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The dynamic status of a stable biological system can be described by a set of 

partial functional differential equations with delay. In this paper， the sta-

bilities of the solutions of these kinds of partial differential equations are 

discussed by an inequality esti皿ationmethod. With this method， we obtained a 

succinct criterion to describe the asympctic stabilities of the zero solutions. 
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1 Introduction 

In the stable biological sysもems，the generation numbers of 
the species are function of time t and age X of the indi-
vidu乱Isof the species. Because of the life space restrainも，
food competition， and predating among different species， 
the distribution density u(x， t) of a certain species varies 
with delay. The increasing (decreasing) status ofもhespecies 
is described by a set of partial functional differential equa-
tions known as " Logisもicbiological model with delay". In 
出ispaper， equation (1) and (31) provided typical examples 
of the kinds. In the past， the existence and uniqueness of 
the solutions of these partial functional differential equa-
もionsare studiらdby using Liapunov function or Fourier 
transform [1 -4]. Here， we shall discuss another important 
problem: the stability of the solution of the kinds of func-
もionaldifferential equations. The origin of this paper is an 
attemptもosettle the回 ymptoticdistribution of the solu-
tion. We adopted an inequality estimation method， and 
obtained a succinct measure of the asymptotic sもabilityof 
the X1，2(!.1) zero solution， and ajudgment ofthe uniformly 
convergence to zero on !.1 for all solutions. 
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2 Methods 

In the discussion of this paper， we shall use as follows two 
function spaces V(!.1) and Wり(!.1):
Let V(!.1)， where 1壬p壬∞， denote the whole measurable 
functions on !.1， which satisfy the following conditions: 

Ilu川川u叫州仙伽IIL伽|比ILP附Pベ(

Ilul川u叶叶IILOO∞{削Q叫1= lIu川川u叫叶11い∞ =e句:ssS叩up叫lu叫(x吋)1<∞ (伊p=∞ ) 、I "，，-- xEO 

V(!.1)is a Banach space， specially， if p = 2， then L2(!.1) 
is a Hilbert space. 

Let Wk，p(!.1)， where 1壬p壬∞andinteger kと1，denote 
the whole measurable functions which satisfy the following 

conditions 
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ωk♂(0) is a sobolev space， specially， if uεwk，P(O)， then 

lIull叩 k，p = Ilullp + 11マullp

whereマisa Hamilton operator. 

First let we think the parもialfunctional differential equa-
tion with constanもdelay.

担金丘 =D(t)ムu(り)+ A(t)u(x， t) + B(t)u(x， t.;_ r)， 
(x， t)εo X R+ 

u(x，t)=ψ(x， t)， 
(x， t)εo x [-r， 0] 

特ヂ1+ C(x， t)u(x， t) = 0， 
(x， t)εθOx[-r，+∞] 

where A(t) ancl B(t) are conもinuousn x n matrixes on 
[0，+∞)， D(t) = diag (dl(t)， "'， dn(t))， C(x， t) = diag 
(Cl(X，t)， ・・" Cn(x，t)) and d;(t) > 0， C;(x，t) 三0， i = 
1，2， •.. ，n.ψis a proper smooth and known n-dimensional 
function on 0 x [-r， 0]. d. is a Laplace operator on 0， i.e.， 

m 、

ム=乞希， and0 = {x = (X1，'" ，xm)T;lx;1 < <I'}， is 

a bounded open subaggregate in Rm ， whose border OO is 
smooth. V is a uniformizing outer normal vector onθ0， 
whose delay rさ0，where R+ = [0，+∞) • 

De貧nition1. For Ve > 0，ヨd(e)> 0， and N1 > 0，ザ
ーfl長。11伊(x，t)lIr.(o) = M1 < <I'(e)， We have 

Ilu(x， t，伊)11L2(O)壬e，II'Vu(x， t，叫IIL叩)壬 N1e，(t > 0)， 

thenωe call the zero solution 01 (1) is X1，2(0) stable.庁
again have 

巳qLllu(z，t)||L2(の)=Atl|マu(x，t)IIL2(o) = 0 ， 

thenωe call the zero solution 01 (1) is X1，2(0) asymptoti-
cally stable. 

Theorem 1. 11 the equation (1) satisfies bく r，then its 
zero solution is X1，2(0) asymptotically stable， also， all so・

lutions u(x， t) 01 (1) satωfutEtu(z，t)=09ωhich uni・

formly holds for any x，叫 erexε 0， b = sup IIB(t)IL 
t>O 

T=jd{T(t)}>OpGnd-T(t)is the T7叩 imumei匂gent

t恥h恥em耐Gω伽t巾 A*(t)=心午三五必組iιωl且i一lド-→2河d仇la時a喝g(ω耐(μ仙d仇1(札1均札)，.一..，dn(t))， 
l=J-、1 m

Proof Multiplying the two sides of (1) by u T (x， t)， notice 
that for n-dimensional vectors A and B， we have A T B = 

BT A， then 

1θ 
一一(uT(x，t)u(x，t))=包丁(x，t)D(t)d.u(x， t) + u T (x， t) 2θt ，-，-， 

A(t)u(x， t) + u T (x， t)B(t)u(x， t -r) 

ι T  ，_ .¥ AT (t) + A(t) = ) ~ d;(t)u;(x， t)ムu;(x，t)+ul(x，tr-'-'2' '-'-'u(x，t) 

+ u T (x， t)B(t)u(x， t -r) . 
(2) 

Integrati時 thetwo sides of (2) about x， we get， 
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会[いuT内T(仇民吋川山t均巾帥)u(仇丸り川t吋t)d戸d白z戸=2 £ 的州)Lい匂;(り川)凶Aω判州u均叫仰;(が糾削(伊仏仰川z久り川，パ，t)りt)d
、.....- _1‘， .1.，轟‘

r T I .¥ AT (t) + A(t) I ul(x，t) 白 u(x，t)dx
JO ~ 

+ 2 10 u T (x， t)B(t)u(り -r)dx 

(3) 

Since C;(x， t)三0，by divergence 出eorem[5] we have 

r . r βUo 
I (¥i'ui ¥i' U; +叫 u;)dx= I U;ーニ
Jo んo~'ôV 

= -I C;u~dx 
JdO 

く O.

(4) 

Thus 

j叫 d.u;dx三一 I(マUi(X，t))2dx， i = 1，2，'" ，n. (5) 
JO JO 

According to Poincare inequality [6] we have 

10 u~(x ， t)dx ::;叫叫x，t))2dx， ([ =ゴ説明

Since b < r， then it mus七existenough small positive real 
number e and σsuch that 

b(l + e2T(7)く 2(r一五一σ). (7) 

For the e， then we have 

仇州(t叫t
=-e  l 阿 z夙り川，t)的仰)

r '''''L. ，.. .¥¥2J_ d仇i(収t)一e r 
壬-eJo(マWJ))2dz- 「「んu~(り)dx

(8) 

- 62ー
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Thus (3) can become 

まんIlu(x，t)1I2dx壬占さ以L阿り川州}日)

一25(ゐ(t)一叫u;(x，t)dx 

L内 3t)AT勺A(t)

+ 2!n 1.1 T (t)(x， t)B(t)u(x， t -r)dx 

= 一2匙Ez以L州 x，υ川，パ，t.)の仰〉

+ 2 k 1.1 T (x， t)A*(t)u(x， tり削)d

+2kレuT九切い〈いιω川z夙り川，t)の仰仰州)問削帥附B町的附(t例tの)川 一T吋)d白z 

三一-2εzμL川 z丸υ川，t)り仇)

+ 2!nllu(x， t)IIIIB(t)lIllu(x， t -r)lldx 

+ 与訂!nllu(仰u叫仰仇(付仏川z久'

Hence 

!nllu川 2dx:::;1011伊川

-2eもIe-2刊日10(V'u;(x外)2dxds

は 1t
e-2山内10帆 s)111I州 X

lIu(x，s-r)lldxds (10) 

:::; M1e-2 印 t 一2むEさ釘1tρt二〉ンe-〆什-→2

I (マu叫;(作x，sり))戸2dxds+ I e-斗2引(rド由合)附(οt→)川IIB(いs)1Ix 
JO J日

1o[llu(x，s)112 + lIu(り ー r)112]仙

q
J
 

n
h
U
 

For σ> 0 in equation (7)， we have 

e2加σ叫ot1011作u叫仰仇(作仇川z久，

一2e さ以訂1teρ1t 
e-2二シンe-2汁-斗4引2引片ト(什トT戸-寸十ヤ合トド日刊刊一イ叫刊σり州榊い…)(附トド川(tトh川tト山川-→吋8け)10企レ10e20戸2初吋σ

+ルー2(トド)(t-.)be吋nu川 2dxds

+ 1t汁戸川れ2σ(.-r)X 

1o"u(いー r)Wdxd

壬仇M 一2e 会釘訂1te-戸2げ σ吋榊)χ沖ト)(t-.οトμ川tト山-→s

Aか(V'マ匂叫仰山(伊仇仰川Z丸x，sり仰)

b引(1+ e2rσ)3Je吋lIu(x，{}向

三M1-2e江戸ヤ寸叩){♂o.X 

10 (V'u;(x， S))2州 sキ 1ヤ了-¥bxo .. 〓ド -j2-Uj

法 t{EMAllu川 2dx}

The property of the non陀:ducibilityof p(t)， where p(t) = 
sup {ε2<T[J fn lIu(x， 8)1I2dx}， has been used in the last in-

-r<8<t 守一

equality of (11). So (11) can be deduced inも0

r lL.f_ ~\1I2J_ ___.r ， b(l +ε2Tσ) 
加

/ "u(x， t)Wdx壬Ml+。 2(r一長一σ)

sup {e2σ8 / "u(x， {})，，2dx} . 
-r<8<t Jo 

(12) 

Since the righ七sideof (12) does not reduce， then we have 

r II-.I_ _¥112J_1 ./.r ， b(l十日開)
p {ε2<T，/ "u(x ， s)l j2 dx}:::;Ml+ ，.，~~.L TE" ~\P(t) 

-0壬~9'- JO ，，-，-， -"， --J _;; _.-. • 2(r一斉一 σ)
(13) 

and 

一史Lfi l|u(z， s吋訓)112向2匂切d白z

壬及。{e2<T'10 "u(x， s)，，2dx} 

+ 0 22 t 伊 lllu( 丸 s吟仇)

5 仏 + 0よ芯尽品22忠乳1曳丸宅乞Utjf{和μe2

(14) 

Thus 
b(l + e2rσ) (2<T' r 

p(t)三2 M l + s u p { E 2 m illu(z，s)112dz}. 
2(r一告ーσ)-;台三t

l- Jo 
(15) 
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From (7) we know 

b(1 + e2σγ) 
1-_~\-'.- ， =h>O 

2(r一元一σ)

Then 

Mt)=-frs伊 1Ilu(x， s)11 (16) 

Subsもituting(16) into (11)， ift > a> 0， then 

ε叫lIu(x，t)112dx三Ml[1+;(1-h)]

-2e会lt
e-2作山{e2σ$1剛

=M1山[ロ1+;(1-h)]ー2イ→+乙げ十σ)(t→)x 

さ{e2C7
$10 (¥7u;(x，仇}凶d白s 

壬M川刷叫lバ山[1ペ1
さ{e吋川り仇)戸向向仰2句切d白z

(17) 

Noもethat 

一《αfe「汁-

= 一2eae-2(叶州山川-寸吋η川浩宮)会さ密{問L阿 z久川川川，川川訓η的州山)日Y仰)戸内向2句切d白x}

壬ト一2eae-2(叶 σ令

Thus 

ε 叫11州|怜lu(叫山川川(作仇似川z丸り川州，t)刈川tリ引州帆}日川11

ηε[ドt一a，t] ] 
(18) 

r ') (19) E{E21(同 (x，TJ))2dx}三同[1+ i(1-h)] 

Since the right side of (19) is independent of t， for t > a， 
we have 

tZg{eos Lllu川 2dx}

+は2e印附αMε一2(印 σ)4会さtト-コ:2詑込込U2宮弘芯νUt主らνυ芸タJJf/ftj戸yf{ヤμ伊伊e2戸e2C7'初加σ何'1阿 zυ川叫sりω)リげ)2

壬M111+;(1-h)]

(20) 

Suchむhat

I lIu(り )112dx+ 2êae-咋ート巾~I (¥7u;(x， t))2dx 
J nζi  Jn 

= {e2叫 11何lu(叫仰仇(伊仏川z久，

さ以Le戸2初吋σ

壬[t -二:2恕込払2宮忠むννr主らνソゾ壬9JJJ/tjアy{ヤμ伊e2♂2初σ何1ψψ81沿Lルμ11同包叫仰ω州(作仇仰川川川z丸m川川，s)刈刈s吋州州)1川112切d白x}+ 2eae-2
( 

会♀ト
壬M[1+;(l-h)ie

(21) 

From formula (21)， it is easy to conclude that the zero 
solution of (1) is Xl.2(!2) asymptotic stable. 

In the following， we shall prove tl叫.Jimu(x， t) = 0 holds 
<-+00 

uniformly for xε!2. 
From (21) we know， 

tlimllut(zj)|iL2=且limIIVu;(x， t)lIL2 = 0， 
ー+00. '-+0。

i = 1，2，..' ， n. 
(22) 

At出emeanもime，色heremusもexistsa positive constant M 
that， 

lu;(x， t)l壬 M，組 dl¥7u;(x，t)1壬M (23) 

holds for any (x， t)， where (x， t)εn x R+. 
From (23) we know， lIu;(x，t)1I∞ and IIVu;(x， t)1I∞ are 

bounded functions. Cite the inequaliもyin reference [5] 

IIZ lIp 三 IIZII包-2)/PIIZII~/p ， 

then if pと2，we have 

11均 (x，t)llpS lIu;(り )11包-2)/PII叫 (x，t)II~/p ， 
(i=1，2，・・・，n) . 

組 d

IIVu;(x， t)lIp三IIVu;(x，t)1I包-2)/plI¥7 u;(x， t)II~/p ， 
(i=1，2，・・・，n) . 

Again from (22) we get 

江主lIu;(x，t)lIp =えもlI¥7u;(x，t)llp = 0， 

(i = 1，2，・・.， n) . 

According to Sobolev inequality [7]， if m < p， we have 

IIVII∞壬 C{llVllp+ IIVVllp}三 CIIVllw'，p ・

Where C = c(n， m， p) is a positive constant. 
Hence， 

Ilu;(x， t)11∞三 C{llu;(x，t)llp + IIVu;(x， t)lIp} . 

(24) 

(25) 

(26) 

(27) 

(28) 
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From (26) we have 

Atllud(zj)||∞=  0， i = 1，2γ ・ ，n. (29) 

From (29) we know the next equation will uniformly hold 
for xεS1. 

tlim ut(z，t)=O，i=122，・・.， n . (30) 
-+00 

Next， we consider the equation with boundless delay 

特心=D(t)ムu(り)+A(伽 (x，t) 
+ f~∞ B(t ， s)u(x， s)ds， 
(x， t)εs1 xR+ 

u(x， t) =ψ(x，t)， (31) 

(x， t)εs1 xR-

当541i+C(x，t)u(xJ)=o，
(x， t)εδS1xR 

， where B(t， s) is a co凶 nuousn x n matrix function for t 
and s，一∞く S三t< +∞， R-= (一∞，0]， R = (ー∞，+∞). 
The others are the same with those in (1). 

口

Theorem 2. When IIB(t， s)II S be-h(t-.)， b < rh， the 
zero solution of equation (31) is X1，2(S1) asymptotic sta-
ble， therefore， all the solutions u(いx，tの)un~ 
any x ε s1 tめhGd t A忠u(伊zム吋，t吋)= 0， 叫 ere r is the same with 

thαt 01 Theorem 1. 

Proof. Since b < rh， iもmusもexistenough small positive 
real number e and σ， that 

b .1 1 
(一+一一一)< 1 2(r一台一σ)¥h. h-2σ 

similar to Theorem 1 we can get 

L"u川 2dx三M2e-2(rーがt

2e釘tf2叩山)L (V'u;(x， s川 s

+ 21
t 
e-2(r一合川LIIu(x， s)II x 

ι日-8lllu(x，榊

壬的仰町εf汁 一

I ( マ刊刊叫u叫叫'パ(ムり川s吋))戸2ω s + : jft efJ一斗2け )(t-.) x 
JO " JO Lルμか11伽|仰u叫仰山川(作仏仰z久り川，s)り州)Wω + 1t e-♂円円汁2引仲ト(什トr←一が片~ 
LμJ ∞ 日門|

(32) 

w吋he悦r陀eM2=-zt〈tんIIcp(x，s)112dx. For σ> 0， we have 

e 吋 11伽州川|仰M附休川u叫仰恥山川(作仏仰z仇吋川，t刈t吋)112向2

一2e さ釘1teρt二シンいいe-2戸刊汁一→叫却2引咋(什r-寸十ヤ芳トド一ザσ)(t-.川 )k門

+ ;Jft汁ド刊刊)(川トh川(οトh川tト山川-→吋sけ)k企レkεd♂2初加叩σ何s

+ b 1t e-2(け吋叫)(附ト)(t-.οトh川tト山叫-→吋sり)10μJ∞ヘ~ef一(h-20')8

e2初σ(μs←-8的川)11仰lu(叫(x，s -8)Wd8dxds 

壬M2-2e). I e-2(トトσ)(t-.)I e20'. (マu;(x，s))2dxds 
ζ1 JO JO 

+;Jf=fJ2け叫13壬合J8J{門 ω )1仰xd白
s 

+ψ 
s印up {e2 σ 8円"何lu(叫(x，IJ内州)112}dlJdxds

ー∞<8<.

壬均一2EUt汁合一σ)(t-.)x 

Le吋 Ui仏山ds

+;v-beJ(;+Jr)× 
，， ~r 一戸 - u " (1， - ~U 

-225rLllWAll2dz} 
(33) 

Similar to the inferences of (11)ー (30)，we can get the con-
clusion of theorem 2. 口

3 Conclusion 

ln this paper， we studied the stability of the soluもionof七he
Logistic biological model with delay. We proposed two the-
orems to provide a succinct criterion of asymptotic stabil-
ity of the zero soluもionthrough inequality value evaluating 
method. 
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遅延を持つ汎関数の偏微分方程式の解の安定性について

代立新*.張善俊市*

概要

生態系のダイナミックな状態は、しばしば遅延を持つ汎関数の偏微分方程式で説明される。本論

文では、このような汎関数の偏微分方程式の解の安定性を不等式で推定し、ゼロ解の漸近収束の簡

潔な判定基準を提示した。

キーワード:遅延、汎関数偏微分方程式、解の安定性
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