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Subspace of Finsler space and Riemannian
metrics on its bundle

Nobuo Mizoguchi

S.Sasaki introduced a Riemannian metric on tangent bundle of Riemannian space.Instead of Riemannian
space, we treat subspace of Finsler space. Then, we can construct three Riemannian metrics which are
related with E.Cartan’s symmetric connection coefficients. We shall investigate relations between them and

get conditions of these coincidences.

Let N be an n — dimensional Finsler space with fundamental function F. Hereafter,
indices h, 1, j, k, ! run the range {1, 2, *++,n} and we adopt summation convention
for repeated index. At point with local coordinate (z"), we consider a tangent vector
z*'9/0zx". Then, (z")=(z" z*") yields local coordinate system on tangent bundle TN of
N, where indices H, I, J run the range {1,2,-++,n, %1, %2 +++ %n}. Fundamental
function F is continuous on TN and differentiable on U N=T N\F(0). Moreover,
F=F(zx,x*) is positive on UN and positively homogeneous of degree 1 in z*. We put

L, _O0F
9= o™ oz

at point (z,z*) on UN. Then F satisfies that the matrix (g,) is positive definite.
We denote its inverse matrix by (g’')=(g,)" . The quantities g;; are components of

metric tensor on Finsler space N. Now we employ the following notations :

1.9 1 (09u, 0gx 09,
Comg ogm ' =59 (azf+ax* 61’*),
Fi h=; .az*i(r‘vh xxkx*)‘)'
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I} "=r"—g*"C uwil,'+C i I'=C ;i T, ) .
The quantities I';,* are E.Cartan’s symmetric connection coefficients. We shall often

use the well known identities

ar:"
ax*k

Cux*™=0, I)"=It'zY 5 z™'=0
and others.

Let us consider an m — dimensional subspace M of N. Space M with restricted
function F is also a Finsler space. We assume that indices a,B,7,0,¢& run the range
{1, 2, +++,m} and that indices 4 , B run the range {1, 2, +++,m, % 1, % 2,000 % m}.
We introduce local coordinate (#°) on subspace M and attendant local coordinate
(u")=(u"u**) on tangent bundle TM . Now, subspace M of N is locally expressed by

z'=z"(u). We denote the components of projection tensor on M by

or"
ou’ .

B/=
Matrix (B.”) has maximal rank m. Therefore, we can define C.* such that
C/B.,=0

and matrix (C/) has rank n —m, where indices A,x run the range {m+1, m+ 2,
+++, n }. Metric tensor on subspace M is defined from fundamental function F and
coincides with induced metric tensor, that is, its components are given by
1 §*F i
gﬁa_z au*ﬂauw_g)lBﬁ Bﬂ .
Now, intrinsically, we define ¢*, C,., 'Y and E.Cartan's symmetric connection
coefficients I'7;" of subspace M. At point (u,u*) on UM=TM~\F(0), we put

g”A:g“C/”Cz}1 ’ (gw\)‘:(gM)l , CA"=QMC,”g”',

B*=g,,B; g*".
Subspace TM of TN is locally expressed by z'=x"(u,u*) i. e.
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x'"=x"(u)
{ xth=B hu *a
a

and components

or"
ou’

D/=
of pfojection tensor on the subspace TM are represented as
D,"=B,", D),=0,

D= gffhu*" . D.'=B., .

Its restriction on UM constructs projection tensor on subspace UM of UN .
From E.Cartan’s symmetric connection coefficients of N, we shall induce another
connection coefficients of M . We define these by
0By

[y=By(Z 4T3 B/B;)

Using I and T*,% mixed type covariant differentiation of B," is given by

h —
Hga"=%—+l';"B,’Ba'—F';n’B," .
These are components of Euler — Schouten’s tensor. Because of B,*B+C/' C,"=6,", we

obtain another expression :

oB.*
ou’

H,'=C," c:( +r;'=B;B,")_

To describe the difference between two connections, we put
H'=H,;u**u* , P,;~=C.(B'B; Hiu*-B; H' B, g* C.,.).

Then, after somewhat long calculations, we shall find
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:Bq—_rﬂu'_'g (P ps+Psy—Pyss).
When we put
Pﬁa=PBmu*’y I_}n=_wau*7’
we have
Py=C. H'B/B.,, I,-I,=¢"P,.
We consider a curve on N which is given by z"=x"(s) where we suppose parameter
s to satisfy F(x(s),z'(s))=1, that is, parameter s is an arc length. If the curve
satisfies a system of equations
"+ Nz, 2z 2"'=0 ,
it is called geodesic on N. Let us consider a geodesic on subspace M which is given
by w'=u’(s) with arc length parameter s. According to the identity
Taou u™=I"" u* u*, it satisfies a system of equations
W (u,w Y u wf'=0 |
For our geodesic z"=z"(u(s)) on subspace M, we have
"+ (z, 22 "

éB."
ou’

=B," u""+( +I‘,*l“(x,x’)B,’B,,’)u"’u"'
=B," W+ *(u,u") " u® ) +H, (u,u') u’ u

=H"(u,u).

It is geodesic on N if and only if system of equations H"(u,u')=0 is established for
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each s. If all geodesics on M are also geodesics on N, M is said to be totally geodesic.
Our considerations show that the necessary and sufficient condition for M to be
totally geodesic is H"(u,u*)=0 for F(u,u*)=1. But, according to homogeneity of H" in
u*, presupposed condition F(x,u*)=1 can be removed. Now, we know that M is
totally geodesic if and only if H"=0 for each point on UM.

We shall attempt to describe this property in another way. From H'=0 , we get

C.'H'=0, that is,

C. (%B:H",".”B,;B Jurrur=0 .

Because of B,=B.'(u) and C,'=C.'(u), partial differentiation with respect to #* turns

to
0B,
ou’

ch*( +T5"B) B, Ju™=0 .
By contraction with C,* , we obtain H,'u**=0. Once more, partially differentiating

with respect to #* and contracting with C,*, we get

,ory”

Hﬂa‘_c nC. o™

*]BE'BLII
and then, evidently, system of above equations gives H"=0 .

THEOREM. Following (1), (2) and (3) are equivalent each other.
(1) M is a totally geodesic subspace of N,
(2) HyJu*=0 .

61"7,”
oz*

3) H,g,——C "c t¥By/B, .
If H;'u*=0, then P,=0 and we obtain the following property.

THEOREM. If M is a totally geodesic subspace of N, intrinsic connection on M

coincides with induced one, that is, I'%*=I7%° .

We shall constitute a Riemannian metric tensor on UN which was introduced by
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S.Sasaki. For two tangent vectors X=X"9/8z" and Y=Y"9/8z" on UN , we consider

.the following four tangent vectors on N :
X'9/0x" , X*+I"X")0/dz" ,
Y'9/0zx" , (Y*+I"Y)9/dx" .
Now, we can define an inner product of X and Y by

G(X.Y)=0, X' Y'+g,(X"+ T/ X)(Y*"+I,'Y*) .

It gives a Riemannian metric tensor G on UN and its
G,=G(0/0z',0/8z") are given by

Gi=g;+g.I,'T" G.;i=G =g, , Guivi=¢;: .

components

Using T,*, we similarly define a Riemannian metric tensor G on UM . Then,

components 5“=5(6/6u",6/6uA) of this tensor are given by
Eﬁa=gia+g6'rj;ﬁal_-‘a7 ’ E*Sa'_'aa*ﬁ:grﬁf: ’ 5*5*a=g5a .

On the other hand, induced metric tensor G on subspace UM of UN may also be

existing. Its components are defined by
G =G(@/0u’d/0u")=G,D;/D, .

We shall search out the relation between G and G .

i oB; .. ., ,0B,'
G:,~=G;B;/B, +G,‘ji0u5u B/+G,..B; a—au +
g, 0B LOBS

*;naugu au,u

=gu+g,-,(%l;‘2]u*"+1"z’Bﬂ’)(%i;'u*wF;B,*)

=g3 a+ gu(Hbﬂ] u *6+E GBGJ )(Hra’ u *7+fa 7Bri )
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=65a+gfx(H6»9] u*WH, u*") ,

GBr’u*,
ou®

G*SH=G*1IB;9]BJ‘+G*1HB;1]
=gllBB] (Hmlu*’+1—1arB7‘)=g7ﬁfa7=5*Ba ’
G v1x=G 1x. B/ B./=0;.=G us. .
Remarking the fact that system of equations g, (H,'#*’)(H,.'u*")=0 is equivalent to
system of equations H'u*=0 , we know that the subspace M of N is totally
geodesic if and only if G=G on UM .
Instead of T, 3, we will make use of I;°. Then, another Riemannian metric tensor
G on UM can be defined and its components 5HA=5(6/0u”,6/6u‘) are given by
Gﬁﬂ=gﬁa+gr§7 Fﬁdrar ’ G*ﬁa=Ga*B='grﬁ Fa7 y G*B*a =gB¢ .

Mentioning G »s—Gus=g,s(’~I,), we obtain the condition of G =G.

THEOREM. Metric tensor G on UM coincides with G if and only if I'e=Iy,
that is, P,=0 .

By straight forward calculations, we obtain the relation between G and G.
55:( =_G_8a+f£'P7a+1—:'a7P73+g67P§ﬂP7ﬂ ,

~ ~ — ~ —
G*Ba'_‘Ga*B =G*Ba+Pﬁa , G*B*a =G*g*a .

If 5=G, equation E*Ba=5*ga+P“=G*ﬁ.,+Pﬁ., gives P;=0 and then we conclude

G= G =G. Now, our investigations may be summarized as follows.

THEOREM. Following (1), (2) and (3) are equivalent each other.
(1) M is a totally geodesic subspace of N.
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(2) Metric tensor G on UM coincides with G.

(3) Metric tensor G on UM coincides with G.
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