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Abstract

The unit group of a partial Burnside ring relative to the Young subgroups of
the symmetric group Sn on n letters is included in the image by the tom Dieck
homomorphism. As a consequence of this fact, the alternating character νn of
Sn is expressed explicitly as a Z-linear combinations of permutation characters
associated with finite left Sn-sets Sn/Y for the Young subgroups Y .

1 Introduction

Let G be a finite group, and let Cl(G) be a full set of non-conjugate subgroups
of G. For each H ≤ G, G/H denotes the set of left cosets gH, g ∈ G, of H in
G. The Burnside ring Ω(G) of G is the commutative ring consisting of all formal
Z-linear combinations of symbols [G/H] corresponding to G/H, H ∈ Cl(G), with
multiplication given by

[G/H] · [G/U ] =
∑

HgU∈H\G/U

[G/(H ∩ gU)]

∗This work is supported by JSPS Grant-in-Aid for Scientific Research (C) 25400003.
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for all H, U ∈ Cl(G), where gU = gUg−1 and [G/(H∩ gU)] = [G/K] for a conjugate
K ∈ Cl(G) of H ∩ gU (see, e.g., [5], [13, §2.1]). The identity of Ω(G) is [G/G]. For
shortness’ sake, we usually write 1 = [G/G]. While the unit group of Ω(G) is an
elementary abelian 2-group (cf. §2), it is quite interesting to analyze units of Ω(G).

Let Sn be the symmetric group on n letters [n] := {1, 2, . . . , n}, and let Yn

be the set of Young subgroups of Sn. Since the Young subgroups are closed under
intersection and conjugation, there exists a subring of Ω(Sn) consisting of all formal
Z-linear combinations of symbols [Sn/Y ] for Y ∈ Yn, which is denoted by Ω(Sn,Yn)
(see also [2]). (In short, this subring is a partial Burnside ring relative to the Young
subgroups of a symmetric group.) Let R(Sn) be the character ring of Sn. Then it
is well-known that Ω(Sn,Yn) ∼= R(Sn) (see, e.g., [13, Proposition 7.2]) and the unit
group of R(Sn) consists of ±1Sn , ±νn, where 1Sn is the trivial character of Sn and
νn is the alternating character of Sn (see, e.g., [11, Example 2]). In particular, the
unit group of Ω(Sn,Yn) is isomorphic to the Klein four-group.

Recently, in [7], Idei and the first author have given a formula of a non-identity
unit of Ω(Sn,Yn) which is described in terms of the Möbius function µYn on the
poset (Yn,≤) (see Eq. (2)). Such a unit is also a unit of Ω(Sn), and there seems
to be some characterization of it as a unit of Ω(Sn). In general, however, there
are many units of Ω(Sn) (see [3]). The purpose of this paper is to characterize
a non-identity unit of Ω(Sn,Yn) in terms of the tom Dieck homomorphism (see
§2). Consequently, we have shown that the unit group of Ω(Sn,Yn) is included
in the image by the tom Dieck homomorphism. In the sequel, νn is expressed
explicitly as a Z-linear combinations of permutation characters associated with finite
left Sn-sets Sn/Y for Y ∈ Yn (cf. Theorem 4.4), which is also a consequence of
[6, Proposition 2.3.8, Exercise 3.15]. In order to show such a result, we see that
each image of a permutation character associated with a finite left G-set by the tom
Dieck homomorphism is a reduced Lefschetz invariant of a certain G-poset, which
is essentially given in [10].

2 The tom Dieck homomorphism

Given H ≤ G and a finite left G-set X, we set

invH(X) = {x ∈ X | hx = x for all h ∈ H}.

By [5, Proposition 1.2.2], the map φ : Ω(G) → Ω̃(G) :=
∏

H∈Cl(G) Z given by

[G/U ] 7→ (♯invH(G/U))H∈Cl(G)

for all U ∈ Cl(G) is an injective ring homomorphism, which is called the Burnside
homomorphism or the mark homomorphism. Obviously, the unit group of Ω̃(G) is∏

H∈Cl(G)⟨−1⟩, whence the unit group of Ω(G) is an elementary abelian 2-group.

We denote by RR(G) the real representation ring of G, and denote by Ω(G)×

the unit group of Ω(G). For each element x of Ω(G) with φ(x) = (xH)H∈Cl(G),
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we write x = φ−1((xH)H∈Cl(G)). By [5, Proposition 5.5.9], there exists a group
homomorphism u = uG : RR(G) → Ω(G)× such that

M 7→ φ−1(((−1)dimMH
)H∈Cl(G))

for all RG-module M , where MH is the space of H-invariants of M .

Let H ≤ G. We set WG(H) = NG(H)/H, where NG(H) is the normalizer of
H in G. Assume that a finitely generated left CG-module M affords a C-character
χ of G. For each H ≤ G, MH is viewed as a CWG(H)-module, which affords the
C-character χ of WG(H) given by

χ(gH) =
1

|H|
∑
h∈H

χ(gh)

for all gH ∈ WG(H) (see, e.g., [1, Lemma 3.1]). In particular, dimMH is equal to
the inner product ⟨χ|H , 1H⟩H of the C-character χ|H of H and the trivial character
1H of H, where χ|H is the restriction of χ into H.

Let RR(G) be the ring of real valued virtual C-characters of G. Then it follows
from the preceding argument and [12, Theorem A] that u : RR(G) → Ω(G)× is
extended to the group homomorphism u = uG : RR(G) → Ω(G)× given by

χ 7→ φ−1(((−1)⟨χ|H ,1H⟩H )H∈Cl(G))

for all χ ∈ RR(G), which is called the tom Dieck homomorphism. According to [13,
Corollary 4.3], we have

u(χ) =
∑

U∈Cl(G)

1

|WG(U)|

∑
H≤G

µ(U,H)(−1)⟨χ|H ,1H⟩H

 [G/U ] (1)

for all χ ∈ RR(G), where µ is the Möbius function on the poset (S(G),≤) of all
subgroups of G.

Example 2.1 Obviously, u(1G) = −1.

Example 2.2 Let An be the alternating group on [n]. Then 1− [Sn/An] is a unit
of Ω(Sn) and is the image of νn by the tom Dieck homomorphism.

Remark 2.3 If G is not solvable, then by [9, Theorem 5.4], u : RR(G) → Ω(G)× is
not surjective. In particular, if n ≥ 4, then u : RR(Sn) → Ω(Sn)

× is not surjective;
uS2 and uS3 are surjective, however (see [9]). (Note that 2|ImuS4 | = |Ω(S4)

×| = 26.)
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3 The units of Ω(Sn,Yn)

We denote by R(G) the character ring of G. The permutation character πX
associated with a finite left G-set X is given by

πX(g) = ♯{x ∈ X | gx = x}

for all g ∈ G. We define a ring homomorphism charG : Ω(G) → R(G) by

[X] 7→ πX

for all finite left G-sets X (cf. [12, §6]).
By [13, Proposition 7.2], the ring homomorphism charSn : Ω(Sn) → R(Sn)

induces an isomorphism

charSn : Ω(Sn,Yn) → R(Sn)

(see also [8, 2.3]). Hence there exists a unique unit, say α, of Ω(Sn,Yn) satisfying
charSn(α) = νn. The unit group of Ω(Sn,Yn) consists of ±1, ±α, which are also
units of Ω(Sn).

For each H ≤ Sn, we define a Young subgroup YH to be the intersection of all
Young subgroups containing H. Each Young subgroup Y of Sn with respect to a
partition (n1, n2, . . . , nr) includes a product σY of pairwise disjoint ni-cycles for
i = 1, 2, . . . , r satisfying Y = Y⟨σY ⟩. Under these notations, we are now in a position
to state the following lemma (cf. [13, §7.1]).

Lemma 3.1 If φ(α) = (αH)H∈Cl(Sn), then αH = αY ′
H

for all H ∈ Cl(Sn), where
Y ′
H ∈ Cl(Sn) is a conjugate of YH , and αY = νn(σY ) for all Y ∈ Cl(Sn) ∩Yn.

Proof. Suppose that α =
∑s

j=1 aj [Sn/Yj ] with aj ∈ Z and Yj ∈ Cl(Sn) ∩ Yn. If
H ≤ Sn, then by the definition of YH ,

invYH
(Sn/Yj) = {σYj | YH ≤ σYj} = {σYj | H ≤ σYj} = invH(Sn/Yj)

for j = 1, 2, . . . , s. Hence it turns out that αH = αY ′
H

for all H ∈ Cl(Sn). If
Y ∈ Yn, then by assumption, Y = Y⟨σY ⟩, whence invY (Sn/Yj) = inv⟨σY ⟩(Sn/Yj) for

j = 1, 2, . . . , s. Since charSn(α) = νn, we conclude that for each Y ∈ Cl(Sn) ∩Yn,

νn(σY ) =

s∑
j=1

ajπ[Sn/Yj ](σY ) =

s∑
j=1

aj♯inv⟨σY ⟩(Sn/Yj) =

s∑
j=1

aj♯invY (Sn/Yj) = αY .

This completes the proof. 2

By using [13, Corollary 4.3] and Lemma 3.1, α is expressed in the form

α =
∑

Y ∈Cl(Sn)∩Yn

1

|WSn(Y )|

 ∑
H∈Yn

µYn(Y,H)νn(σH)

 [Sn/Y ], (2)
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where σH ∈ Sn with H = Y⟨σH⟩. This formula is presented in [7, Corollary 5.2].
We aim to show that α is included in the image by the tom Dieck homomorphism.

The permutation character π[n] associated with the Sn-set [n] is given by

σ 7→ ♯{k ∈ [n] | σ(k) = k}

for all σ ∈ Sn. For each H ≤ Sn, let OrbH
(
[n]

)
be the set of H-orbits in [n]. By the

Cauchy-Frobenius lemma (see, e.g., [13, Lemma 2.7]), ⟨π[n]|H , 1H⟩H = ♯OrbH
(
[n]

)
for all H ≤ Sn. Set χn = π[n]−1Sn . Then it is easily verified that χn is an irreducible

C-character of Sn. Obviously, π[n] ∈ RR(Sn). We define a unit β of Ω(Sn) by

φ(β) = ((−1)♯OrbH([n]))H∈Cl(Sn) = ((−1)⟨π[n]|H ,1H⟩H )H∈Cl(Sn)

= −((−1)⟨χn|H ,1H⟩H )H∈Cl(Sn),

so that β is the image of π[n] by the tom Dieck homomorphism. The fact that
α = (−1)nβ (cf. Theorem 3.4) is obtained by a combination of Lemma 3.1 and the
following lemmas.

Lemma 3.2 For each H ≤ Sn, ♯OrbH([n]) = ♯OrbYH
([n]). In particular, for each

Y ∈ Yn, ♯OrbY
(
[n]

)
= ♯Orb⟨σY ⟩

(
[n]

)
, where σY ∈ Sn with Y = Y⟨σY ⟩.

Proof. Evidently, the H-orbits in [n] coincide with the YH -orbits in [n], completing
the proof. 2

Lemma 3.3 For each σ ∈ Sn, (−1)♯Orb⟨σ⟩([n]) = (−1)nνn(σ).

Proof. Assume that σ is a product of pairwise disjoint ni-cycles for i = 1, 2, . . . , r
such that

∑
i ni = n. Then it is obvious that ♯Orb⟨σ⟩

(
[n]

)
= r. On the other hand,

if ℓ = ♯{i | ni is odd}, then νn(σ) = (−1)r−ℓ = (−1)r+n, because ℓ ≡ n (mod 2),
completing the proof. 2

We are now successful in characterizing the units of Ω(Sn,Yn) in terms of the
tom Dieck homomorphism.

Theorem 3.4 The unit group of Ω(Sn,Yn) is included in the image by the tom
Dieck homomorphism. In particular, α = (−1)nβ.

Proof. Since −1 = u(1Sn), it suffices to verify that α = (−1)nβ. Suppose now
that φ(α) = (αH)H∈Cl(Sn) and φ(β) = (βH)H∈Cl(Sn). If αY = (−1)nβY for all
Y ∈ Cl(Sn) ∩Yn, then by Lemmas 3.1 and 3.2, αH = (−1)nβH for all H ∈ Cl(Sn),
whence α = (−1)nβ. Now let Y ∈ Cl(Sn) ∩ Yn. Then by virtue of Lemma 3.1,
αY = νn(σY ), where σY ∈ Sn with Y = Y⟨σY ⟩. Hence it follows from Lemmas 3.2
and 3.3 that

αY = (−1)♯Orb⟨σY ⟩([n])+n = (−1)♯OrbY ([n])+n = (−1)nβY .

We have thus completed the proof. 2
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4 The reduced Lefschetz invariant of a G-poset

There is a valuable application of Theorem 3.4. The expression of νn as a Z-
linear combinations of permutation characters πSn/Y for Y ∈ Yn is implicit in Eq.
(2), while it is worth studying the explicit descriptions.

A finite left G-set equipped with order relation ≤ is called a G-poset if ≤ is
invariant under the action of G. Let P be a G-poset, and let Sdi(P ) be the set of
chains x0 < x1 < · · · < xi of elements of P of cardinality i+ 1. Recall that Ω(G) is
the Grothendieck group of the category of finite left G-sets and is an abelian group
generated by the isomorphism classes [X] of finite left G-sets X (cf. [5, 13]). The
Lefschetz invariant ΛP of P is defined by

ΛP =
∞∑
i=0

(−1)i[Sdi(P )] ∈ Ω(G),

and the reduced Lefschetz invariant Λ̃P of P is defined by Λ̃P = ΛP −1 (cf. [4, 10]).
In particular, for the poset P (X) consisting of nonempty and proper subsets of a
finite left G-set X, the K-component of φ(Λ̃P (X)) with K ∈ Cl(G) is equal to the

reduced Euler-Poincaré characteristic of P (X)K(= invK(P (X))):

∞∑
i=0

(−1)i|Sdi(P (X)K)| − 1.

We next give a combinatorial proof of the following proposition, which is essen-
tially proved by [10, Proposition 5.1].

Proposition 4.1 Let X be a finite left G-set. The reduced Lefschetz invariant
Λ̃P (X) of P (X) is the image of πX by the tom Dieck homomorphism.

To prove Proposition 4.1, we require the following combinatorial lemma.

Lemma 4.2 For each positive integer j, set

cj =

j∑
i=1

(−1)i
∑

(n1, n2,..., ni)∈A(i,j)

(
j

n1, n2, . . . , ni

)
,

where A(i, j) = {(n1, n2, . . . , ni) |
∑

k nk = j and n1, n2, . . . , ni ∈ N} and(
j

n1, n2, . . . , ni

)
=

j!

n1!n2! · · ·ni!
(multinomial coefficients).

Then cj = (−1)j for any positive integers j.
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Proof. We use induction on j. Obviously, c1 = −1. Assume that j ≥ 2 and

cℓ =

ℓ∑
i=1

(−1)i
∑

(n1, n2,..., ni)∈A(i,ℓ)

(
ℓ

n1, n2, . . . , ni

)
= (−1)ℓ

for any positive integer ℓ less than j. Clearly, there exists a bijection∪̇
ℓ=i,..., j−1

A(i, ℓ) → A(i+ 1, j), (n1, n2, . . . , ni) 7→ (n1, n2, . . . , ni, j − ℓ)

for each positive integer i less than j. Hence the inductive assumption yields

cj = −
(
j

j

)
+

j∑
i=2

(−1)i
j−1∑

ℓ=i−1

∑
(n1, n2,..., ni−1)∈A(i−1,ℓ)

j!

n1!n2! · · ·ni−1!(j − ℓ)!

= −
(
j

j

)
−

j−1∑
ℓ=1

(
j

ℓ, j − ℓ

)
cℓ

= −1− (1− 1)j + 1 + (−1)j = (−1)j ,

as desired. This completes the proof. 2

Proof of Proposition 4.1. For each K ≤ G, we denote by mK the number of K-orbits
in X. Then it follows from the Cauchy-Frobenius lemma that mK = ⟨πX |K , 1K⟩K .
Hence the assertion is equivalent to the equality φ(Λ̃P (X)) = ((−1)mK )K∈Cl(G). Let

K ∈ Cl(G). Every chain x0 < x1 < · · · < xi of elements of P (X)K is built on
pairwise disjoint unions yj of ℓj K-orbits for j = 0, 1, . . . , i such that

∑
j ℓj < mK

and xk = ∪̇k
j=0yj for k = 0, 1, . . . , i. Hence a simple observation enables us to get

|Sdi(P (X)K)| =
∑

(m1,m2,...,mi+2)∈A(i+2,mK)

(
mK

m1, m2, . . . , mi+2

)

for each integer i with 0 ≤ i ≤ mK − 2. This, together with Lemma 4.2, shows that

∞∑
i=0

(−1)i|Sdi(P (X)K)| =
mK∑
i=2

(−1)i
∑

(m1,m2,...,mi)∈A(i,mK)

(
mK

m1, m2, . . . , mi

)
= (−1)mK + 1.

Thus the reduced Euler-Poincaré characteristic of P (X)K is (−1)mK (see also [10,
Proposition 5.1]). Consequently, we have φ(Λ̃P (X)) = ((−1)mK )K∈Cl(G). This com-
pletes the proof. 2

We turn to the study of an explicit description of β (cf. Eq. (3)).
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Corollary 4.3 The reduced Lefschetz invariant Λ̃P ([n]) of P ([n]) coincides with β.

Proof. By definition, β is the image of π[n] by the tom Dieck homomorphism. Hence
the assertion is an immediate consequence of Proposition 4.1 with G = Sn and
X = [n]. 2

Given H ≤ G, we denote by 1H
G the C-character of G induced from 1H , which

coincides with πG/H .
For each cycle type λ = (1m1 , . . . , nmn) of a permutation on [n], let Sλ be a

Young subgroup of Sn isomorphic to S
(m1)
1 × · · · × S

(mn)
n , where each S

(mj)
j is the

direct product of mj copies of Sj .
We are now ready to express νn explicitly as a Z-linear combinations of 1Y

Sn for
Y ∈ Yn. The following result simplifies the expression of νn in [8, Theorem 2.3.15],
and is also a consequence of [6, Proposition 2.3.8, Exercise 3.15].

Theorem 4.4 The alternating character νn of Sn is expressed explicitly in the form

νn =
∑

λ=(1m1 ,..., nmn )

(−1)n+m1+···+mn
(m1 + · · ·+mn)!

m1! · · ·mn!
1Sλ

Sn ,

where the sum runs over all cycle types of permutations on [n].

Proof. Since β = (−1)nα by Theorem 3.4 and νn = charSn(α), the assertion is
equivalent to the formula

((−1)nα =)β =
∑

λ=(1m1 ,..., nmn )

(−1)m1+···+mn
(m1 + · · ·+mn)!

m1! · · ·mn!
[Sn/Sλ]. (3)

Let i be a nonnegative integer. Then [Sdi(P ([n]))] =
∑

t[Ot], where Ot’s are the
Sn-orbits in Sdi(P ([n])). Observe that each representative x0 < x1 < · · · < xi of

an Sn-orbit Ot determines {y0, y1, . . . , yi, yi+1} ⊂ P ([n]) such that xk = ∪̇k
j=0yj for

k = 0, 1, . . . , i and [n] = ∪̇i+1
j=0yj , which corresponds to a cycle type (1m1 , . . . , nmn)

with mℓ = ♯{k | ♯yk = ℓ} for ℓ = 1, . . . , n. Conversely, if λ = (1m1 , . . . , nmn) with∑
ℓmℓ = i+ 2 ≥ 2 is a cycle type of a permutation on [n], then we can make up

(m1 + · · ·+mn)!

m1! · · ·mn!

Sn-orbits in Sdi(P ([n])), which are isomorphic to Sn/Sλ as Sn-sets. Hence Eq. (3)
follows form Corollary 4.3. This completes the proof. 2

Remark 4.5 By the Cauchy-Frobenius lemma, ⟨1HG, 1G⟩G = ⟨πG/H , 1G⟩G = 1 for
all H ≤ G. Hence it follows from Theorem 4.4 that∑

λ=(1m1 ,..., nmn )

(−1)m1+···+mn
(m1 + · · ·+mn)!

m1! · · ·mn!
= (−1)n⟨νn, 1Sn⟩Sn = 0.



Young subgroups of a symmetric group 9

Example 4.6 By Eq. (3), the coefficients of [Sn/U ] in Eq. (1) with G = Sn and
χ = π[n] are completely determined, and so are the coefficients of [Sn/Y ] in Eq. (2).
If n = 3, then

α = [S3/S(13)]− 2[S3/S(11, 21)] + [S3/S(31)]

(see also [8, pp. 41–42 and Theorem 2.3.15]). If n = 4, then

α = [S4/S(14)]− 3[S4/S(12, 21)] + [S4/S(22)] + 2[S4/S(11, 31)]− [S4/S(41)].

5 Concluding remarks

If e is an idempotent of Q ⊗Z Ω(Sn,Yn) and if 2e ∈ Ω(Sn,Yn), then 1 − 2e
and −1 + 2e are units of Ω(Sn,Yn). Since α is a unit of Ω(Sn,Yn), it follows that
(1 − α)/2 is an idempotent of Q ⊗Z Ω(Sn,Yn). However, (1 − α)/2 ̸∈ Ω(Sn,Yn),
because (1Sn − νn)/2 ̸∈ R(Sn). Thus we have the following.

Proposition 5.1 The idempotents of Ω(Sn,Yn) are only 0, 1.

What about Proof of Proposition 5.1 in terms of Sn-sets? Of course, in Eq. (3),
the coefficient of [Sn/S(1n)] is always (−1)n, which implies that (1− α)/2 ̸∈ Ω(Sn).
This fact is also a consequence of Theorem 3.4, because it follows from [9, (5.4.1)]
that, if e is a non-trivial idempotent, i.e., e ̸= 0, 1, of Ω(G), then the unit 1− 2e is
not included in the image by the tom Dieck homomorphism.

The following lemma is [12, Lemma 2.1] (see also [5, Proposition 1.3.5]), which
is used for the proof of existence of the tom Dieck homomorphism in [12].

Lemma 5.2 An element (xH)H∈Cl(G) of Ω̃(G) is included in the image Imφ by the
Burnside homomorphism if and only if∑

gU∈WG(U)

x⟨g⟩U ≡ 0 (mod |WG(U)|)

for all U ∈ Cl(G), where x⟨g⟩U = xK for a conjugate K ∈ Cl(G) of ⟨g⟩U .

We end this paper by giving a direct proof of the fact that (1− α)/2 ̸∈ Ω(Sn).

Proof of Proposition 5.1. Suppose that φ(α) = (αH)H∈Cl(Sn). Then it follows from
Lemma 3.3 and Theorem 3.4 (or the definition of α) that∑

σ∈Sn

1− α⟨σ⟩

2
=

∑
σ∈Sn

1− νn(σ)

2
= |An| ̸≡ 0 (mod |Sn|),

where α⟨σ⟩ = α⟨τ⟩ if σ is a conjugate of τ ∈ Sn with ⟨τ⟩ ∈ Cl(Sn). This, combined
with Lemma 5.2, shows that ((1−αH)/2)H∈Cl(Sn) ̸∈ Imφ. Thus (1−α)/2 ̸∈ Ω(Sn),
completing the proof. 2
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