from the difficultly of talking into considera-
tion the concept of time -- its mono-directional characteristics. We must consist the symbolic sys-
tem and computational system that adapt the structure of our understandings under the temporal
transition in a world. That is, the main problem is how to build the ontology of time and world
into a logical machinery.

3.2.2 Truth Maintenance System

Truth maintenance system (TMS) realized to attract the facts as conclusion of default inference
under incomplete knowledge, and to modify such conclusions dynamically and timely when they
have been proved to be failures. In TMS, each fact has the attributes to show the condition : 'in’ or

‘out’. If a certain fact is believed at this time, its attribute is 'in’, and if not, the attribute is ‘out’.
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This concept independents that the fact is true or false.

So the keypoint of default reasoning on a computer is how to figure out the default value caused
a contradictory effectively and efficiently. Every fact if TMS consists of a node, a statement and a
justification -- a node is a time tag for the fact and a justification contains the reasons of the
knowledge.

3.2.3 Assumption-based Truth Maintenance System

An assumption-based truth maintenance system (ATMS) is originally based on the theory of
hypothesis-based reasoning. In hypothesis-based reasoning, hypothesis generation is defined as a
symbolic process to infer a hypothesis "H” which is unrecognized knowledge from a observed fact
"0” that is experienced knowledge and a known axiom "H | -O” that general knowledge. The sym-
bol ” | -” means an provability.

ATMS is a truth maintenance system which determines what nodes are believed in the current
situation. A particular situation in ATMS is called context. Also, the fundamental function in
ATMS is to maintain consistency and non-contradictory in the whole of knowledge base. In ATMS,
a fundamental unit of data is called node and a node consists of three parts -- datum, label, and
justifications.

A datum is the contents of data and justifications is the same as that in TMS. A label contains
several hypothetical lists called environment. Environment is a set of hypotheses and every en-
vironment is recorded in the label of each node. The fact doesn’t depends on any particular
reasons is called promise. At the time when we retracting on the processing of each inference, we
will reach a fact or a hypothesis finally. As a result, ATMS is designed to function in tandem with
a problem solver as part of an overall reason system, and the problem solver records all the infer-
ences they make justifications and all the hypotheses make assumptions.

3.3 Temporal Reasoning

In the researches of Al, there are two standpoints toward the concept of time : the law of causal-
ity and an event. Mostly, time is regarded as the changes of a situation. The law of causality com-
es from the definitions of the natural transition among situations. In.other words, it is the relation-
ship of the causality from a situation to a situation. This approach aims to understand the time,
that means a kind of projection from the past to the future, by predicting a dynamics in the world.
On the other hand, an event is a sort of incident that causes the change of situation and it happens
at a certain time. Especially, the event by the specific people is called an action. This point of view
formalizes the time stream as a sequential relation of 'precedence’ or 'earlier-later’.

The formal model of time is mostly established with predicate logic : to formalize the expessions
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and reasoning of temporal transition in the world by using predicate logic. But unfortunately, the
world of predicate logic is inadequate to describe the change of situation caused by time. To over-
come such a defect, people try to expand predicate logic.

In [5], time is a set of states that are instantaneous universes and there is temporal sequence
among all the states. The set of state which corresponds to a time stream from the past to the fu-
ture is called chronicle. Facts are the static element of its temporal representation and events are
the dynamic one. This idea approaches to the inference of causality, sequential transition with rep- .
resenting such facts and events.

The other temporal reasoning based on time intervals is supposed in [6].

These temporal inferences realize the concepts of causality, persistency and sequentially, and
rich environment with the elements for representation, but it seems to be considered, somehow, the

expansion of predicate logic attaches limitations.

4. Analysis System Implementation

We coded the analysis system in the Auotmated Reasoning Tool (ART) and LISP. ART is so far
called the second generation tool for expert systems. Its syntaxes are quite similar to those of
LISP and it has some feathers for realizing expert systems : schemata, logic dependencies and

viewpoints. Therefore, ART is like the preprocessor of LISP language.

Prolog

Source Code

' BNF rules Syntax Tree
Y L Construction
k 7
Attribute Grammar Attribute
Semantic rules 1"\ Evaluation
‘\' v

Viewpoint Network
Simulation

Fig.1 The analysis system
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Fig.1 shows the whole structure of our analysis system we implemented.

The input to this sytem is source codes of Prolog. The main part of the system is separated into
three parts, the first part is to do symbolic processing from the inputted codes into tree structure
('syntax tree construction’), the second part, 'attribute evaluation’ checks the static semantics of
the tree, and the final part, that is, 'viewpoint network simulation’ is for the processing of dynamic
semantic analysis. Then, after passing through inside the system, the result of processing is out-
putted. The result means the simulated variable at each stage -- temporary, hypothetically and
hierarchy. Or, otherwise, some error messages ﬁxay appear as result in turn, if the Prolog source
codes have initially some syntax or semantic problems. The first step, 'syntax tree construction’
relies its processes on the knowledge base, Backus Nour Form (BNF) rules. Also, the next process
for evaluating the attributes of Prolog has another database called ’attribute grammar semantic
rules’. These two previous sections access the part, 'error processing’. The error processing divi-
sion can be regarded as the other database.

4.1 Syntax Analysis

The original idea in this analyzing is the unique.way to convert Prolog into a LISP-like list

structure.
4.1.1 Backus Nour
<clause> ::= <fact> . | <rule> .
Form <fact> i:=  <relational-expr>
. <relational-expr> 1= <name> ( <termlist> )
BNF is another form <name>  ::= <small-letter> { <small-letter> | _ } *
<termlist> ::= <term> | <term> , <termlist>
; <term> = <number> | <list> <variable>
of context free gram <compoundterm> ' '
. <number> $:3=  <digit> { <digit> } *
mars (CFG). CFG is the <list> ::= [ 1 | [  <elementlist> ]
<elementlist> ::= <term> | <term> | <term>
unified theory or metho- <term> , <elementlist>
<compoundterm> ::= <npame> [ ( <termlist> ) ]
dology  for designing <variable> $:= <capitalletter> [ <name> ]
. <rule> 1= <relational-expr> - <subgoal-list>
programming language <subgoal-list> 1= <subgoal> | <subgoal> ,
<subgoal-list>
or some tools that have <subgoal> $:= <relational-expr> | <comparison> | 1
<comparison> $i= <variable> <compare> <variable>
. .. 1 <arithmetic> <compare> <arithmetic>
their original languages. <arithmetic> ti= <mult-exp> <adding> <mult-exp>
<mult-exp> .
Of course, CFG exists in <mult-exp> ::= <number> | <variable>
<variable> <multiplying>
. <arithmetic>
a declarative language <compare> ::= is | \== | < | > | <= |
>=
because the grammar is <adding> ::=  + [ -
<multiplying> ::= * | /
also the roduction L.
P <digit> ::= 0 | 1 ’ 2 | N 9
<small-letter> ::= a b ceese X y | z
rules from the start  capital-letters  ri= - a ' B | eeeee x |"Y | 2

symbol toward all the Fig.2 The Backus Nour From for Prolog

terminal symbols via
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nonterminal symbols. The start symbol is also categorized in nonterminal. Fig.2 shows the BNF of
Prolog.

We should keep in mind not to confuse between several terminal symbols that peculiar to each
language and the meta symbols for BNF. Especially, the symbols, a vertical bar and left-and-right
brackets. In BNF, a vertical bar expresses the alternation in the body parts of the each sentences

while in Prolog, that is a division in the list. The other meta symbols in BNF and their intentions

—_n

are as follows : 7 ==
(possible to omit). In the rules, we can
easily find out all the symbols except
meta symbols and the name surrounded

”

by ” <> ” are the terminal symbols that
appear at each leaves in the tree.

Fig.3 and Fig.4 are the hierarchical
structures of Prolog’s BNF rules. In a
bottom-up parsing, the analysis starts
from the terminal symbols and traverses
inside the tree from downside to upside
along branches, then, checks whether can
arrive at the root of nonterminal, "clause”
or not. If it succeed, the Prolog source
sentences are proved as syntactic okay.
On the other, a top-down parsing begins
with the root then passes down toward
each leaf, terminal symbol. We designed a
bottom-up parsing for syntax analysis at
this time with the LISP-like lists. Next, we
explain the algorithms how to make the
LISP-like lists from source codes.

Fig.5 is an example of ordinary syntax
tree. In every programming language, its
sentence is able to be drawn to such as a
tree once the context free grammars of
established.

the language has been

(production),” < .. »” (nonterminal symbols), ’

4 ”

.} * " (repetition), " [ ... ]

<clause>

<fact> . <rule> .

<fact>
<relational-expr>

<name> ( <termlist> )

<term> <term> , <termlist>
<term>
<number> <list> <variable> <compoungterm>
[1 [ <elementlist> ]

<nafme>

<name> ( <termlist> )

<term> | <term>

<term> , <elementlist>

Fig.3 The tree structure for BNF of Prolog’s fact
<rule>

<relational-expr> - <subgoal-list>

<subgoal>

<subgoal> , <subgoal-list>

<subgoal>

<relational-expr> <comparison> !

<variable> <compare> <variable>

<arithmetic> <compare> <arithmetic >
<compare>

<arithmetic>
s < > = <= >=

<mult-exp> <adding> <mult-exp> <mult-oxp>

+ -

<mult-exp>

<variable> <muitiplying> <arithme tic>
<number> <variable> A
* /
Fig.4 The tree structure for BNF of Prolog’s rule
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Obviously, all the leaves of the tree keep terminal symbols while the nodes are occupied with non-

terminal ones.

member (X, [Y| Ys]) :- m ember (X, Ys), X is X+ 1
<clause>
LN
<rulé> .
<relational-expr> . <subgoal-list>
<narfie> ( <termlist> ) <subgoal> , <subgoal-list>

melnbe% %Iisb \ <su\bgoal>
)

<term> <relational-expr>

/ <tefm> // \n\ <comparison>
<variable> / <nane> ( <termlist> )

<list>

X [ <elementlist> ] member
/ X 1 Ys
<term> I <term>
/ <arithmetic>
<variable> <variable> <compare>
/ 4 <mult-exp> Aarithmetic>
Y Ys . IS ~
<variable> mult-exp>
()
/ <mult-exp> <numéer>
X <variable> <adding> \
/ <digit>
4 +
X 1

Fig.5 The traditional BNF system tree for Prolog’s rule

4.2 Semantic Analysis

Semantic sanalysis can be divided into two components, analyzing static semantics and dynamic
semantics. We originally designed the structure of intermediate codes from the BNF tree of source
programs. The LISP-like list structure is useful to detect the nature of attributes of the each ter-
minal symbol and helps to convert the codes into the mechanism of dynamic semantic analysis.

4.2.1 Static Semantic Analysis '

The main part of analyzing static semantics of Prolog relies the fundamental concepts on attri-
bute grammars. Namely, the system achieves its purpose, checks whether the declaration of terms
and their usages have been matching correctly, by attributes.

4.2.1.1 LISP-like Lists

The essence of LISP-like lists is simple : reflecting the depth from the root in BNF tree of each
terminal symbol to the depth of the nest in the list. In Fig.6, each number from 1 to 5 intends the
depth of terminal symbols. Now we ignore the configuration of nonterminal symbols. As shown in

”

Fig.6, for example, ” . ” is in the depth ”1”, the name "member”, ” (7 and ") " are located in the
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depth ’2’, and the symbols " [ " and "] " are in the ' 4 ’. Then, Fig.7 may be able to construct.

First, we changed all the symbols them-
selves, except the names which have
-alphabetical notation initially as "mem-
ber”, into their English notations such as
from ” | " to " bar ". It is not convenient
to keep their symbolic_ notations still in-
side a nested list. Also, we must avoid
confusing between the parentheses for
signs of the beginning and the end of list
and "left parenthesis” or "right parenth-
esis”.

Then, we arranged the terminal sym-
bols horizontally at each nest from the
left to right in order, reflected the posi-
tion in BNF tree. the new tree drawn at
the bottom in Fig.7 shows the nesting
situation of each terminal symbol by
hierarchical structure. This is not the tree
that simply come from the BNF rules.
This is the original. All the nonterminal
symbols are hidden in the rectangles in
" the tree. Apparently, every leaf of the

tree has been occupied by terminal sym-

member ( X , [ X | Xs] )

<clause>

<fact>

<relational-expr>

<termlist>

T

<term> <termlist> o 3
D& ‘

"member" ) -—2
<list>
4 — [ <elementlist> ]

<term>

IIXSII

<term> |

5 D IIXII

Fig.6 The first approach for the L.L.L. from the BNF tree
(The expression L.L.L. is the abbreviation of LISP-like lists)

member ( X, [ X | Xs ] ) .
1 ( ~ period )
2 ("member” :::renthesis ;g:‘;nthesis

3 ("x* comma

left right
bracket )

period

left
parenthesis

rigl
parenthesis

"member"

right bracket
bar "Xs"

Fig.7 The initial L. L. L. structure and its supplemental tree

b_ol and this tree shows the depth of nesting of the symbols exactly.

Fig.8 shows more elegant structure compared with the previous pictures in both the original list

and tree. As it is troublesome and there aren’t any serious reasons to keep "left-and right-parenth-

esis” separately, we combined them like "parentheses” or "brackets”. And we have rearranged the

position of these terminal symbols so that nonalphabetical symbols appear at the left-most side in

each nested list. The reason is simple :

it is easier to control the list processing in LISP by the

functions such as "car” or "caddr”. In addition, the tree below LISP-like lists has changed the loca-

tion of its leaves correspondingly.

Fig.8 and Fig.9 are almost final stages for designing the LISP-like lists from BNF tree. The Pro-
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log sentence in Fig.9 is a rule while the one in Fig.8 a fact. In the latter, the nonalphabetical sym-
bol " :- " appears as the English word " if ". Plus, we finally prepared the list as if it were LISP
programs. The element in the list consists of six different nonalphabetical symbols and the English

names depends on the programmer : " period ", " if ", " parentheses ”, " comma ", ” brackets ”, "

) )

»

bar ", and so on. The fact described here is all caused by the Prolog’s grammar, and is figured

member ( X, [ X | Xs ])

( period )
(parentheses "member" )
(comma "X )
( brackets

(bar " 'xsv)

period

parentheses "member"
comma "X"

brackets
bar nxu uxsn

Fig.8 The goal of L. L. L. and its supplemental tree

member (X, [Y|Ys]) :- mem ber (X, Ys).

( period .
(if ( parentheses "member"
(comma "X"
( brackets

( bar "y "yg"))))
(parentheses "member"

(comma "X" "Ys" ))))

"member"”

parentheses parentheses  "member"

comma "X"

Comma HXII anll
brackets

bar qul "YS"

Fig.9 An another example of the L. L. L. using Prolog’s rule
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out by the symbolic analyzing with LISP-like lists and their supplemental tree structure.

4.2.1.2 Attribute Grammars

The attribute grammar is proposed to describe the semantics of context free grammars (CFG). In
Prolog, we found out the several rules of semantic checker that are out of the range of CFG, other-
wise BNF rules of Prolog. Remark the sequential ordering of nonalphabetical terminal symbols
shown in the supplemental tree, and we might notice the priorities of the appearance from a root
of the tree. First, the symbol "period " must be appeared. Second, if the specific sentence of Prolog
is a rule, the symbol " if " should be followed. If the sentence is just a fact, ” if ” never show up.
We show the order vertically from up to down with an arrow in Fig.10.

Even though the rule shown in Fig.10, only the

” . . . eriod J  elementi

symbol ” comma ” is exception : that is no rules for (p )
. , R . ( if element1 element2 )
the ” comma ” regarding the order of its appearance.
(parentheses element1 element2 )

”

For instance, sometimes the " comma ” is followed by
* (comma element1 element2 )

the " parentheses ", and the other sometimes the vice
( brackets element1 )

versa. The reason of such a strange behavior in the ”

y ( bar elementt  elementz2 )
comma " is rather serious and important : it is an ex-

Fig.10 The sequential priority of the appear-
plicit fact that the different kinds of ” comma " have

ance of symbols

been existing. The one plays a role of dividing be-

tween the variables contained by the specific one predicate, and the other does between predicates
themselves that in the body part of the rule sentence in Prolog. Therefore, we may not make the ”
comma " join to such an attribute rule directly without consideration unless we introduce the spe-

”

cial treatment only for the ” comma ", like as defining the two different commas, "the meta comma”
and "the ordinary comma”.

In addition to that, we checks the attributes from another point of view with the LISP-like lists.
At first, each nonalphabetical symbol has the datermined number of arguments. As an example, the
"period” attracts one argument while "parentheses” and "comma” must have two. Secondly, the dec-
laration of arguments in the different list is also a target to be examined as follows :

<rule 1>
(parentheses argumentl argument2
---> The argumentl must be the name of predicate, not be variables.
<rule 2>

(operator argumentl argument2)

---> Both the argumentl and argument2 must not be the name.

98



Semantic Analysis of a Declarative Language Based on Knowledge Representation

They should be arithmetical operands.

In the rule2, the meaning of "operator” is the mathematical symbols such as "+”, "—" and so
forth. The most of the time in Prolog, it is obvious that those arguments should be a integer num-
ber. Fig.11 shows an example of the attribute checking.

The original Prolog code of the supplemental tree in Fig.11 as follows :

fib (NF) :—N1is N — 1, N1 >= 0,
N2 isN — 2,N2 >= 0,
fib (N1,F1), fib (N2,F2), F is F1 + F2.

The bold or plain text rectangles that surround some sets of leaves, or some of the subtrees,
shows the necessity of the rule2 ( "minus N 1” or ” plus F1 F2” etc.) and the unpredicatability of
the appearance the "comma”.

All the arguments of arithmetical operators such as "minus” or "plus” must be integers or vari-
ables. Also, as the rulel, the first argument of the "parentheses” must be the name of the specific
predicate something like "fib”.

4.2.2 Dynamic Semantic Analysis

The purpose of a trial to analyze the Pro- peri:’d - -
log language’s semantics dynamically is to parentheses  "fiis" h‘- i
. . . col a “"N" i§"NT" §1
examine the nondeterministic characteris- = ° '
| "o

tics behind its syntax as a background. As

Col 4- L]
technological problems, we had to rely our isTNE 7 Y
[mingE N2 3
original idea of analysis on a practical tool -_ ”J
coifima | =

the ART. The fundamental objects in im- [>='NE" 8] comfa g
plementing with ART is to construct some parentheses  "fit_R ) ‘
kinds of expert systems. More specifically, * parentheses ~fib* [ =7 \

_ = GG
the ART has a peculiar feather called view- comrfia "N2" "F2"
points that is able to realize the temporal Fig.11 The supplemental tree for an attribute grammer

and hypothetical reasoning simultaneously.
Fortunately, some theoretical approaches toward knowledge representation have implied the posi-
tive flexibility in the tool in the field of mono-directive inferences such as time stream and in that
of assumption-based inferences such as hypothetical-based reasoning.

The function of viewpoints in the ART is to help updating a set of the structured facts. These
flexible facts is also stored in the fact database in the system. Additionally, it is possible to modify

such facts dynamically and drastically with transiting inferences. Concretely, viewpoints multi-
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plies the fact database constructs a fact network where facts can easily be connected and taken
apart. Originally, these are two types of viewpoints called time-based and hypothetical-based, but
we have put some essences to accomplish the multi-universe reasoning, too.

4.2.2.1 Temporal and Multi-universe Viewpoint

At first, we describe the usage of viewpoint without the hypothetical one, only the concept of
joining both temporal and multi-universal transition. Fig.12 explains visually the changing the
situation under the two different criteria in an example of the Prolog rule sentence. The above pic-
ture in Fig.12 shows that the head or the left-hand side of the rule is in the standard "Time-1 &
Universe-1”, then the body or the right-hand side is in the "Time-2 & Universe-1” at the top-level
or at the most outside’s standpoint. We can notice that the body part has been nested by the con-
dition "Time-1 & Universe-2”.

This definition is not so hard to under-

no_double (Xs, Ys) :- no_doubles ( Xs, [], Ys) .
stand : the transition from the left-hand to

‘ Time-1 Universe- 1 Time-2 Universe- 1
the right-hand might be recognized as "no_double" [Time-1_Universe- 2

"Xs' v » “no_doubles”
. . X ) . _doubles
time passing, and in the body part, it st ‘[]* "Ys
might be necessary to. restandardize at
the universal point of view in order to re-

( period ( if ( rent heses no_double

set a time. That's why the inside situation — L (comma xs s )) I
in the left-hand is in "Time-1 that means -’"“’e'se" 3

( parentheses no_doubles
/ ( comma Xs

/ ( comma
( bracket nil) Ys)))

the time resetting & Universe-2”. )
. Time- 2
On the other hand, the below chart in Universe- 1
ime- 1
Universe- 2

Fig.12 How to apply the temporal and multi-universe view-
omitted. The upper nested list starts by points

Fig.11 shows the same concept by the

LISP-like lists of the Prolog rule. In this ) )

case, the supplemental tree for the lists is

"parentheses no_double” is analogy of the head of the rule while the lower sublist corresponds the
body so that it is in the both "Time-2 & Universe-1” and "Time-1 & Universe-2”.

Fig.13 describes the different situation. This is also the rule sentence in Prolog, but the body
contains two independent predicates. Those predicates are joined by a comma so that we introduce
the temporal transition from before to after comma. This chart is quite understandable that the
first predicate in the left-hand side, "member” in the situation defined "Time-1 & Universe-2”, that
show the time criterion at this point in the nested level. Then, the second predicate exists in the

world "Time-2 & Universe-2” where the one time interval from the first have been passed.
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no_doubles ([ X |Xs], Ans, Ys ) - member (X, Ans ) s
n o_doubles (X, Ans,Ys) .
Time-1 Universe- 1 Time- 2 Universe- 1
"no_doubles" =l ime-1 Universe-2 lTlme-z Universe-2
"member" - "no_doubles"
[X[Xs]" ‘“Ans" "vs' e “Ans" .t " "Ans"  "Ys"

Fig.13 An second example of the two viewpoints

4.2.2.2 Hypothesis-based Viewpoint

The hypothesis-based viewpoint is called only when the heads of plural sentences of the rule
happen to coincide. In Fig.14, the heads of both rule sentences are the same : the name of predi-
cate, the number of arguments those predicates contain, the contents of the three argument. This is
a real don’t-know nondeterministic situation. At this point, we have no keys or priorities which
body should be selected at first. ‘Therefore, we labeled the both alternatives from the upper
"Hypothesis-1” and "Hypothesis-2” respectively. Other determination for setting conditions at each

predicate is all followed by the rule described at the previous section 4.2.2.1.

no_doubles ([ X |Xs], Ans, Ys ) - member (X, Ans),

no_dou bles (X, Ans,Ys).
no_doubles ([ X |Xs], Ans,Ys ) :- nonmember (X, Ans ),

no_dou bles (X, [X|Ans],Ys).

HYPOTHESIS-1 Time-2 Universe-1

Time-1 Universe-2 me | - erse-;
Time-1 Universe-1 ) "member" = | "no_doubles"

" AnS Iy AL yeu
"no_doubles"
"[X|Xs]""Ans" "Ys" \ HYPOTHESIS-2 Time-2 Universe-1

I [Time-1 Universe-2 ,fime -2 Universe-2
"nonmember" "r > o_doubles"
"X" "Ans" X" [ X |Ans]""Ys"

Fig.14 A fundamental concept of the hypothetical viewpoint

As a result of these definition, the temporal and multi-universal position are determined all the

predicates, the head and the body, the fact and the rule, but whether the hypothetical reasoning is
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r(X,Ans),
no_doubles(X,Ans,Ys)

no_doubles(X,[X|Ans]

mber(X,Ans),

,Ys).

( period ( if
(comma ( bracket
(comma Ans Ys)))

(bar X Xs))

comma

L ( parenthese member ( comma X An s)) j

Iiparentheses no_doubles

(comma X ( comma Ans Ys)))

))

( period ( if
(comma ( bracket
(comma AnsYs)))

(bar X Xs))

(comma

( parentheses nonmember

( comma X Ans ))

( parentheses no_doubles

( comma X
( comma ( bracket

( bar X Ans)

) ¥s))) )

))

Fig.15 An example clauses for applying three viewpoints

no_doubles([X[Xs],Ans,Ys) :- membe r(X,Ans),
no_doubles(X,Ans,Ys)
no_doubles([X|Xs],Ans,Ys) :- nonme mber(X,Ans), [ no_doubles([X|Xs),Ans,Ys) :- mdmbe r(X,Ans),
no_doubles(X,[X|Ans] ,Ys). 1] no_doubles(X,Ans,Ys)
| no_doubles([X|Xs],Ans,Ys) :- rTohme mber(X,Ans),
(period ( if no_doubles(X,[X|Ans] \Ys).
(comma ( bracket (bar XXs)) (period ( i
(comma AnsYs)))

Unh 2 comma

Time-1 e " ]
(Unlverse-z ] | 3 Hypothesis-1

Jime:2 Universe-1

Time-2
7
))
( period ( if
(comma ( bracket (bar X Xs)) ( period ( if
(comma AnsYs))) \ I
(comma ﬂ

lUniverse-z l I ! —I

Lime-1 ] Hypothesis-2

Time-2 Time-2

))

Fig.16 How to apply the two viewpoints to the
LLL.
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required or not is quite depends on the Prolog source code. It is because some Prolog programs do
not need a don’t-know nondeterministic processing, just enough to process procedurally.

This time, we describe the relationship among these different viewpoints from standpoinﬁs of the
LISP-like list. Fig.15 is an instance of the two Prolog rules and their conversion into the lists. All
the rectangles appeared on the lists. And we show another two independent lists in Fig.16 and
Fig.17. Fig.16 presents the relationship between the temporal and multi-universal viewpoints. In
each sentence of Prolog, the first argumenu of the "comma” list is regarded in the situation
"Universe-2 & Time-1", and the second one is in "Universe-2 & Time-2”. Because of the "comma”
list itself has been regarded as the second argument of the list "if”. The depth of the "comma” is
incremented from the top-level, that is why the level of "universe” is 2. Also, the time is counted
in each transition of the situation, so the level of "time” is incremented by passing from the first
argument of the list "comma” to the next.

Fig.17 describes the relationship when the hypothesis-based viewpoint has been also consi-
dered. Both of the first argument of the list "if” in the two Prolog sentence are coincided exactly
(Fig.15), so that the second arguments of the "if” list are determined as "Hypothesis-1" and
"Hypothesis-2” from up to down, respectively. In addition, the first arguments ;)f the list "if” are
both in "Universe-1 (thai means they are in the top-level) & Time-1" and the second argument of
the "if" list are considered as "Universe-1 & Time-2” in the each sentence. These definitions stand
along at each sentence. Remember, the hypothesis viewpoints are not always defined in Prolog
programs. _

Finally, we reexamine the methodology of time, hypothesis, and universe viewpoints by using
the tree structure (Fig.18 and Fig.19). These are not the BNF syntax tree but the supplemental
tree for the LISP-like lists. Fig.18 shows how to apply both concepts of time and universe to the
tree. The flow of time can be drawn as the horizontal arrow while the nesting of universe as the
vertical arrow. For example, the node "parentheses nodoubles” where the first argument of "if” is
in "T-1” (Time-1), and the node "comma” that is located the right side of the "parentheses” node,
we can also say this is the second argument of the list "if” by observing the tree horizontally at
the third level from the root, is in the position "T-2” (Time-2). These time -flowing are both in the
depth "Universe-1”. Also, we can find out another time flowing on the "Universe-2” where all
nodes are the children of "Universe-1”. Be careful that there are not any realtions among the time
points in the different universes. Once we traverse the tree toward its leaves, the time arrange-
ment in the previous depth might be all void. We must initialize the time interval again at that up-

dated depth. Fig.18 is presenting another aspect as regards these viewpoints as a two-dimensional
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space.

On the other hand, Fig.19 is implemented the concept hypothetical-based viewpoint. This tree
intends the following discovery : if the structure of the subtree that is recognized as the first argu-
ment of the "if” list is exactly the same as that in the other tree, the whole structure of the next

subtree as the second argument of the "if” list should be regarded as the one of hypotheses. The

no_doubles([ X | Xs ], Ans, Ys) - member (X, Ans),
no_double s(X,Ans,Ys).

—

if
parentheses
no_dou

Fig.18 Two-dimentional relation between time and universe

no_doubles([X | Xs], Ans, Ys) - member (X, Ans) ,
no_double s (X,Ans,Ys).

N

parentheses

_®_if
—(2—

comma . parentheses
m b

brackets

confma Ans Ys

Hypothesis-1

(] b
5
=
[ o=

U

Fig.19 Three-dimentional relation among time, universe and hypothisis
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subtree surrounded by a bold polygon is in the situation "Hypothesis-1". And the "Hypothesis-2”
condition must exist in the part of (or the subtree of) some different trees. Each Prolog sentence
either a fact or a rule has such a LISP-like list's tree, and if we try to pile the plural trees one
another, we might discover the fact such that some subtrees located on the first argument of the
1f list have coincided perfectly and these on the second argument are consist of the different
structures. The latter must be defined as hypotheses. Therefore, as the final conclusion of the
estimation concerned with multi viewpoints, we have found out that the tree independent view-
points these are time, universe and hypothesis are developed to form a three-dimentional world of
the tree. That is, time viewpoint is spread out horizontally, the universe spread out vertically, and

the hypothesis viewpoint grown toward the above by piling on the hypotheses.
5. Conclusion

As the final remark of this paper, we conclude the research as follows :

We proposed an algorithm, such as how to construct the LISP-like list from a target language
Prolog, that asserts the dynamics of semantic analysis as the central part of compliers for design-
ing a declarative language processor.

When we design a new programming language, once we determine the precious grammar, its
peculiar context free grammar, we can adopt the concepts of our algorithm. Of course, the reserved
words of each independent language are peculiar. But imaging the analogies from the idea in this
paper is not so hard. We believe it might be one of the most optimal method that to analyze the
language, especially, a nondeterministic language, symbolically such as using dynamic and simple
data structures in LISP.

We did rather stress on the relationship between the field of "semantic analyzer” and that of
"knowledge r.epresentation".

The validities of applying reasoning deal with the cohcept of timehypothesis and multi-universe
to the processing and the result of the symbolic analysis of a nondeterministic calculus model via
Prolog are gotten in this research, But, these are omitted on account of limited space unavoidably.
Moreover, it is much to be regretted that there are still unsolved matters for the some phrase in a

compiler such as error consulting.
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A MATHEMATICAL THEORY FOR BLOOD
FLOW DYNAMICS IN THE ARTERIAL SYSTEM.

an induction of blood flow velocity.

Hirohumi HIRAYAMA, Kohichi ONO, Hisakazu, YASUDA

Summary

A theoretical expansion of mathematical models of the cardiovascular system are developed. We established a
distributed parameter model of the arterial system. In this paper we have deduced the blood flow velocities in
the longitudinal and radical direction based mainly on the Womersley theory. Neglecting the non-linear terms
(the convective acceleration terms) in the Navier-Stokes equation and setting linear cyclic solutions, the N-S
equations were reduced to the Bessel type ordinary differential equations. By utilyzing the Stokes stream func-
tion, the equation which input pressure satisfy was proved to be a Bessel type differrential equation. Applying
the Bessel type pressure function to the linearlyzed N-S equation, a strict form of the solution of the blood flow
velocities were obtained. these solutions were confirmed to ‘satisfy the conservative law of mass.

To ensure whether these solution satisfy the Stokes stream function another process was used to obtain the
blood flow velocities. Turning to the stream function and differentiating directly of these functions also induced
a series of solutions which are identical with the solution that were obtained by solving the Bessel type N-S
equation. By these strict mathematical process, linear solutions of the blood flow velocities were obtained. To
simplyfy the system and problems we made some assumptions and we have discussed the validity of these

assumptions within the range we concern.

Introduction

It is important to correlate the biological phenomenone and their interactions quantitatively. In

such a stand point, the cardiovascular system is one of the most suitable subject for such analysis.

Especially to represent the pulse wave transmission phenomenone in human arterial system gives

much advantages for understanding the control mechanisms of the circulatory system. Furth-

ermore in the pathophysiological state especially for the congestive heart failure or the trans-

plantation of the heart, it should be analyzed that the interaction and feed back control mechan-

isms of pulse wave conduction which should appear dynamically between the heart and the

peripheral circulation.

To satisfy such requirement, mathematical or physical models of the circulatory system have

Muroran Institute of Technology. Deaprtmant of Caridovascular Medicine.Hokkaido univ.
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been presented. For the arterial system, beginning with Witzig (1914), the essential and pioneer-
ing work of the elastic tube theory have been expanded by Womersley (1958) [1]. On the other
hand the physical electrical model also have been constructed elaborously. at the same time and the
basic model was completed by the group of Westerhoff and Nordergraaf (1967) [2].

The mathematical model can be classified into 3 categories on the basic of common feautuers of
assumptions. The first group is the thin walled model which is based on the membrane theory.
Morgan (1954), Womersley (1954) [3], Klip (1962), Atabeck (1968), and Chow (1967) partici- -
pated in this type of model.

The second group is the thick walled model. Klipp (1967), Mirsky (1967), Cox (1969), Jager
(1966) [4], Whirlow (1965), concerned this field of model. The last group is the longitudinal
tethering model and is consequently indentical with the rigid tube model. Witizg (1914), Womers-
ley (1958), Taylor (1959), Jones (1969) dealed with this model.

Althought precise and complicated models have been presented by these researchers, they con-
cerned only with the pulse wave velocity or the transmission efficiency. What we should make
clear is how transmission phenomenone can be represented or revealed realistically. Yet these
problems are solved.

About for the physical models, kind of electrical or hydrodynamical analog have been con-
structed. By connecting many condencers or registances, the blood flow waves can be simulated in
the arbitrary precision. To increase the approximation, one can reinforce the elements of the cir-
cuit and further complex circuit can be easily constructed. However the biophysical significances
of each elements embeded in the circuit would become obscure [5].

Because of the histhero mentioned grounds, there exists a reasonable necessity to establish a
comprehensive and easier recongnizible mathematical model. It is a vital necessity for the purpose
of analyzing the effects of changes of the arterial wall and blood properties on the arterial blood
flow. -

In the series of these papers, we have constructed 3 basic models about the cardiovascular sys-
tem, the distributed parameter model of the arterial system, the exponential paramerter model of
the aortic arch, the lumped circuit model of the total systemic circulation.

In these three models we firétly show the theoretical expansion about the distributed parameter
model of the peripheral arterial system which is based mainly on the transmission line theory in 4
steps.

Then we reveal how it does express the pulse wave transmission phenomenone in time and

space domain realistically and the effects of changes in the biophysical parameters of the arterial
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wall and blood on the blood flow parameters. In this paper as the first step for the mathematical
expansion, we have deduced the strikt form of the blood flow velocities from the linearlyzed

Navier-Stokes equations by two different solution process.

MATHEMATICAL EXPANSION-1

To represent the pulsatile flow through a distensible tube mathematically,it is necessary to obtain
sets of equations which include not only the blood properties itsself but also the mechanical prop-
erties of arterial wall

For the purpose of such requirements. the equation about the blood flow dynamics and wall mo-
tion should be given independently. Then those equations must be associated by setting the adequ-
ate boundary conditions. In this chapter we reduce the blood flov velocities from the Navier-

Stokes fluid dynamic equations.

Before solving the equations, we have made following assumptions about the blood properties
and the geometric characters of the vessels.

1. The blood is Newtonian and incompressive.

2. The blood viscosity is independent of blood shear rate. haematcrit, body temperature, blood
flow velocity nor internal radius of the artery.

3. The blood flow contains only laminar flow. The tangential blood flow velocity is very small and
the secondary flow. nor turbulence exists.

4. The abnormal viscosity does not exists.

5. The effects of the entry zone are negligible.

6. The sllipage between the blood and the vessel wall at the innner surface of the wall does not
exists.

7. The vessel is straight, cylindrical, and axisymmetric.

8. The biophysical properties of the vessel wall are constant and independent of the distance from
the entry zone.

9. There exists no tapering of the vessel and no leakage flow.

10. The effect of the gravity is negligible.

1] The fluid dynamic equations of the blood flow.

The movements of the blood in the closed space especially in the cylindrical tube as a vessel are
expressed in the Navier Stokes equations. In the cylindrical coordinates, the blood flow velocities
satisfy following equations.

For the longitudinal direction
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+ Vr + Vz
at ar az

aVz aVz aVz — aP a®Vz 1 aVz a?Vy
4 [ + H [ - +

7z~ + 2] (1)

az ar ar az

For the radial direction

aVr aVr aVr aP
P[ + Vr + Vz JZ——+F‘[
at ar az

a?Vr
2

i aVr a2Vr Vr
ar r

+ ar + az? _7] 2

The variables and parameters are defind as followings
Vz : the instantaneous blood flow velocity parallel to the vessel axis. (the longitudinal blood flow -
velocity.)

Vr : the instantaneous blood flow velocity along the radial coordinates. (the radial blood flow
velocity.)

Z : the longitudinal space coordinates.

r : the radial space coordinates.

p : the internal pressure.

P : the blood density.

# : the blood viscosity.

The left sides of the equation 1,2 are in the form of unit mass(# ) multiplied by the acceleration
DV/Dt which mean the internal force in the longitudinal direction and the radial direction respec-
tively. To balance such forces, two forces are given in the right hand of these equations. these are
the pressure gradient along the axis ap/ az and along the radius ap/ ar.

Furthermore the viscous retardation force (the frictional force) contributes. In general, for the
case of dynamically moving fluid, the stress changes parallely with the velocity of the deformation
of the fluid, that is the shear rate of the biood flow.

Assuming there exists no leakage flow, the conservative law stands.

Then continuity equation is given as following.

a (PVrkr) +L a(pPVe) " a (pPVz) —0

1
+T ar r af az ©)

at

We also assume the incompressibillty of the blood, the blood density does not change with time.

Then the eq 3 is reduced as following.

aVr Vr aVz
+ —+

ar r az

—0 | (4)
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Since we concern only in the linear system, we seek the linear solutions for this system. There-
fore these above mentioned non linear partial differential equations should be linealized. Assuming
that the effects of the convective acceleration terms such as

aVz aVz aVr . aVr
Vr ,Vz ,Vr ,Vz

ar az ar az

on the flow velocity are negligible, we linealized the equ 1 2 to following form.

aVz 1 aP ¢ ( a%Vg b oavz aZVz] 5
at P az o az? r ar ar? ()
aVr 1 aP _fL{ a®Vr 1 aVr | a?Vr __VL] 6
at L ar P az?® r ar ar? r? (6)

A ] The induction of the equation which satisfy the input pressure P.
Before solving the linealized N-S equations, we should obtain the functional form of the input
pressure P.
Define the Stokess stream function ¢ which satisfy the continuity equation 3 as following. [6]
L ay 1 ay

Vi=—— = 7) Vr=-—- - (8)

For the sake of obtaining the relation between and P, we input equ 7 into equ 5, then

a (—1 a¢ ] a2 ( —1 a¢ 1 «a —1 a¢ a®? (-1 a¢
3 )= e J*var J+ = )
at r ar 4 az r ar r ar r ar ar r ar
_ 1 P

P az

# (1 a 2¢ 1 (1 a¢ 1 a?¢ a (1 a¢ 1 a%¢
T A IR E - e & PR U N

14 r ar az r r ar r ar ar r ar r ar
_ 1 ap

P az
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L az¢]+L op 1 &g 2 ap 2 a1
T plr ar az? r? ar r?  ar? r® ar r? ar?® r
1

P az

? (1 a a?¢ 1 a¢ 1 a?¢ 1 o3¢ 1 aP
=5 _—[__2'—]———3 + = 2 - 3 - T

4 r ar az r° ar r ar r ar P az
_ M (1l @ afgy 1 a (1 af LL[“W’]_L“P
Top rar[ azz] rar[r ar] r ar ar? o az
_ A (L a [ atyp 1 ag azsﬂ]_ia_l’
T p |r er az? r ar ar P az

We also input equ 8 into equ 6, then,

a (1 a¢ #( a® (1 a¢ 1 a (1 a¢ a? (1 a¢ 1
e R
atl r az 14 az r az r ar\r az ar r az r
1

£ ar

# (1 a®¢ 1 1 a¢ 1 a?¢ a 1 a¢ a?¢
O

P r az r r az r araz ar r az r araz
_ 1 a$) 1 aP

3 az P ar
_L[Lﬂ_i op 1 @Y 2 ap 1 a9 1 oy
T e lr & P oaz r? araz r? az r? araz r? araz
1 d¢ 1 af

r azarz r3 az

2 (1 &3¢ 1 a%¢ 1 a3y 1 aP
=7 | 3T T2 +— Z | T T,

4 r az r° azar r azar P ar
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az az r ar ar?

It

then we get equ 9, equ 10,

2

1 a?¢ 21 a [a2¢ 1 a¢ a’y 1 aP
= -~ L = + = ]
r 14 az r ar ar

- o Tar (10)

Next step we eliminate P in equ 5, equ 6 by differentiating equ 5 with respect to r and diffren-

tiating equ 6 with respect to z. firstly we differentiate equ 5 from left side.

a aVz]__La aP]_i_i a3V2+a3VZ__1_a'VZ+La2VZ
ar at J P ar | az e\ azlar ard r?  ar r ar?
-1 a[aPJ_i_/l a? 1 «a a? 1] aVz
T e ar | az P [azz r ar + ar? r2 ar (11)
Differentiate equ 6 from lift side.
_a[aVrJ_—l a[aP] Y2 a[az\/r a[l aVr a[aZVr
az et ) P az | ar P | az az? ] az \r ar ]+ az ar? J
v [l&]
az | r?
—1 a aP yZ3 a? 1 a a? 1 aVr
- P az [ ar ] +—P_[ aZZ TTI’ arz ——I'T] ’ az (12)
Subtracting both sides of equations each other, we get
& _#(L 1 a a1 aVr _ aVa) _
at P [ az? r ar ar? rz] az ar )0 (13)

By equ 7 and equ 8, then second factor in equ 13 is
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aVr aVz 1
az ar r

2 2

az r ar ar

o2 2
¢ ia¢+a¢] (14)

Inputting equ 14 into equ 13, we obtain,

af® 1 a¢ a?¢ 3| _
aZ "t ar T a ”_0 (15)

at az® ar ar? r? r

a y2] a? l «a a? 1 1
N RN A S S | RS
P r

The second factor in equ 15 can be modified as following by recognizing the meaning of the dif-

ferential operator (this step of the mathematical treatment is refered in the appendix)

a © o a? 1 a a? 1 a? 1 «a a? 1| ¢
B il B e | e e B
at P az r ar ar r az? r ar ar r r
(16)
Define the spatial differential operator as
p=,pte @ 1 17
o r ar arZ T 2 (17)
Then we can get the simple operator equation.
a y23 ¢ _
(at_PD) D-=m=0 (18)

Here we assume that eq 18 can be given by summing two independent solutions ¢; and ¢, as,
Y=¢1+ ¢,

Then either ¢1 or $2 must satisfy either of those equations.
a “
(w0 (G- goh e

Operating these differentiations by eq 17, next equations are induced.
a?¢, 1 a¢, a®¢,
— —_ + rZ

azz _T ar a =0 (19)

a®¢, 1 a¢, a’¢, P ayy
az?  r  ar + ar? ¢ at =0 (20)
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Summing equ 19 and equ 20 abd utilizing the relation ¢ = ¢1+ ¢, , then

)

2 2 a
@9 _1ap &Y _ o ay o)

az? r ar ar? T ¢ at

Inputting equ 21 into equ 9 and equ 10

_Lﬂ_iii[_iwz]__iap 09
r arat P r ar £ at )] P az (22)
iﬂ_LLL[L“¢2]__L aP 3
r azat P r az M at - P ar ’ (2)
Because of ¢1=¢ — ¢, , then equ 22 and equ 23 are
P a*$,  aP
r arat - az (24)
P a? aP
_ P e _ aP (25)
r azat ar

To eliminate ¢;, multiplying r both equations in each sides and differentiate equ 24 with re-

spect to r and defferentiate equ 25 with respect to z, then

S )=

az az ar ar

Therefore the partial defferential equation which include only function P is

=0 | (26)

B. The solution of the equation which satisfy P.

As P is the cyclic function which depends on the cardiac rhythm, we assume the linear cyclic solu-

tion as in the following form,
"P=P(r)*exp|in*(t—z/c)} (27)
n : the angular velocity n=2 7 f
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¢ : the pulse wave velocity

1: imaginary unit.

Which means one can separate the solution into time and space domaine and these quantities
should have no interaction. ‘ )

Inputting equ 27 into equ 26, equ 26 is reduced to the O order bessel type differential equation
of P (r).

d2P(r) 1 dP(r) n?
w2z vt &~ zPn=0 (28)

As the limitting case r-0, there exists a finite solution. So the second order solution should be

discarded. Then one can easily obtain the solution as
P(r)=1J(@%n*r/c)
" Therefore P can be given in the form as,
P=A, Jo(inc/r)*exp(i*n*(t—z/c)) (29)

cl Thev solutions of the linearlized Navier-Stokes equations
Assuming the linearity of the arterial system, then the frequency of the input and output must
be idential. Consequently the blood flow velocities Vz, Vr can be written in the form simmilary as

input pressure,

Vz=w (r)*%exp li%kn*({t—z/c) (30)
Vr=v (r)%exp li*kn*(t—z/c) (31)
P=P(r)%exp li*n*t—z/c)

Inputting equ 27, equ 30, equ 31 into equ 5, 6, then

inw = 10 +_/i[azv+iaw+[—in]z )
MW= T PO T e T C W (32)
Lo =Ll aP@) 4 (a*V 1 aV —in 2 v

V=g T+ [ e +[ C ] V—?] (33)

Which is the equations including variable r only.

The continuity equation 4 also should be modified into following form
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+—+W——=0 (34)

Rearranging equ 32, then

a’w 1 aW pin . —in \ 2 1 p ( —in
ar? T Tar —[ 7 —[ J ]W‘TT[ C ]P“) (35)

Which is the Oth order Bessel type differential equation. In general about for the Bessel type

equation as
Y'+Y/z—(B*+ v¥HY =0

The finite converging solution is Y=]J v (i 8 z)

Therefore in equation 35, putting

2 inp _Iiz_

Then the solution of the equ 31 is

Wi =ClJo(iBr)

C1 : integral coefficient

on the other hand the specific solution is

- B*W,=

(e

|-

Therefore utilizing equ 29,

in inD J, (inr/C) ‘
W2=—2—P<r)=’ﬁ+#c— (37)

"Then the general solution is

inD Jg (inr/C)

,W‘_‘ClJo(i:@r)"‘W (38)

As for the radial direction V, simillary rearranging the equ 33
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aP (r)

ar

a®v 1 aV £ in —iny2 1
+ - —[ ] + (39)

1 »p
P z]V“T#

ar r ar

Utilizing equ 36, equ 39 is-converted into 1st order bessel type differential equation. The solu-

tion of it is given as

Vi(r) =Cz2J1(iBr) (40)

C2 : integral coefficient.

As for the P (r) = D % Jo (i ¥ n % r/c), (here the integral coefficient is redifined as D instead of

Al). According to the formula about the differentiation of the Bessel function,

dZv(r) v ’ .
o -7 +1(r)
Then,
dP(r) in .
I —-D ?Jl (inr/C)

Therefore the specific solution is given as

_ . in J; (inr/C)
Vz=D C —/«lﬂz (41)

Then the general solution is

Din ], (inr/C)

V=Czh(iﬁr)+TWZ— (42)
Now we set.
i*a?n ]
IZOZ = Y = 13 dz Vv = 7 (43)
ina
Bo= < (44)

a : the Womersleys coefficient.
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a : the internal radius of the artery.

inP

since n?/C = 0 , then B2 = e (45)
Then
Din _ Dﬂo a
CHBZ = Hagl ‘ (46)
) i3 ne i3 nz 124 aoz ﬂoz 1
if= 7 * c? ] o [ az T a2

(the pulse wave velocity C is 13-18m/sec in human arterial system).

By utilizing the @g and B¢ , changing the intégral costants C1, C2, D into Al, A2, the solution

38, 42 are expressed in the following

v (ag® + Bo?)”* (ag” + Bo°) % r A1 Bea [ ﬂor]
W=Va=4z aglo(ay) a Hoay? *Jo | a
*explin(t—z/c)l| (48)

_ Bo [(0‘02+ Bo*) % r AP a [ L] n
Vr = Az “oJo(“o)h a Hag h /30a *explin(t—z/c)]

(49)
, r
P=A]p [ ﬁ:] *exp|in(t—z/c)}
Now the coefficients are normalized by « Jo ( ag).
Since n/c =0, so by equ 43 and equ 44, then @o®+ By’ ay?
Putting r/a=r/R=y and i%n%a/c=k, then we get the following form of solutions.

_ Jo (agy) ﬂ ina a
Vz = AZ JO(aO) P C i3 a2 JO (kY) (51)

_ 4 Bo Jilay) @ kA,

Vr = A, ay Jo(ag) 7 Bal J1 (ky) (52)
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If one redifines Ay B¢/ @g=Cy , this form is idential with what Womersley had induced.

D. The satisfactory condition for the conservative law.

As those solutions and equations are based on the Stokes stream function, as mentioned in eq 7,
8 which had been assumpted to satisfy the conservative law eq 4, eq 51 and 53 should be ex-
amined whether the continuity equation 4 satisfy. The continuity equation should be converted

into

d(Vry) inR

1
7 dy < Vz (53)

Utilizing the differentiation formula of the Bessel function for equ 52

dly(agy) Ji(agy)
—_— T = a —_—a
dy . JO( OY) agy 0
We now put
A
2 Po =C,
Q

Then the left side of the equ 53 becomes

Cy _ Ji(agy) )y RkA, _ Ji(ky) Ji(agy)
e [ @ (eoy) = 20— SR (ko ky) o R

RkA, J; (ky) ayJo(apy)  Rk?A .
T uPaly = (e~ aTar o) (54)

and the right side of equ 53 reduces to

inR =~ Jo(apgy) inR  inR?
C 2 JO(aO) - C #Ci3a2 AIJO (kY)

The equation 54 and and 55 should coincide. Therefore the coefficients of Jo (@ y), Jo (k*y) in
both side should be idential. Then
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&_ inR  inR __inR
A,  Cay  Cai?2: kK=7¢ (56)

This is exactly what we have put k=i%n % a/c. Therefore equ 51 and equ 52 satisfy.the con-
tinuity equation 4. ’

Assuming n/c — 0, the approximation formula for the Bessel function reduce the term Jo (i% n
*R/c) approaches to 1 and J; (n* R % y/c) reduces to n* R % y/2c.

Ultimately the blood flow velocities are given as followings

— 5 Jolagy) A

Va= A (57)
_ inR 2]1(010)’) A,

Vr= 20 A2 a5 (ay) T Y pC (58)

a : the Womersleys coefficient

E. Another solution of the blood flow velocity by the Stokes stream function.
In equ 19 and equ 20, assuming that the two stream function ¢ and ¢ is separable in time

and space domaine, one can express the solution in the linear form as

$1:F(r)*explikn*({t—z/c) (59)
$2:G(r)kexpliknk(t—z/c) (60)

Inserting equ 59 and equ 60 into equ 19 and equ 20,

e e A ©b
d2G 1 dG n? inp
a? " rdar 28T T 650 | (62)

Putting F=r*f (r) and G=r* g (r) and simple calculation brings us to the following Bessel type
differential equations.
daf 1 df n? 1

o il e A S (69)
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Here we newly defined @ as above and is different from the Womersley coefficient.

Then the solution can be easily attained as

. |
(0)=—=AnLfn =A% (o)

g = =Bhan =81 (i[5 + 20 %)

The J (i * x) is the pure imaginary number, then to have non trivial solution, the coefficiens

should redifined as
A=A %i B=B#*i
Then the Stokess stream function is given as following

$=9¢1+ ¢, =Fr)+G(r)*exp fi*kn*({t—z/c)
=r(A1J1(Br)+ B1]1(iar) *kexplin (t—z/c)

Because of the definition of the equ 7,

1 «a
Vo= — —— ri(AJl(iﬂr)+BJI(iar))] o

r ar

Utilizing the differential equation of the 1st order Bessel function

d,(ifr) _ dL,({Br) difr) _ JiGBr)

dr dign  dr ”[JO(iﬂr)_ iBr ]iﬂ

Then
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Vi= = [ALGAD + Blian + [AOO“M_JI_i(;ﬁ—r))m

+B [Jo(iar)—M] ia ]]

=—Ti[r-iﬁAJo(iﬁ'r) + riaBJO(iar)J

= ABl(fr)+ Baj, (i [ n P ] %r>

[CaR” (66)
As for the radial velocity only, the differentiation with respect to z reduces to
n n )
Vr=A?JI(iﬂr)+B?h(1ar) (67)

As C (pulse wave transmission velocity) is 13-18m/sec in human arterial system, then n/c—0,

and Jo (ifr)—1

iA .
Vz = ‘C" + Bi*f av]o(i¥%a %r)

At the innersurface of the arterial wall, the blood flow velocity attains the finite value

Vz(r=R)=V, Then

Ani
C

Vi = + Bi”* a¥ ] (i¥2a %R)

So the coefficient B is

f Vs — Ani/C
321 —

_ Vk —AniC
Biak =7 xR
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Therefore

Ani
C

Vg = Ani ] Jo (i¥2a %r)

+[vre -2 Jo 7 2 %R)

Here redefine the coefficient and parameter as following

Ain _ Al
< " pC [V*

Ani
C ]: !

R* ak=a y=r/R

Here the coefficient @ idential with womersleys coefficient.
Then the longitudinal blood flow velocity is obtained as
Ay Jo(ai¥?y)

Vz = pC+C1 To (@ 172 (68)

The same procedure bring us to the following equation with respect to the radial blood flow
velocity is
inR 2] (ai¥?y) A,

V=3¢ (O a2, (@7 TV pc

(69)
The eq 68 and 69 are idential with eq 57 and eq 58 respectively.
Therefore the solutions of the linearlyzed Navier-Stokes equation are obtained in the form as eq

57,58 or eq 68, 69.:

APPENDIX
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_L@y 1 ap 20 1 ep 1 at 1 g 29
T r az? r2 ar rd r? ar r ar?® 2 ar 3
_lay 1 1oy
T r o oaz? ar? r? ar

DISCUSSION

In the first chapter of the series of mathematical modeling of the cardiovascular system, we have
developed a distributed parameter model of human arterial system. This papre treated with the
mathematical expansion for the pure blood flow velocities which does not include the arterial wall
properties. To obtain the velocities (which are the solutions of the Navier-Stokes equations), we
made some assumptions about the blood and artery. We discuss firstly the significance of modeling
and the Navier-Stokes equation, then expand the discussion mainly about the blood properties.

I. The modeling of the biological system.

There are several candidates of the models which can express the cardiovascular system. To de-
scribe the effects of the cardiovascular elements on the blood flow two typical models exist.

First is the lumped circuit model in which many biophysical properties of the arterial wall and
blood are gathered together.

The classical but representative model is the windkessel type model as Frank had suggested.
Such model is composed of the reistance and compliance only. So each character of the element
which compose the arterial blood flow and the effects on the flow wave were made obscure. Furth-
ermore it can be seen which component (for example whether arterial wall thinkness or the blood
density) mainly contribute to the change of the total arterial resistance or the arterial compliance.
Of course such lumped circuit model cannt represent the transmission phenomenone even much
elements are incorporated, since this type of model never contains the variable x. However to look

the dynamical system macroscopically and analyze overall behaviour of the large system, the
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lumped circuit model is suitable.

On the other hand the distributed parameter model is arranged utilyzing R,L,C,G in the axial
direction and radial direction (the ladder circuit) depending on the distance from the entry zone.
So a simple increment of the number of the elements brings us to more precise representation of
the transmission phenomenone of flow wave. But when one should look the cardiovascular 'system
exclusively and to analyze the effects of the change of some compartment of the artery (such as
aortic arch or small arterioles), one would confuse to treate such distributed model since the para- .
meters all change continuously in the special domain and these sequential parameter change may
obscure the segmental change which one concerns.

In any way the selection of the model is depend on the purpose or phenomenone that one wish
to analyze and to disclose. In the first series of the papers we analyze the pulse wave transmission
phenomenone. So we adopted the distributed parameter model.

The candidates of the arterial that satisfy these mentioned assumptions are rather many in hu-
man arterial system. We apply this model for the middle sized arterial system such as femoral
artery or brachial artery.

Il. The solution of the Navier-Stokes equation.

We have deduced the blood flow velocities in the longitudinal and radial directions from linear-
lyzed Navier-Stokes equations. As a conventional way, we utilyzed the Stokes stream function
and induced the differential equation about the input pressure P. The pressure was shown to be
a Bessel type function.

There is at least two process tf) obtain the blood flow velocity from the N-S equations utilyzing
the Bessel type function of blood pressure P. First is to solve the linearlyzed N-S equation as a
Bessel type Oth order or 1lst order differential equation. The second is from differentiating the
Stokes stream function. In either solution process, the Bessel function and its differential are in-
cluded. By setting adequate coefficients, these solutions proved to coinside each other and also
satisfy the conservative law.

The linearlyzed solutions include those parameters as y=r/R,  (the blood density), C (the pulse
wave velocity), @ ( the quersley coefficient : r % m n : the angular velocity). The
Womersleys coefficient is the ratio of radius of tube and thinkness of the vibratory boundary
layer and this ratio directly relates to the velocity profiles of the flow in an artery especially for
the pulsatile flow.

Therefore the blood velocity are the function of both the blood and arterial wall properties. This

interrelationships intimately correlate with the specificity of the distributed parameter model and
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transmission line theory.

lll. The signifcance of the Navier-stokes equation

When the fluid moves, it travels continuously in time and space domain. Therefore it is the
velocity in the time and space domain and not position that should satisfy the N-S equatuion. In
general the N-S equation can be expressed as following form,

DV/Dt = F—grad P +f{.

D/Dt-is the lagurange’s differential operator and indicates the change of the velocity of each
particle in the fluid. This also corresponds to the inertial force that act on the unit mass of the
fluid. F is the external force. Grad P is the pressure gradient. f is the viscous stress inherent of
the viscous fluid. The N-S equation represent the balancing state of the forces acting on the vis-
cous fluid. As in the analysis of the electromagnetic field, the interruptioﬁ of these equation is
different when the fluid dynamical phenomenone is looked in a macroscopic view or microscopic
view. Applying the conservative law of the momentum to a given time and space domain in the
arbitrary point of the fluid and squizing these region infinitely small, then one can obtain the
limitting equation. That is the Navier-Stokes equation. Therefore it is suitable to express minuetly
the local flow state qualitatively. On the other hand to apply the conservative law to a finite time
and space domain, the N-S equation should be integrated. This is the integral equation of the
momentum and applied to the analysis of the macroscopic flow state. In such a stand point N-S
equation also can represent the turbulent flow and movement of the compressible fluid. The N-S
equation is different in form of the solution depending on the character and quality of the flow
which the N-S equation express. In the case of the Reynolds number smaller than 1, the domina-
tive term is the dissipative term and the solutions are always stable. However when Re increase,
the convective acceleration term increase and the differentiation of the flow should occurs. Such
that the main flow part is the one viscous flow and in the boundary layer, the shearing flow exist.
Until the Re exceed 1000, the flow is mainly laminar but for the larger Re, ithere develops the
turbulent flow and the analysis is extremely difficult. About for the practical solution of the N-S
equation, many approaches have been presented such as

1. Convertion into the difference equations

2. The utilization of the functional derivation of the Navier-Stokes equation and apply the
variational princple.

3. The linearization of the Navier-Stokes equation.

In our studies based on the linearization of the whole system we adoppted the 3rd analyzing

method. The reasons for the validity of utilyzation of the linearity are discussed in the 5th papaer
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of our studies.

IV. The non Newtonian property of the blood.

The fluid which obeys the law of the Newton is called the Newtonian fluid. In the newtonian
fluid the flow velocity gradient D paralells with the shearing stress (S). Then the relation D=1/7
* S holds. The proportion coefficient 7 is the viscos coefficient. Such law stands only for the
simple liquid and gas. For the deformative substance, another expression of the formula is ¥ =
S/n, where 7 is the shear rate. As a result the shear rate parallels with the shear stress. Howev-
er in the fluid such as colloid solution, a simple parallel relation does not hold between the shear
rate and the shear stress. In the non Newtonian fluid, the viscosity of the fluid is defined as 7 a
= S/ 7 which is the apparent viscosity. In the blood the apparent viscosity decrease with in-
crease of 7 and this phenomenone is called the shear thinning.

The apparent viscosity depend on the following factors.

a. The temperature of the liquid.

b. The length of the tube.

c. The diameter of the tube.

d. The concentration of the RBC and Haematocrit.
e. The velocity of the blood flow (the shear rate)

a) The apparent viscosity falls with the increase of the temperature. But except for the exterme-
ly low shear rate (below 1/sec), the viscosity is almost constant as 10-40c¢

b) The viscosity changes depending on the length of the tube which character is called the thix-
otropic effect. This effect can be neglected since the length of our model will be assumed to 60 cm
and the radius of the artery 0.35cm at most. So the length of the artery is 100 times larger than
its diameter.

c¢) When the diameter of the tube decreased below hundred g m, the épparent viscosity de-
creased with the decrease of the tube diameter. This phenomenone is called the Fahraeus-Lind-
quvis effect. This.phenomenone is explained by the local change of the Haematcrit (the axial accu-
mulation) and is negligible for the range of radius as femoral artery.

d) The apparent viscosity increase parallely with Hct increase, yet the viscosity striongly de-
pends on the diameter of the viscometer. According to Whittaker and Winton (1933) such results
are also obtained in Vivo (the perfused canine hind limb). Their data were clearly coincided with
data obtained by the viscometer when the results are corrected by the inertial losses [7].

e) The relation between the shear stress applied on the blood and resulting shear rate is ex-

pressed in the Casson’s equation
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s=k*x 7 +C s : shear stress, 7 : shear rate.

C is the shearing stress neccesary for begining the fluid movement and is called the yield stress.
As a matter of course the viscosity coefficient also depends on the Hect and dereases with the in-
crease of the shear rate. However this tendency is explicit only for the shear rate smaller than
10/sec. and is constant for the range gréater than 100/sec. at any Hct value [8]. However these
results are obtained under the condition of steady flow and in small diameter glass tube., Neverthe-
less in human arterial system, the shear rate for the ascending aorta is 190/sec at wall (mean
136/sec) and for the large artery such as the femoral artery, the shear rate is 700/sec at wall
(mean 470/sec) [9]. Therefore theoretically the viscos coefficient shoud be independent of the
shear rate. If this holds ture, then the relation between the pressure difference P and the flow rate
should parallel under the condition of the steady flow. However in general these relation is all
nonlinear. Bayliss [10] firstly measured this relation at Hect = 49% for the steady flow using the
tube with the radius 408 #m, length 155cm. The resulting pressure flow relation was nonlinear.
So the Poisseulie’s law does not hold. _

The conditions that hold for the Poisseuile law originate mainly in the Newtonian properties of
the blood. These are followings.

1. The tangential stress between the shearing cylindrical laminar of the fluid parallel with the
velocity gradient across the laminae. This indicate the consistency of the préportionality of the
viscous coefficient and is independent of the velocity gradient (the shear rate).

2. The flow is laminar which means the viscous forces responsible for energy dissipation are
parallet to the axis of the tube. ‘

3. The velocity profile should be parabolic.

4. The fluid is homogeneous.

These conditions are demanded however only in the steady flow. In the non Newtonian fluid
such as the blood, some different experimental results were reported. Rivlin (1948) already had
shown the existence of the normal components of the stress tensor in the non Newtonian fluid.

Haynes and Burton (1955) [11] showed the existence of the dissipative normal forces to-the axis
of the tube and concluded the blood flow was not laminar. They also calculated the viscous coeffi-
cient along the radial direction. It increased from 4P at the wall to 6P at the axis by the axial
accumulation. After these study they analyzed the effects of the non-Newtonian properties of the
blood on the pressure-flow relation in the glass tube of the radius from 50 to 800 # m. The ex-
perimentally obtained curves had become linear as the flow rate increased. Based on these data,

curves of shear rate as the wall 4Q/R3 versus shearing stress at the wall PR/2 were constructed
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under the steady flow. These curves were all linear at shear rate PR/2 greater than 20 dyn/cm.
In the human artery, the stress at the wall is 60 dyn/cm for large artery (R= 0.5cm) and 93
dyn/cm for the terminal artery. So theoretically in the femoral artery, obviously PR/2 > 20
dyn/cm. Then the relation should be linear and the non-Newtonian properites should not be re-
flected. Since these results were obtained under the condition of the steay flow in the small dia-
meter, and in the rigid circular tube and above mentioned data were obtained all in Vitro and
some differences may exist between the results obtained in Vivo.

Benis [7] and his colleges assesed the effects of these non Newtonian properties of the blood on
the non linear relation of the pressure-flow. These experiments were performed in the perfused
isolated hind paw of the dog. They used the specific parameter Rv/Rvo (Rv : the viscous vascular
resistance, Rvo : viscous flow resistance for cell free perfusate). This variable was not affected by
the vascular geometric parameter and has been corrected for the inertial losses. So it reflected
only the rheological behaviour of the perfusate. The change of the Rv/Rvo could be regarded to
originate in the non Newtonian viscosity of the RBC suspension. The Rv/Rvo increased with the
increase of Hct and with decrease of the normaliyzed flow rate. At Hct of 20.5%, the increase of
the relative normalyzed flow rate of about 240% reduced the Rv/Rvo only for 8%. For the case of
Het =50.6%, the increase of relative normalized flow rate of 260% reduced the Rv/Rvo only for
11%. Consequently the significant change of the true viscosity occured only in the case of extreme-
ly large change of the flow rate. These observations were done under the perfused steady flow
state and is not directly comparable with the pulsatile flow. Nevertheless even under the pulsatile
flow such large flow rate change would not occur. So the viscosity should not change and can be
regarded as independent of the flow rate.

"~ V. The turbulence

For the steady state flow in the straight circular cylindrical tube, it has been known that the
laminar flow transients to the turbulent flow if the conditions that satisfy the critical Reynolds
number have been reached. The critical Renolds number is defined as

Re = U*D* p/ ¢ (U: the blood flow velocity, D: the diameter of the tube, p: the blood de-
nsity, #: the blood viscosity)

According to the physical experiment the critical Reynolds number Re is calculated to be 2000
when the steady flow pass through the circular rigid tube. Calculating the Re for the case of hu-
man femoral artery, assuming Vz=100cm/sec, D=0.5cm, ¢ =1.05, ¢ =0.03, then Re=1758
which is understimated. On the other hand by Whitmore (1968) [9], it was revealed that for the

human ascending aorta, the Reynolds number ranged as 3600 ¢ Re < 5800, for the descending aor-
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ta it ranged as 1200 < Re < 1500, for the large artery such as the diameter 0.2 < Dem « 0.6, Re=
850. However these calculations were done on the assumption of the steady flow in the rigid
circular tube. Practically the blood flow in the main arteries are pulsatile nature and the tube has
enevitable visco-elastic properties. Consequently these simple mathematical theory can’t be applic-
able. Some physical engineering experiments have been reported especially with respect to the pul-
satile flow of the arterial system.

Sarpkaya (1967) [12] studied the conditions of the critical Reynolds number under the condition
of the pulsatiling flow in the rigid tube. The Re was a function not only of the frequency para-
meter @ (the Womersley’s parameter) but also of the flow amplitude ratio lambda (the ratio of the
periodic mean velocity versus total mean velocity). According to his data the critical Re Was not a
simple increasing function. It increased with lambda (the pulsatile flow velbcity component) and
had reached maximum value, then decreased exponentially. For example in the case of @ =4.0, Re
increased with lambda and had attained max= 5150 for lambda=0.625, then it decreased to Re =
400 for lambda=1.0. For the case of @ =7.2, Re attained max= 2950 at lambda=0.28, then de-
creased to O at lambda=0.65. The Re increased with lambda and decreased with @ . He concluded
that for the same mean pressure gr'adient, the Re for the pulsatile flow is higher than steady flow.
In addition the Re for the nonharmonic oscillation were lower than those of the harmonic pulsatil-
ing flow. Nevertheless his data refered only to the ratio of lambda untill 0.95. These flow were
mainly steady flow and the proprotion of the pulsatile components in his experiment was extreme-
ly small comparing with the actual flow. For example for the human aorta the flow ratio is2tob
and for the femoral artery the ratio is 7 to 8. As the Re had decreased exponentially after attain-
ing the max value, the large lambda would cause the Re decresed markedly for the large value of
the frequency parameter @. So their results are not easily applicable for our studies.

Hino (1978) [13] analyzed the behaviour of the critical Re under the condition of the purely
oscillatory pipe flow. So the flow ratio lambda was infinite. They used the following parameters
Re, Rd (=U *%d/v, d= 2v/w, v: the kinematic viscousity, w: the angular velocity) which is the
Reynolds number defined in terms of U (flow velocity) and stokes layer thickness d. The relation
of Re and Rd was Re= 2 * lambda * Rd. The lambda was’ the stokes parameter which relates the
frequency parameter of Womersley as Re=2 % lambda % Rd. Their data did not include the steady
flow components. The types of the obserbed oscillatory flow could be classified into 4 types in
terms of the Re and the stokes parameters. Each flow pattern depended on these parameters dif-
ferentially. They were

1. The laminar flow
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2. The distorted flow

3. The weakly turbulent flow

4. The conditional turﬁulence in which the turbulence appears only in the deccelerating phase of
the flow although in the acceleration phase the flow transient to the laminar like flow. For the
laminar or distorted laminar flow the critical Re increased with the decrease of lambda (=1/2 %
@). For example when lambda= 4.5, then Re=670 and lambda= 3.1, then Re=1330. This pat-
tern coinsided with the data of Sarpkaya. However these data were scattered and dissipated much
and the interpretation was tentative. For the type 4 flow, the Re increased with lambda, for lamb-
da=1.45 ( * 2= @) then Re=2900 and for lambda = 3.85, then Re=4200. In addition Hino’s
data was obtained under the condition of lucite circular pipes having the inner diameter of 14.5 to
29.7mm and the length of 400cm. These values were far from the physiological data of femoral
artery. v

Yellin (1967) [14] examined the laminar- turbulent transition process. They analyzed the factors
that influence the transition from the laminar flow to turbulence under the condition of pulsetile
flow. The growth rate of the turbulence decreased in the flow with low frequency and with large
flow amplitude ratio which was the ratio between the steady component of the volume flow vs the
amplitude of the periodic component of volume flow. He analyzed the effects of these parameters
indépendently. Increasing the flow amplitude ratio from 0.1 to 0.3 as @ =7 (the frequency para-
meter of Womersley) had decreased the growth factor. decreasing the frequency parameter de-
pressed the growth factor almost to O for the flow amplitude ratio of 0.33 (in this case the pulsa-
tile component was rather small) at @ < 7 (Re=2650). This phenomenone was explicit in the low-
er Reynolds number. However for the frequency range of 0 < @ < 2.5, the growth factor decreased
with an increase of @ . According to their data for the frequency range of 3 < @ ¢ 8, the remark-
able decrease of the growth factor of the turbulence appeared. This tendency was reinforced much
by only slight increase of the flow amplitude ratio which indicated the increase of the pulsatile
component. In his studies he used the sinusoidal flow which differes from the practical arterial
flow. So the results were not comletly comparable with the actual blood flow. However the fact the
increase of the pulsatile component would decrease the turbulence gives much confidence of our
study, for in the systolic phase of femoral artery, large acceleration induces a much gréater flow
and the flow amplitude ratio will be augmented to 6.5 to 8 times where even in his result shows
much depression of the turbulence for the ratio of 0.1 to 0.3

About for the animal experiments firstly carried by Hele (1955) [15]. He had visualized the ﬁul-

satile nature of the blood using canine arterial system. He injected the dye in the canine femoral
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artey in Vivo and analyzed the stream line by high speed cinematograpgy. As a result under the
condition of the pulsatile flow, only laminar flow existed and the turbulence could n’t be observed.
On the other hand in the Rabitt abdominal aorta McDonald (1952) [16], discovered the existence
of the turbulence. The difference between the results of Hale and McDonald would originate in the
heart rate. The rabitt’'s HR was twice larger than that of the dog. This factof is comparable of the
Sarpkaya’s data. Dick [17] analyzed the relation ship between the turbulence and the power spec-
trum density of the nonlinear components that were included in the pressure flow relation in the
canine aorta. By injecting the Norepinephrine, the nonlinear components of the power spectrum de-
nsity were markedly decreased and the blood pressure- flow relation approached to the linear one.
Nevertheless the turbulance did not changed. Based on these physical experiments, he infered the
independency of turbulence and the nonlinear blood pressure-flow relation.

Associating these theoretical and experiments results, the turbulence can be infered to be small
in pulsatile flow in the viscoelastic middle sized artery such as in the femoral artery.

Further more even if one assumes the existence of the turbulence, the effects of the turbulence
on the linear or the nonlinear blooq pressure-flow relatio_n would be small in comparison with the
other factors. Recently the analysis of the turbulence itself have been developed extensively and
elaborously. But the mathematical and physical treatment is extremely difficult. One connot ex-
press the component of the turbulence and laminar flow in an idential equation.

VI. The internal radius.

In this paper the radius of the artery was assumed to be indepenent of the change of the press-
ure and the distance from the entry zone. However the radius is never constant during the cardiac
cycle and ‘along the given compartment of the arterial segment. The radius changes in time and
space domain. These cubic deformation are transmitted along the arterial segments. Since the com-
ponents of the arterial wall changes depending on the distance from the entry zone, there should
developexﬁent of the shearing or bending stress in the arterial wall. Then these forces will make
the deformation complex. As a matter of course such complicated wall deformation cause the
change of the radius intricated. Consequently the radius of the artery is in itself the function of
the pressure, distance and the stress. So one cannot tree'lte the radius as a simple independent
variable.

The relation between the radius and the pulsatile pressure had been already reported. Barnett
(1961) [18] firstly measured the AR/Rs (R=Rd ( the diastolic radius)- Rs (the systolic radius)) of
the descending aorta in the living dog. He reported that at the BP 60mmHg <« BPmmHg «

140mmHg, it ranged as 2.5% <« AR/rs <« 7%. Furhermore the per unit pressure change (dynamical
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extensibility index) AR/ AP was 0.022 to 0.048 cm/mmHg. In addition there existed close rela-
tion between the radius and pressure. The relative coefficient was ¥ = 0.9. Patel (1963,64)
[19,20] analyzed further minutely for the human and canine arterial system in Vivo. For human
ascending aorta., pulmonary artery, carotid artery and the femoral artery, the AR/Rs were 0.091,
0.107, 0.011, 0.013 respectively. The AR/ AP %10 cmH20 were 1.8, 8.77, 0.071, 0.07 respec-
tively. For canine ascending aorta, descending aorta, abdomainal aorta and the brachial artery, the
AR/Rs were 0.0458, 0.035, 0.0075, 0.0198 respectively. The AR/AP% 10 cmH0 were 1.472,
0.943, 0.126-0.211, 0.209 respectively. The higher values of the AR/Rs in the pulmonary artery
were due to the proximity to the heart and the effect of the respiration.

Arndtt (1968) [21] also measured the change of the radius in the human carotid artery in Vivo.
The results were AR/Rs=0.0143, AR/ AP % 10 cmH20=0.855. The internal radius increased
linearly with the blood pressure within the BP range of 60mmHg <« BPmmHg <« 130mmHg.

Cox,R,H (1975) [22} emphasized the dependency of the change of the radius on the pressure in
the living dog. For descending aorta with 90mmHg « BPmmHg < 110mmHg, AR/Rs=0.083, AR/
AP=0.63cm/mmHg. For the abdominal aorta with 145mmHg <« BPmmHg < 190mmHg, AR/Rs=
0.022, AR/ A P‘= 0.456cm/mmHg. For the subclavicular artery with 75mmHg <« BPmmHg «
90mmHg, AR/Rs=0.024. For the carotid artery with 130mmHg « BPmmHg < 170mmHg, AR/Rs
=0.621. For femoral artery with 120mmHg < BPmmHg < 180mmHg, AR/Rs=0.023, AR/AP=
0.196cm/mmHg.

Associating these results, the change of the radius due to the pulse pressure in the femoral
artery is 2% to 3% at best which depend of course on the range of the change of the pressure. On
the other hand data obtained in Vitro state are conflicted and many different results have been re-
ported.

Tickner (1967) [23] presented that the results of the canine branchial artery under the strong
longitudinal tethering with BP 75mmHg <« BPmmHg « 300mmHg. The internal radius and the outer
radius maintained almost constant value independent of the internal pressure change.

Cox (1975,76) [24,25] analyzed the canine iliac, carotid artery in Vitro. Untill BP 120mmHg,
the internal radius showed nonlinear increase with pressure. Beyound this pressure, the radius
did not change and kept a constant value even marked change occurs in the BP. Adding the Nore-
pinephrine in this specimen and he activated the smooth muscle, then the behaviour of the radius
changed from the previous result. Below BP = 83mmHg, the radius have conétant value and was
independent of pressure. With the range of 83mmHg « BPmmHg < 166mmHg, the radius changed

parallely with the pressure. Over this pressure, the radius also maintained the constant value.
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These response pattern was sigmoid.

Attinger (1966) [26] examined the change of radius by driving the wide range of pressure for
canine arterial system in Vitro. He used the initial distending pressure about 2cmH20 =
1.474mmHg. For the pressure range of 59mmHg « BPmmHg « 147.4mmHg, in the descending aorta
the relative change of the radius was 1.45 < Ar/ro < 2.02 and in the carotid artery the ratio was
1.83 ¢« Ar/ro < 2.17. He emphasized the marked nonlinearity of the radius and expressed the
minimum change of the pressure induces a remarkable change in radius.

Associating these data, one cannot identify these results since different material, different
measurement instrument and experimental conditions. However the difference between the data in
Vivo and in Vitro seems to originate from the longitudinal tethering effect of the arterial wall in
Vivo. Releasing these constraints would cause the specimen in free movable states. Consequently a
minute change of the pressure makes the radius change surplyzingly. About for the impressive re-
ports of Attinger, the distending pressure was markedly small. Naturally the % change of the
radius increased much.

The mathematical model which include the change of radius had been reportgd only few cases.
Womersley (1958) calculated the effects of change in the radius from R to R + & (systolic to di-
astolic) on the mean blood flow velocity in the longitudinal direction w. He expanded the change of
radius & with the help of the Fourier analysis and incorporated the Navier-Stokes equations. A
much complex computations reduced that the effects due to the radius change contribute only 3.5%
increment of the mean blood flow velocity. In addition this calculation had been done for the case
of Co (the pulse wave velocity) was 500cm/sec and there was no longitudinal tethering (the free
ending movement of the arterial wall). Therefore the value of the 3.5% should be regarded as an
over estimated one. Based on another mathematical expansion he induced relation of the change of
the radius aﬁd the blood flow velocity as 2 § /R=w/C from the continuity equation. If one put w
=70cm/sec and C=120cm/sec, then we get & /R=0.029. That is almost identical value with the
result of the animal experiment in Vivo. Therefore both in the mathematical model and the ex:
perimental data, the pulsatile change of the radius does not affect the blood flow velocity.

As for the dependency of the radius on the distance from the entry zone'a quantitative analysis
had not done until only recently. Melbin (1981) [27] firstly simulated the radius of the femoral
artery by nonlinear model. For the compartment of distance 10cm, the internal radius could be ex-
pressed as r(x)=0.23 % cm % exp(—0.02 x). Thererfore the exponential approximation could be ap-
plicable. On the other hand in their linearlyzed model r equals 0.22cm. Even thought the given

distance was short, the tapering constant —0.02 makes the these difference negligible.
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Attinger (1967) [28] also approximated the biophysical structural properties of the canine arte-
rial system by the exponential functions. For the femoral artery the resistance was
R(x)=174 % exp(0.098x) dyn/cmsec, the leactance was L(x)=35.5exp(0.052x) dyn/cmsec, the com-
pliance was C(x) = 0.78exp( — 0.076x) dyn/cmsec. These approximation were remarkably high
quality. However these complicated exponential and non linear approach gives no advantage for
constructing simple comprehensive mathematical model. Nevertheless the exponential distributed
model affords us much informations for the case of the modeling of the aortic arch. In such a situa-
tion simple linear equations does not hold. A further complicated Ricatti type nonlinear differen-
tial equation must be used. We show this type of model in the following papers.
* VI, The separation of the flow

The separation of the flow occurs in the region such as the post stenotic dilatation where the
abrupt change of the pressure gradient exist. In the tube having a nonstenotic constant radius, the
preésure gradient dP/dx is negative. However in the down stream of the post stenotic region, the
stream line diverge. In such a situation the pressure gradient dP/dx become positive. Then the
state is called in the adverse pressure gradient. Therefore the velocity of the particle in the fluid
-decrease especially at the neighbour of the arterial wall where the viscous retardation force de-
celerate the fluid movement and make the direction inversed. This inversed flow conflict with the
following forward stream. Then the separation of the flow occurs. Increasing the Reynolds number
causes the enlargement of the area of the separation where the vortex or even turbulence de-
velopes. However in the actual normal artery which have only slight tapering, The stenosis is neg-
ligible. In addition the critical Reynolds number in the pulsatile flow is extremely larger than that
of the steady flow. Therefore the separation of the flow can be neglected.

VIIl. The secondry flow

In many shapes of the cross section except circule or in the bending tube, the flow never attains
axisymmetric flow and bears cubic deformative changes. In such a case the inertia acts as a centri-
fugal force from the central part of the flow in the tube to the lateral part of the tube centrifugal-
ly. As the velocity profile of the artery for the radial direction is conical, the velocity should
attain the maximum value at the axis of the flow and minimum at the wall. Therefore larger centri-
fugal force exist near the axis rather than in the neighbour of the wall. The pressure grédient
operate so that balance out such unevenly distributed centrifugal forces. Near the arterial wall
where the flow velocity is small, the pressure gradient is larger than the centrifugal force. Conse-
quently there developes another flow which direcf toward the central axis of the tube. This is the

secondary flow. Even in the straight tube, if the shape of the cross section is not circule, an ene-
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vitable se‘conafy flow happens. In the human arterial system, strictly speaking the cross section is
never circle and certain secondary flow may exists. However in some compartment such as femor-
al artery, the change of the cross section area is small and the flow in such a space can be re-
garded to have only axial component. In our model therefore the secondary flow was neglected.

IX. The effect of the entry zone

The flow velocity profile differences exist between the entry zone (inlet zo‘ne) and the more
down stream region. Especially for the \;iscous fluid, as the flow moves toward the down stream
the thickness of the boundary layer increase. Then the effect of the fluid viscousity developes for
the whole plane of the tube. The compartment to which the effect of the fluid viscousity reach for
the whole cross section is called the entry zone. After this compartment the velocity profile be-
come stable. In the case of the laminar flow, the inlet length of the entry zone is approximated as
0.065 * (Re) * S. For example in the femoral arfery of the steady flow, assuming that Re= 500, D
=0.5cm, then the length is 48.75cm. So the effect of the entry zone covers almost whole length of
the arterial segment. Such a calculation holds only for the steady laminar flow in the rigid tube.
The equation would be far more complex for the case of pulsatile flow in the viscoelastic tube
where the flow pattern is not laminar. Therefore we do not consider the effect of the entry zone.

X. The geometric character of the arterial system

The geometric Branching of the arterial system are known to obey the experience law of Roux.

1) The symmetric branching

2) The branching angle of the small artery is larger than that of the large artery.

3) The total cross sectional area of the after branching artery are larger than that of the stem
artery.

4) In the symmetric branching, the diameter of the branched artery is smaller in 20-30% than
the diameter of the stem artery.

In the actual arterial system, there have many branc.hing points. So the pulse wave bears reflec-
tion from many points along the artery. To include such terms makes the model compls anc the
mathematical treatment is inoperable. We only adopped the case of straight axisym  ..1c circular
tube and the reflection point are confined to the terminal point only. The .cfiection of the pulse
wave is refered in the following paper.

XI. The non linear term of the Navier-Stokes equation

The convective accelefﬁtion terms are inherent physical quantity which operate in the moving
fluid. This acceleration do exists éven the flow is stational. Since the term Dv/Dt express the

change of the velocity in the time domain at the local flow field. The existence of this term indicate
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the unsteady flow. On the other hand the nonlinear term in the Lagurange’s differentiation ( the
material derivation) singifies the convective change of the flow. This is the intrinsic acceleration
which developes when the fluid transfer in the space domain where the physical quantity such as
the flow velocity distribute unevenly. This non linear terms are the essential difference from the
dynamic of the rigid material. The nonlinearity of the Navier-Stokes equation originates in this
convective acceleration terms. Womerseley (1958) examined the effects of these nonlinear terms
on the mean longitudinal flow velocity with the help of the first order perturbation correction
method. He incorporated only two nonlinear term u* @ u/ ar and w * a w/ a z. To clarify the
effects of the nonlinear terms he used the Stokes's stream function. The form of the additional
term which were induced by the nonlinear terms included the higher order products of the Bessel
functions. Therefore the finite integration of these terms became negligible small. The corrected
axial flow velocity increased only 5% (7cm/sec). This value is over estimated for he assumed Co
(the pulse wave velocity) =500cm/sec. Melbin (1981) calculated the contribution of each terms of
the Navier-Stoke§ equation to the blood pressure in the human femoral artery. The terms w* @ w/
@z, u% aw/ar contributed only 5.6%, 2.4% respectively. The proportion was extremely small in
.comparison with the main linear term. The convective accelerative terms as has been mentioned
express the essential and intrinsic characteristic properties which only the fluid itself have.
However in the practical blood flow, contribution of these terms seemed to be small 5% at best.
We have neglected these nonlinear terms because of such tentative minor contributions. Neverthe-
less it is suspicious to remove the nonlinear terms for the sake of the appropriate expression of
the blood flow. The inferaction between these nonlinear terms or between the linear terms may
produce an unexpected unknown effect on the flow. The numerical solution of the Navier-Stokes
equation have recently been reported in the field of the engineering by utilyzing the computer
technique. However these methodlogical problems are out of our duty. v

Xll. The significance of the Stokes stream function

The stream function ¢ is the covariant function with the velocity potential function ¢ . The
stream function maintains a constant value along the line of the stream whose direction coinsides
with the direction of the tangent at the arbitrary point on the given curves. In another words, the
line on which the stream function keeps the constant value represent the line of the strea in the
plane. In the incompressible plane fluid without vortex, the rotation of the velocity vector is zero.
Then av/ax— au/a@y=0. Utilizing the velocity potential u=a ¢ /ax, v=a ¢/ay, the veloc-
ity components are expressed by the differentiation of the velocity potential. Further more the

fluid is incompressive where there is no divergence, then the div(v)=0. So
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au/ax+avy/ay=0.

Now setting the covariant function with the velocity potential as

ad/ax = ad/ay, ad/ay=—ad/ax

Then the each velocity compnents are represented by these stream function as

u=a¢g/ay v=—ad¢/ax

So to utilyze the steam function one should permit the following condition of the flow

1. No vortex (the rotation of thr vector is zero)

2. The fluid is incompressible

3. No divergent flow

In

our theoretical expansion we have already made such assumptions. Therefore the stream

function should be applicable for our study.

In

this paper we have obtained the pure blood flow velocities from linearlyzed Navier-Stokes

equations. To construct the distributed parameter model, one should incorporate into the transmis-

sion line equation into not only the blood properties but also the mechanical properties of the arte-

rial wall. In the following two papers, we shall expand the constructive dynamical analysis of the

arterial wall.
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