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Abstract: A framed curve in the Euclidean space is a curve with a moving frame. It is a generalization not only
of regular curves with linear independent condition, but also of Legendre curves in the unit tangent bundle.
We define smooth functions for a framed curve, called the curvature of the framed curve, similarly to the
curvature of a regular curve and of a Legendre curve. Framed curves may have singularities. The curvature
of the framed curve is quite useful to analyse the framed curves and their singularities. In fact, we give the
existence and the uniqueness for the framed curves by using their curvature. As applications, we consider
a contact between framed curves, and give a relationship between projections of framed space curves and
Legendre curves.
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1 Introduction

Let R" be the n-dimensional Euclidean space equipped with the inner producta - b = Y1 | a;b;, where a =
(ai,...,ap)and b = (bq, ..., by).Letay, ..., a,-1 € R" be vectors a; = (aj1,...,aip) fori=1,...,n-1.
We define the vector product

ai ain
. . . n
apx-ox@pi=| - © =) det(an, ... an, epe,
ap-11 -+ dp-1n| i=1
e1 e en
where e, ..., e, are the canonical basis vectors of R". Then (a; x ---x ay_1)-a; =0fori=1,...,n-1.
Note that for the case of n = 3,
apy a2 ais €1 e es

a; Xa; =\|a;1 daz ax|=|ai; 4aip dasf.
€1 €2 €3 azy daz Az

The set
Apor={v=(1,...,Vp1) e R"x - xR" | v; - vj = 6;5,1,j=1,...,n-1}
={v=(i,.o V1) €S X x ST vy =0, # 0, j=1,...,n—1}
is an n(n - 1)/2-dimensional smooth manifold. If v = (v1,...,v4-1) € Ap_1, we define a unit vector pu =

vy X -+ x vp_1 of R™. It follows that (v, u) € A, and det(v, u) = 1.
A framed curve in the Euclidean space is a curve with a moving frame. It is a generalization not only of
regular curves with linear independent condition, but also of Legendre curves in the unit tangent bundle.

Definition 1.1. We say that (y,v) : I — R" x Ay is a framed curve if §(t) - vi(t) = Oforallt € Iand i =
1,...,n-1.Wealsosay that y : I — R"is a framed curve (or a framed base curve) if there exists v : I — Ap_1
such that (y, v) is a framed curve.
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We define smooth functions for a framed curve similarly to the curvature of a regular curve and of a
Legendre curve. Let (y, v) : I — R" x A,_1 be a framed curve. We define pt : I — S"1 by p(t) = v1(t) x -+ x
Vn-1(t). By definition, (v(t), u(t)) € Ay, for each t € I and we call {v(¢), u(t)} a moving frame along the framed
base curve y(t). Then we have the Frenet-Serret type formula

v(t) v(t)
=A s
(ﬂ(t)) © <u(t)>

where A(t) = (a;j(t)) € o(n) fori,j = 1,...,n, and o(n) is the set of alternative matrices. Moreover, there
exists a smooth mapping a : I — R such that

() = a(Opu().

We call the functions (a;;(t), a(t)) the curvature of the framed curve (with respect to the parameter ¢). Clearly,
to is a singular point of yif and only if a(ty) = 0. The curvature of the framed curve is quite useful to analyse
the framed curves and singularities, see Theorems 1.3 and 1.4.

Definition 1.2. Let(y, v) and (y, V) : I — R"xA,_; be framed curves. We say that (y, v) and (¥, V) are (positive)
congruent as framed curves if there exists a matrix X € SO(n) and a constant vector x € R" such that

YO = X(y() +x,  V(t) = X(v(t))
for all t € I, where SO(n) is the set of special orthogonal matrices.
The main results are the following (for n = 2, see [6]).

Theorem 1.3 (The Existence Theorem). Let (ajj, a) : I — o(n) x R be a smooth mapping. There exists a framed
curve (y,v) : I - R" x Ap_1 whose associated curvature is (a;j, ).

Theorem 1.4 (The Uniqueness Theorem). Let (y, v) and (9, V) : I — R" x A,_; be framed curves whose curva-
tures (ajj, a) and (a;j, @) coincide. Then (y, v) and (y, V) are congruent as framed curves.

We shall prove these theorems in §2. We consider properties of the curvature of framed curves and con-
centrate in §3 on the case n = 3 of framed curves in R3. We consider contact between framed curves, and
give a relationship between projections of framed space curves and Legendre curves. Moreover, we give the
arc-length parameter of framed immersions. In §4, we give examples of framed curves in R3 x A,.

All maps and manifolds considered here are differentiable of class C*°.

Acknowledgements: The authors would like to thank the referee for helpful comments to improve the origi-
nal manuscript.

Funding: The second author was supported by JSPS KAKENHI Grant Number 26400078.

2 Proofs for the existence and uniqueness theorems
First we prove the existence theorem by using the theorem of existence and uniqueness for a system of linear
ordinary differential equations.
Proof of Theorem 1.3. Choose any fixed value t = t; of the parameter. We consider the initial value problem
d
EF(O =A(OF(t), F(to) =In,

where F(t) € M(n), A(t) = (a;;(t)) € o(n) fori,j =1, ..., n; here M(n) is the set of n x n matrices and I, is the
identity matrix. By the existence and the uniqueness of the solution of a system of linear ordinary differential
equations, there exists a solution F(t). Since A(t) € o(n),

d d d
Z(FOF©) = (2 FO)F©) + FO ZF©) = FOCA© + AOF(©) = 0.
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It follows that F(t)F(t) is constant. Thus F()F(t) = F(to)F(to) = I, and F(t) is an orthogonal matrix. Let
F(t) = (vi(t), ..., vn_1(t), u(®)). Since (d/dt)(det F(t)) = 0, we have det F(t) = det F(to) = detl, = 1. Then
H(t) = v1(t) x -+ x vp_1(t). Next we consider the initial value problem

) = a(®O)u(t), Y(to) = x,

where x is a point in R™. By the existence and the uniqueness of the solution of a system of linear ordinary
differential equations, there exists a solution y(t). Therefore, there exists a framed curve (y, v) : I —» R"xA,_1
whose associated curvature is (a;j, a). O

In order to prove the Uniqueness Theorem (Theorem 1.4), we need two lemmas.
Lemma 2.1. Let (y,v)and (y, V) : I » R"xAp_1 be congruent as framed curves. Then their curvatures coincide.

Proof. Since (y, v) and (7, V) are congruent as framed curves, there exist a matrix X € SO(n) and a constant
vector x € R" with the property that

P(E) = X(p(6) + x,  V(t) = X(v(t))
for all t € I. By definition of u, we have p(t) = X(u(t)) for all ¢ € I. By a direct calculation, we have
@;j(1) = Vi(t) - Vj(t) = Xi(t)) - X(vj(1)) = vi(D) - v;(8) = (),
Yt) = X)) = X(a(t)u()) = a(OX(u(t)) = a(O(?).
Hence we have a;j(t) = a;;(t) and a(t) = a(t). m|
Lemma 2.2. Let(y,v)and (y,V) : I —» R"xA,_1 be framed curves having equal curvature, that s, (a;;(t), a(t)) =

(azj(t), a(t)) for all t € I. If there exists a parameter t = to for which ()(to), v(to)) = (J(to), V(to)), then (y, v)
and (y, V) coincide.

Proof. Here we put v,(t) = p(t). Define a smooth function f : I — R by f(t) = Z?=1 vi(t) - vi(t). Since a;;(t) =
a;j(t) and a;j(t) = —a;ji(t), we have

fity =Y ity - Vi(t) + vi(t) - Vi(0))
i=1

= Z{( a,-,-(t)v,-(t)> - Vi(t) + w(t)-( D a;-(t)v;(t))} =23 ) (ai(0) + i(D)vi(t) - Vj(t) = 0.
i=1 L\j=1 j=1

i=1j=1

It follows that f is constant. Moreover, v(to) = V(to), so p(to) = pi(to). Hence f(tp) = n and the function f is
constant with value n. By the Cauchy-Schwarz inequality, we have

vi(t) - vi(t) < [vi(@Ollvi(0)] = 1,

foreachi=1,...,n.If one of these inequalities were strict, the value of f(t) would be less than n. It follows
that these inequalities are equalities, and we have v;(t) - V;(t) = 1 forall t e Tandi =1, ..., n. Then we have

Vi(t) = Vi(D)1* = vi(t) - vi(t) — 2vi(8) - Vi(t) + Vi(t) - Vi(t) = O.
Hence vi(t) = Vi(t) forallt e Iandi =1, ..., n. Since (t) = a(t)u(t), ')'"/(t) = a(t)p(t) and with the assumption

a(t) = a(t) we obtain (d/dt)(p(t)-P(t)) = 0. It follows that p(t) —Y(t) is constant. By the condition y(to) = (o),
we have y(t) = y(t) forall ¢ € I. m|

Proof of Theorem 1.4. Choose any fixed value t = t, of the parameter. By using a matrix X € SO(n) and a
constant vector x € R", we can assume that J(tg) = X(y(to)) + x and V(¢p) = X(v(to)). By Lemma 2.1, the
curvatures of the framed curves ()(t), v(t)) and (X(y(t)) + x, X(v(t)) coincide. By Lemma 2.2, we have

Pt = X(p(1) +x,  V(t) = X(v(t))
for all ¢ € I. It follows that (y, v) and (¥, V) are congruent as framed curves. m]

Remark 2.3. The Uniqueness Theorem 1.4 can be proved also by using the theorem of uniqueness of the
solution of a system of ordinary differential equations.
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3 Framed curves in R3 x A,

In this section, we focus on space curves. One can extend the results to higher dimensional curves. However,
it is rather tedious; we concentrate on the case of n = 3.

We fix the following notation throughout this section. Let (y, vi,v;) : I — IR3 x A, be a framed curve and
H(t) = vi(t) x va(t). The Frenet-Serret type formula is given by

14103) 0 et)  m(t) vi(t)
Va(t) | =1 —e) 0 n(t) va(t) |,
() -m(t) -n(t) O ()

where €(t) = Vi(t) - va(t), m(t) = Vi(t) - p(t) and n(t) = v (¢t) - u(t). Moreover, there exists a smooth mapping
a : I - Rsuch that
) = a(t)u(t).

Example 3.1. Typical example of framed curves are regular curves with linear independent condition. Let
y:1—- R3 be a regular curve with linear independent condition, namely, () and y(t) are linear independent
forall ¢ € I. If we take v (t) = n(t) and v,(t) = b(t), then (y, v1,v2) : I —» R> x 4, is a framed curve. Note that
H(t) = vi(t) x va(t) = £(t). Here
(0 = D0 ney = KOOV XHO
[P () x (t)) x PO

We give a relationship between regular curves and framed curves.

RGES.0

PO = Soxyor

Proposition 3.2. With notation as in Example 3.1, the relationships between the curvature of the framed curve
(e(t), m(t), n(t), a(t)), and the curvature k(t) and torsion (t) of y are given by

la(®)k(t) = \\m2(t) + n%(t), )

a(t)(m?(t) + n2(O)7(t) = m(OA() - mt)n(t) + (M) + n*()e(). )

Proof. By a direct calculation, we have

Wt) = a(O)u(), 3)
Yt) = a(®)u(t) - aym(t)v1(t) - a(O)n(t)va(0), )
(t) = (a(t) - aym?(t) — a(tyn® () u(t) - (2a(t)m(t) + a()m(t) - atyn()e(t))va (t) )

- (2a(tyn(t) + a(t)n(t) + at)m(t)e(t))va(t).
It follows that
I(6)] = la(t)]
[9() x (D] = a® (£)\|m2(t) + n2(t)
det(j(t), (1), (1) = &’ (O)(m(O)a(t) - m(t)n(t) + (m?(t) + n* () e(t))
Therefore, the curvature k(t) and the torsion 7(¢) are given by

_ 1O X PO _ Vm2(6) + n?(t)
K(t) = — =
P la(Ol

and
(t) = det(j(t), (1), Y(t)) _ m®On(t) - m)n(t) + (m?(t) + n?(t))e(t) -
[9(t) x J(t)]2 a(t)(m2(t) + n%(t)) '
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Lety : (R,0) — (R?,0) be a space curve germ and write y(t) = (x(t), y(t), z(t)). It can be shown that,
if y is not infinitely flat, namely, if either x(t), y(t) or z(t) does not belong to m{° (the ideal of infinitely flat
function germs), then y is a framed base curve. Suppose without loss of generality that x(t) does not belong
to m{° and that order x(t) < min{order y(t), order z(¢)}. Then there exist smooth function germs a(t) and b(t)
such that y(t) = a(t)x(t) and z(t) = b(t)x(t). Thus if we take

1
t) = —(-a(t),1,0),
(0 = a0, 1,0)
va(t) = ! (—b(), ~a(®)b(8), 1 + a>(1)),

V@ + a2(0))(1 + a2(t) + b2(t))
then (y, v1, v2) is a framed curve. Note that

1
t) =vq(t t) = 1, a(t), b(t)).
) = V1) X Valt) = s (1, a(0), b(0)

On the other hand, constant maps are also framed base curves, which do not satisfy the above sufficient
condition. In particular an analytic curve germ is always a framed base curve, because if it is infinitely flat,
then it is constant.

Let (y,v1,v2) : I - R3 x A be a framed curve with the curvature of the framed curve (¢, m, n, a). By (3),
(4) and (5) in the proof of Proposition 3.2, we have the following Taylor expansion of y:

(t - to)?

P(t) = Y(to) + (t — to)a(to)u(to) + (a(to)pu(to) — a(to)m(to)vi(to) — a(to)n(to)va(to))

i3
+ C2O (atto) - attom? (o) - atton? Co)mto) - (2éttoym(to) + alto)into)

— a(to)n(to)e(to))vi(to) — (2a(to)n(to) + a(to)n(to) + a(l‘o)m(to)f(to))vz(fo)) +0(4).

If ¢, is a singular point of y, then we have

PRy 3
Ol attomtto) + 5

Y(E) = p(to) + (a(to)p(to) — 2a(to)m(to)vi(to) — 2a(to)n(to)va(to)) + o(4).

Let (y,v1,v2) : I — R3 x A, be a framed curve with the curvature of the framed curve (¢, m, n, ). For
the normal plane of y(t), spanned by v1(¢t) and v,(t), there is some ambient of framed curves similarly to the
case of the Bishop frame of a regular space curve (cf. [3]). We define (v, (t), V2 (t)) € A; by

vi(t)\ [cosB(t) -sind(t)\ (vi(t)
Vo(t))  \sinf(t) cosO(t) J\va(t))’
where 6(t) is a smooth function. Then (y, v1,Vv2) : I — R3 x A, is also a framed curve and
H(t) = Vi(t) x Va(t) = (cos B(t)va(t) — sin B(t)va (b)) x (sin O(t)v1(t) + cos B(t)va (L))
=v1(t) x vo(t) = p(t).
By a direct calculation, we have

V1(t) = (e(t) — 0(t)) sin B(£)v1 (¢) + (£(t) — B(t)) cos B(t)va(t) + (m(t) cos O(t) — n(t) sin o)u(t),
ﬁz(t) = —(&(t) - B(t)) cos O(t)v1(t) + (£(t) — O(t)) sin O(E)v, () + (m(t) sin O(¢) + n(t) cos ot)u(t).

If we take a smooth function 6 : I — R which satisfies 8(¢) = £(¢), then we call the frame {V;(t), V2 (t), M}
an adapted frame along the framed base curve y(t). It follows that the Frenet-Serret type formula is given by

Vi (t) 0 0 m@)\ [/vi(d)
vty |=( o o naw || vao |,
a(t) -m(t) -nA) o u(t)
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where m(t) and n(t) are given by

m(t)\ _ cos 0(t) -sin6(t)\ { m(¢t) ©)
n(t) ) \sinO(t) cos H(t) nt /)’
We now consider framed curves in a plane. Let (y,v1,v3) : [ — R3 x A, be a framed curve with the
curvature of the framed curve (¢, m, n, «). We denote a plane by

Pv,c)={xeR®|x-v=c},
where v € $? and ¢ € R. If y(t) € P(v, ¢), then we have det(j(t), j(t), j(t)) = 0. It follows that
a(t)(m(O)n(t) - m(n(t) + (m?(t) + n*(t))e(t)) = 0
for all t € I. Conversely, we have the following result.

Proposition 3.3. Let (y,vi,Vv2) : I — R3 x A, be a framed curve with curvature (¢, m, n, ).
(1) Ifa(t) =0forallt € I, then y(t) is a point.
(2) If m(t) = n(t) = 0 forall t € I, then y(t) is a part of a straight line.
(3) If m(t)n(t) — m(t)n(t) + (M2 (t) + n%(t))e(t) = 0 and m2(t) + n2(t) + O for all t € I, then there exist a vector
v € §? and a constant ¢ € R such that y(t) € P(v, c).

Proof. (1) By y(t) = a(t)u(t) = O forall t € I, y(t) is a point.

(2) By the Frenet-Serret type formula, ju(t) = O for all ¢t € I and hence j(t) = a(t)u(t) = a(t)v, where
v € §2 is a constant vector. Then there exists a constant vector x such that yt) = (j a(t)dt)v + x. It follows
that y(t) is a part of a straight line.

(3) We take an adapted frame {v1(t), Va2(t), p(t)} along the framed base curve y(t). By (6) and a direct
calculation, we have

m(tn(t) - mOn(t) = m@e)nt) - mon(t) + (m2() + n()e(t) = 0

and
m2(t) + 12 (t) = m2(t) + n2(t) £ 0

forall t € I. It follows that m(t) and n(t) are linear dependent on I (cf. [4; 9; 10]). Thus, there exists a non-zero
constant vector (c1, ¢3) such that cym(t) + con(t) = Oforall t € I. Then Vv = c1v1(t) + ¢,V (t) is a non-zero
constant vector. Let v = V/ﬂc% + c%. Since y(t) - v = a(t)u(t) - v = 0 for all ¢ € I, there exists a constant ¢ € R
such that y(t) € P(v, c). m|

Remark 3.4. If (y,v1,v2) : I — R3 x A, is an analytic framed curve, then m(t) and 7n(t) are also analytic
functions. Hence if m(t)n(t) — m()n(t) + (m2(t) + n2(t))e(t) = 0 for all t € I, then m(¢t) and n(t) are linear
dependent on I (cf. [4; 10]). It follows that there exist a vector v € S? and a constant ¢ € R such that y(t) €
P(v, c).

We also define a Legendre curve on a plane.

Definition 3.5. Wesay that (y, v) : I — R3xS? isa Legendre curve on the plane P(v, ¢)if y(t)-v = c, j(t)-v(t) = 0
andv(t)-v=0forallt €.

Proposition3.6. (1) If(y,v) : I — R3 x S? is a Legendre curve on the plane P(v, c), then y,v,v) : I -
R3 x A, is a framed curve with £(t) = m(t) = O for all t € I. Conversely, if(y,vi,v2) : I - R3xAyisa
framed curve with £(t) = m(t) = O for all t € I, then there exist a constant vector v € S* and a constant
¢ € Rsuch that (y,v3) : I —» R> x S? is a Legendre curve on the plane P(v, c).

@ Ifyv): I - R3 x S2 is a Legendre curve on the plane P(v, c), then pv,v): 1 — R3 x A, is a framed
curve with €(t) = n(t) = 0 forall t € I. Conversely, if (y,v1,v2) : I — R? x A, is a framed curve with
e(t) = n(t) = O forallt e I, then there exist a constant vector v € S* and a constant ¢ € R such that
(y,v1): I — R3 x S? is a Legendre curve on the plane P(v, c).
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Proof. (1) By definition, we have j(t) - v = 0 and (v, v(t)) € A,. Since v is a constant, we have €(t) = m(t) =
for all ¢ € I. Conversely, by the Frenet-Serret type formula, v = v () € S? is a constant vector. Moreover, since
() - v = a(t)u(t) - vi(t) = Ofor all ¢ € I, there exists a constant ¢ € R such that y(t) - v = c. It follows that
(y,v2): I — R3 x S? is a Legendre curve on the plane P(v, c).

Assertion (2) can be proved similarly. O

3.1 Contact between framed curves

In this subsection, we discuss contact between framed curves. Let
(1> v1,v2) : T > R x Ags t > (p(1), va(t), va(t)) and (3, V1, 72) : T = R® x Ay;u > (P(w), V1(u), V2 (1))

be framed curves and let k be a natural number. We say that (y, v1, v2) and (y, V1, V2) have k-th order contact
att = to, u = ug if

ST d d _ _ _
(y, v1, v2)(to) = (¥, V1, V2)(Uo), a(y,vhw)(to): —(y, Vi, V2)(Uo), ...,
dk 1 dk 1
i1 P v va)lto) = =i (1, Vi, V2) (o), o k(y,vl,Vz)(to)a»E Tu k(y,V1,Vz)(uo)

(cf. [6; 8]). Moreover, we say that (y, v1, v2) and (¥, V1, V) have at least k-th order contact at t = to, u = up if

d
(y, v1, v2)(to) = (¥, V1, V2)(uo), (% V1, V2)(to) = (Y, Vi1, V2)(uo), ...,
k-1 k-1

T —7 (P V1, v2)(to) = duk—l(?’ V1, V2)(uo).

In general, we may assume that (y, v1, v») and (3, V1, V) have at least first order contact at any point
t = to,u = up, up to congruence as framed curves. We denote the curvatures of the framed curves
(Y(8), va(), va(t)) by F(t) = (£(t), m(t), n(t), a(t)) and that of (P(u), V1 (w), V2(u)) by F(u) = (6(w), m(u), f(w),
a(u)).

Theorem 3.7. Let (y, v1, v2) and (¥, V1, V) as above. If (y, v1, v2) and (¥, V1, V) have at least (k + 1)-th order
contact at t = tg, u = ug then
dk—l k-1

F(to) = T(wo), ?(to) ?(uo) e o Tlte) = 2o

——— F(uo). @)

Conversely, if conditions (7) hold, then (y, v1, V) and (¥, V1, V) have at least (k + 1)-th order contact at t =
to, U = up, up to congruence as framed curves.

Proof. Suppose that (y, vi, v2) and (y, V1, V2) have at least second order contact at t = o, u = ug. Since
v1(to) = V1(uo) and v, (to) = V2(uo), we have u(to) = pi(uo). By the Frenet-Serret type formula,

d
a(% V1, v2) = (a(t)u(t), E(t)va(t) + m(O)u(t), —€(t)v1(t) + n(H)u(t)),
d . _ _ = S o NS
E(’)‘/, v1, V2) = (@(u)p(u), e(u)vz(u) + mu)p(u), —€u)vi(u) + nw)p(u)).
It follows that F(tp) = F(uo). Hence, the first assertion of Theorem 3.7 holds in the case of k = 1.

Suppose that the assumption is true up to the k-th order of contact. Let (y, v1, v») and (¥, V1, V2) have at
least (k + 1)-th order contact at t = to, u = ug. Then they have at least k-th order of contact, so

dk 2 k-2

— d d — d
I(to) = F(uo),  —F(to) = - F(uo), ..., P F(to) = =T (wo).

By the Frenet-Serret type formula, we have
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&)= (L e +£(50), .., 500
(50, o I; 22 F(O) va(0) + f5(FO, .. I; 22 () (o),
;tkkvl(t) (;tkk 11 o) Jva() + (;;:11 m(t) Ju(t) + (50, ..., = kk 22 F(O) )1 ()
+ (50, dizzfr"(t))vz(t)+g3(3"(t),.. dkkzz?(t))y(t),
;:kvz(t) (;tkk 11€(t))v1(t)+(:;< 11n(t))y(t)+h (5, ... 5;{ 223"(t)>v1(t)
+hao(F(0), ... - I; 22 F(O) )va(t) + h(F(O), ... - I; 22 () ()
for some smooth functions f;, g;, hi (i = 1, 2, 3). By the same calculations,
dd—l;?(u> ( ddkklla(u))uwnfl(?(u) ddk,: ST )7 w)
+h(Fw, ..., %?‘(u))ﬁi(u) +h(Fw, ..., %?(u))ﬁ(u),
L i = (S tw)7w + ()i + g (Fw, ., - Fw)mw
re(Tw, ..., %?(u))f/z(u) res(Tw, ..., %?(u))ﬂ(u),
L3t = (a0 )0 + (A i + h(Faw, ., )

+ho(Fw, ..., %?(u))%’(u) +hy(F@), ..., %f(u))ﬂ(u).

It follows that (d*~1/dtk-"1)F(tp) = (d¥1/du*"1)F(uo). By induction, we have the first assertion.

Conversely, suppose that Condition (7) holds. By the above calculations, we have (d!/d ti)(y, V1, V2)(to) =
(d'/dud)(y, Vi, V3)(upo) for i = 1,..., k. Therefore, (y,v1,v,) and (3, V1, V7) have at least (k + 1)-th order
contact at t = tg, u = ug, up to congruence as framed curves. ]

3.2 Projections to planes and Legendre curves

We quickly review Legendre curves; for more detail see [6]. The Legendre curves correspond to the case of
n = 2 for framed curves. We say that (y,v) : I — R? x S! is a Legendre curve if (y,v)*0 = Oforallt € I,
where 0 is a canonical contact 1-form on the unit tangent bundle T;R? = R? x S (cf. [1; 2]). This condition
is equivalent to (t) - v(t) = O for all ¢ € I. We say that y : I — R? is a frontal if there exists a smooth mapping
v : I — S such that (y, v) is a Legendre curve.

Let (y,v) : I - R? x S! be a Legendre curve. Then we have the Frenet formula of the frontal y as follows.
We put p(t) = J(v(t)), where J is the anti-clockwise rotation by 71/2 on R2. We call the pair {v(t), u(t)} a moving
frame along the frontal y(t) in R2. The Frenet formula of the frontal (or, the Legendre curve) is given by

(V(t)) B ( 0 €(t)) (v(t))
n)  \-e)o ut)’
where £(t) = V(t) - p(t). Moreover, there exists a smooth function S(t) such that

W) = BOu(E).

We call the pair (£(t), B(t)) the curvature of the Legendre curve (with respect to the parameter t).
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Let (y,v1,v2) : I — R x A; be a framed curve with curvature (¢, m, n, a). For a fix point to € I, we
consider three orthogonal projections from R? along the direction v1(tg), v2(to) and p(to).

First, we consider the projection of y along the v¢(to) direction given by y,, : I — R? with P, (B) =
(p(8) - va(to), Y(b) - p(to)). Then }'/vl(t) = a(t)(u(t) - va(to), u(t) - u(to)). There is a subinterval I; of I around ¢ty
such that (u(t) - va(to))? + (u(t) - p(to))? # O for all t € I;. We define a smooth map vy, : I; — S* by

Vur () = = (D) - Blto), —() - Va (o).
V() - v2(t0))? + (u(E) - p(to))?

Then (yy,, v,) : I1 — R? x S! is a Legendre curve. Since i, : I; — S*is

M, () =J(v, (1) = ! (M(8) - va(to), u(t) - p(to)),

V() - v2(£0))? + (u(E) - p(to))?

the curvature of the Legendre curve (y,,, vy,) is given by

1
(u(t) - v2(60))? + (u(D) - p(to))?

£, (t) = (MO0 - va(to)) @) - p(to)) - Va(0) - B(to)) (u(0) - V2 (to)))

+n(t)((va(t) - va(to))(u(t) - u(to)) — (va(t) - p(to))(u(t) - Vz(fo)))>

and

Buy(8) = a0\ (D) - va(to))? + (u(t) - p1(to))?-

Note that ¢,,(to) = n(to) and By, (tp) = a(to). The projection of y along the v,(to) direction is similar to the
case of the v(tg) direction.

Next, we consider the projection of y along u(to), given by y,, : I — R? with Yu(t) = (p(t) - vi(to), P(t) -
va(to)). Then }'/y(t) = a(t)(u(t) - vi(to), u(t) - va(to)). In this case, y, is not always a frontal, that is, there does
not exists a smooth mappingv, : I — S ! such that Yus V) : I — R2xS! isa Legendre curve, see Example 4.2.
However, if y, is not infinitely flat around to, namely, if either y(¢) - v1(to) or p(t) - v2(to) does not belong to
mS°, then y, is a frontal (cf. [6]).

In general, let ty € I and fix a positive orthonormal basis {v1, v, v3} on R3, with (v1,v;) € A, and
V3 = V1 X vy, such that v3 # +u(to). Then we consider the orthogonal projection along vs to the (v1, v3)-
plane. We denote p, : I — R? given by Po(t) = (p(t) - v1, Y(t) - v2). Then p, (t) = a()(u(t) - v1, p(t) - v2). By the
assumption, there is a subinterval I of I around t, such that (u(t)-vi, pu(t)-vy) # (0,0) forall t € 1. We define
asmoothmap v, : I — S by

Vy(t) = ! B(O) - V2, () - v1).
V() V1) + () - v2)?

Then (yy, vy) : T — R? x S! is a Legendre curve. Since u, : T — St is

1, (6) = Ty () = ! W) -vi, p(0) - v2),

V() - v1)? + (u(t) - v2)?

the curvature of the Legendre curve (yy, vy) is given by

1

2,(t) =
© p@®) - v1)?2 + (u(t) - vp)?

(m(t)((vl(t) V(U - v2) = (vi(6) - v2) (D) - v1))

+n(O(V2(0) - V@O - v2) = (a(6) - V) (D) - V1))

and

Bu(6) = alh)\(H(D) - v1)? + (u(D) - v2)2.

Remark 3.8. If we take a positive orthonormal basis {v1, v2, v3} on R® such that v3 € S? \ {+pu(I)}, then we
may consider I = I. In this case, the Legendre curve (yv, vv) can be defined globally.
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3.3 Framed immersions

Let I and T be intervals. A smooth function s : T — I is a (positive) change of parameter when s is surjective
and has a positive derivative at every point. It follows that s is a diffeomorphism.

Let (y,v1,v2) : I — R x Ay and (J,V1,72) : I — R3 x A be framed curves whose curvatures are
(¢, m, n, ) and (¢, m, 71, @) respectively. Suppose (y, v1, v2) and (¥, V1, V) are parametrically equivalent via
the change of parameter s : I — I. Thus F(), v1(8), Va(t)) = (Y(s(D)), vi(s(D)), va(s(t))) for all ¢ € I. By
differentiation, we have

e(t) = e(s(t)s(t),  m(t) = m(s(t)s(t), T(t) = n(s()3(b), at) = a(s()3(6).

Hence the curvature is dependent on the parametrization. Note that (y, v1, v;) is a framed immersion if and
only if (€(t), m(t), n(t), a(t)) # (0, 0,0, 0) for all ¢t € I. Moreover, for an adapted frame, we may assume that
¢(ty=0forallt el

In general, we cannot consider the arc-length parameter of the framed base curve y, since y may have
singularities. However, if (y, v1, v») is an immersion, we introduce the arc-length parameter for the framed
immersion (y, v1, v2). The speed s(t) of the framed immersion at the parameter ¢ is defined to be the length
of the tangent vector at t, namely,

s(8) = [((8), v1(8), V2 (6))] = \/}'/(l‘) YO + V1(8) - V1 (8) + V2 (8) - V2 (8).

Given scalars a, b € I, we define the arc-length from ¢ = a to t = b to be the integral of the speed,

b
L(y,v) = Js(t) dt.

By the same method for the are-length parameter of a regular curve, one can prove the following (cf. [5; 7; 8]).

Proposition 3.9. Let (y, v1, v2) be a framed immersion, and let ty € I. Then (y, v1, v2) is parametrically equiv-
alent to a unit speed curve (y, V1, V) : T — R3 x A, under a change of parameter t : T — I with t(0) = t, and
with t'(s) > 0.

We call the parameter s in Proposition 3.9 the arc-length parameter for the framed immersion. Let s be the
are-length parameter for (y, v1, v,). By definition, we have y/(s) - y/(s) + v/ (s) - V| (s) + V5(s) - V(s) = 1, where
! is the derivation with respect to s. It follows that 2£(s)? + m(s)? + n(s)? + a(s)? = 1.

If we consider the framed immersion with an adapted frame, then £(s) = 0 for all s € I. It follows that we
have m(s)? + n(s)? + a(s)? = 1.

4 Examples

Example 4.1. Let ny, ny, n3, ky and k, be natural numbers with n, = ny +k; and n3 = ny + k. Let (y, v1, v2) :
R — R3 x A; be defined by

Yo = (—-tm, g, =),

ny n; ns3
1 k
Vl(t)= (_t 1’1’ 0)’
V1 + 2k
1
Vz(t) — (—tk1+k2, —t2k1+k2, 1 + tzkl).

\/(1 + t2k1)(1 + 2k 4 t2k1+2k2)

We see that (y, v1, v,) is a framed curve, and a framed immersion when n; = 1 or k; = 1. We say that yis of

type (n1, nz, n3). By definition, p : R — S? is given by
1

1/1 + tzkl + t2k1+2k2

u(t) = 1, ¢4, i)
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and the components of the curvature are
kl tzkl +ky—1

o(t) = ,
(1 + tZkl)‘/l + l’2k1 + t2k1+2k2
—kyth1
m(t) = L :
\/(1 + 2k (1 + 2k 4 (2hav2kr)
n(t) = —tk1+k2_1(k1 +ko + kthkl)

(1 + t2k1 + t2k1+2k2)\/1 + t2k1 ’
a(t) = "IV + 2k 4 g2havke,

(t,0,e7 M) ift>o0,
Example 4.2. Lety: R — R> be the smooth mapping () = 1 (0, 0, 0) ift=0

(t,e¥/?,0) ift<o0.
The curve y is regular but does not satisfy the linear independent condition at t = 0. However, y is a framed
base curve. We have the smooth mapping (vq, v2) : R — A, with

vi(t) = (1/ 2+f(t)2)(f(t),—l,—1) ift 0,
(1/+2)(0,-1,-1) ift=0

(14 +FOD@ +FO))(FO, 1+ 22, -1)  ift>0,
v2(6) = 1(1/v2)(0,1,-1) ift=0

(1@ + FOD@ + FOD))(-F©), 1, -1~ f1?) ift <o,
where f(t) = e~/ for ¢ # 0. It is easy to see that (y,v1, v2) is a framed curve. Since p : R — S? is given by
(11 +f®02)(1,0,f®) ift>o,
H(t) = vi(t) x v2(t) = 1 (1,0, 0) ift=0
(11 +F®02)(1,f0,0) ift<o,

the curvature of the framed curve is given by
fofm/@+foHV1+f02  ife>o,
et)=10 ift=0
—fOF O/ +FOHVL+f1)? ift <o,

{f(t)/\/(l FFOD@ +F(0?) it £0,
ift =

aw(1+ﬂo) 2+f(1)?) ift>o,
n(t) = ift=0

—f(t)/ (A+fODN2+f0?) ift<o,

1+ﬂ02iﬂ¢0,
1 ift=0

a(t) =

Note that consider the projection to u(0) = (1, 0, 0) direction. Then y,, : R — R? is given by
—(1/N2)(e M e 1) ift > 0,
Yu(t) = 1(0,0) ift=0
(1/V2)(~eV/E, e 1) ift<oO.

It follows that y;, : R — R? is not a frontal (cf. [6]).
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