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Abstract

In order to consider singular curves in the unit sphere, we consider Legendre curves
in the unit spherical bundle over the unit sphere. By using a moving frame, we define
the curvature of Legendre curves in the unit spherical bundle. As applications, we give a
relationship among Legendre curves in the unit spherical bundle, Legendre curves in the
unit tangent bundle and framed curves in the Euclidean space, respectively. Moreover,
we define not only an evolute of a front, but also an evolute of a frontal in the unit sphere
under certain conditions. Since the evolute of a front is also a front, we can take evolute
again. On the other hand, the evolute of a frontal if exists, is also a frontal. We give an
existence and uniqueness conditions of the evolute of a frontal.

1 Introduction

For regular curves in the unit sphere, the Frenet Serret formula and the geodesic curvature
are important to investigate geometric properties of the regular curves. On the other hand,
for singular curves in the unit sphere, we can not construct the Frenet Serret formula and the
geodesic curvature at singular points of the curve. For singular curves, V. I. Arnold established
the spherical geometry by using Legendre singularity theory [2]. Tt studied fronts in the unit
sphere and gave properties of fronts. Some results in this paper have already considered in
2, 16, 17, 20, 21]. However, we clarify the notations and calculations by using the curvature of
Legendre curves in the unit spherical bundle over the unit sphere. By using the curvature of
the Legendre curves, we give existence and uniqueness theorems of Legendre curves in the unit
spherical bundle in §2. We also give relationships among Legendre curves in the unit spherical
bundle, Legendre curves in the unit tangent bundle and framed curves in the Euclidean space,
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respectively in §3. Moreover, we define not only an evolute of a front in §4, but also an evolute
of a frontal in the unit sphere under certain conditions in §5. Since the evolute of a front is
also a front, we can take evolute again. We give k-th evolute of the front and its curvature
inductively. On the other hand, the evolute of a frontal if exists, is also a frontal. We give an
existence and uniqueness conditions of the evolute of a frontal. It is a quit different property
between the evolute of a frontal in the sphere and in the Euclidean plane (cf. [8]). We also give
examples of evolutes of a front and a frontal in §6.

All maps and manifolds considered here are differentiable of class C*°.
Acknowledgement. I would like to thank the referee for helpful comments to improve the
original manuscript.

2 Legendre curves in the unit spherical bundle

Let R? be the 3-dimensional Euclidean space. The inner product on R3? is given by a - b =
ai1by + asby + asbs and the vector product of @ and b on R? is given by

€] €y €3
axb= ay az as |,
bi by bs

where e, ey, e3 is the canonical basis on R, a = (ay,as,a3) and b = (b, by, b3). We denote the
unit sphere S? = {x € R¥|z - = = 1}.

Let v : I — 5% be a regular curve. We define the unit tangent vector (t) = ~(¢)/|%(t)|
and the unit normal vector n(t) = v(t) x §(t)/|¥(t)|, where |¥(t)] = \/A(t) - ¥(t) and A(t) =
(dry/dt)(t). Then {~v(t),t(t),n(t)} is a moving frame along ~y(¢) and the Frenet Serret formula
is given by

7(t) 0 7(2)] 0 (1)
i) | =1 —1i@) 0 78] () ) |,
n(t) 0 =1 (®)lrg(t) 0 n(t)

where the geodesic curvature x, is given by

t(t) - n(t) _ det(y(t),¥(t), 5(1))
()] ()

The evolute Ev(vy) : I — 52 of a regular curve vy : I — S? is given by

Kg(t) =

Bo) () =+ e L ), 1)

K2(t) +1 K2(t) +1

By definition, we can not construct the Frenet Serret formula at singular points of v : I —
S2. In this paper, we would like to consider singular curves in the unit sphere.
We denote A = {(a,b) € 5> x S? | a-b = 0} and is a 3-dimensional manifold .

Definition 2.1 We say that (y,v) : I — A C S* x S? is a Legendre curve (or, spherical
Legendre curve) if 4(t) - v(t) = 0 for all t € I. We call v a frontal and v a dual of ~y. Moreover,
if (7, v) is an immersion, we call v a front.



We consider the canonical contact structure on the unit spherical bundle 775? = S? x S?
over S2. If (v, v) is a Legendre curve, then (v, v) is an integral curve with respect to the contact
structure (cf. [2]).

We define p(t) = v(¢) X v(t). Then wp(t) € S?, v(t) - p(t) = 0 and v(t) - u(t) = 0. It follows
that {y(t),v(t), u(t)} is a moving frame along the frontal v(¢). By the standard arguments, we
have the Frenet Serret type formula as follows:

Proposition 2.2 Let (y,v): I — A be a Legendre curve. Then we have

A(t) 0 0 m(t) v(t)
v(t) | = 0 0 n(t) v(t) |,
() ) ) 0 ) \ ()

where m(t) = 4(t) - p(t) and n(t) = v(t) - p(t).

We say that the pair of the functions (m,n) is the curvature of the Legendre curve (v,v) : [ —
A C 5% x S2
Note that ¢, is a singular point of 7 (respectively, v) if and only if m(ty) = 0 (respectively,

Remark 2.3 If (y,v): I — A C §% x S? is a Legendre curve with the curvature (m,n), then
(v, —v) is a Legendre curve with the curvature (—m,n). Also (—v,v) is a Legendre curve with
the curvature (m, —n). Moreover, (v, ) is a Legendre curve with the curvature (—n, —m).

Definition 2.4 Let (y,v), (7,7) : I — A C 5% x5? be Legendre curves. We say that (v, v) and
(7,v) are congruent as Legendre curves if there exists a special orthogonal matrix A € SO(3)
such that

forallt e l.

Then we have the following existence and uniqueness theorems in terms of the curvature of
the Legendre curve.

Theorem 2.5 (The Existence Theorem) Let (m,n) : I — R xR be a smooth mapping. There
exists a Legendre curve (v,v) : I — A C 5% x S? whose associated curvature is (m,n).

Theorem 2.6 (The Uniqueness Theorem) Let (v,v) and (V,7) : [ — A C S? x S? be Legendre
curves whose curvatures (m,n) and (m,n) coincide. Then (v,v) and (V,V) are congruent as
Legendre curves.

By using the theorems of the existence and uniqueness of the solution of a system of linear
ordinary differential equations, these proofs are similar to the cases of regular space curves
([11]), Legendre curves in the unit tangent bundle ([6]) and framed curves ([12]), we omit it.

Example 2.7 Let v : I — S? be a regular curve. We consider a Legendre immersion (y,n) :
I - A C S? x S2. Then the relationship between the geodesic curvature , of v and the
curvature (m,n) of (y,m) is given by ry(t) = n(t)/|m(t)|.



Example 2.8 Let n,m and k be natural numbers with m = k + n. We give a mapping
(v,v) : R — A C S?x S? by

y Uy y V
v V1 t2n t2m \/TL2 m2t2k k2t2m

Then (7, v) is a Legendre curve. By definition, we have

(kt™, —mt* n).

1
w(t) = (nt™ + mt™* —n 4 kt*™, —mtt — k™)
\/(1 + 121 4 $2m) (n2 4+ m2t2k 4 f2¢2m)

and the curvature

=t n? + m2e%k 4 g2
mit) = 14 20 + t2m

_ knmtt 1 20 4 2

, n(t) =
) n2+m2t2k+k2t2m

Let v : (I,ty9) — S? be a smooth curve germ and denote (t) = (x(t),y(t), 2(t)). It can be
shown that, if either z(t),y(t) or z(t) does not belong to m$°, then 7 is a frontal. Here mS® is
the ideal of infinitely flat function germs (cf. [9]).

Without loss of generality, we suppose that x(t) does not belong to m$® such that

order z(t) < order y(t) < order z(t).

Assume that x(ty) > 0. By the assumptions and (t) € S?, there exist smooth function germs
a(t),b(t), c(t) around ty such that y(t) = a(t)z(t), 2(t) = b(t)x(t) and b(t) = c(t)a(t). It follows
that v is given by

(1,a(t),b(t)).

v(t)

- V14 a2(t) +02(t)

If we take {

Via(t)e(t) = b(t)? + 2(t) + 1
then (v,v) is a Legendre curve.

On the other hand, constant maps in S? are also frontal, which do not satisfy the above
sufficient condition. In particular an analytic curve germ is always frontal, because if it is
infinitely flat, then it is constant.

v(t) = (a(t)e(t) = b(t), —c(t), 1),

Let I and I be intervals. A smooth function u : I — I is a (positive) change of param-
eter when u is surjective and has a positive derivative at every point. It follows that u is a
diffeomorphism.

Let (,v): 1 — A and (3,7) : I — A be Legendre curves whose curvatures are (m, n) and
(m, n) respectively. Suppose that (v, v) and (7, 7) are parametrically equivalent via the change
of parameter ¢ : I — I, that is, (F(u), 7(u)) = (v(t(w)), v(t(w))) for all u € I. By differentiation,
we have

m(u) = m(t(w))t(u), n(u) = n(t(u))t(w). (2)

Hence the curvature is dependent of the parametrization.



Let (v,v) : I = A C 5% x S? be a Legendre curve with the curvature (m,n). We define a
parallel curve 7y : I — S? by

vo(t) = cos 0v(t) + sin Qv (t),

where 6 € [0,27). Then ~y is a frontal. More precisely, we have the following. We denote
vg: I — S? by vp(t) = —sin0y(t) + cos Ov(t).

Proposition 2.9 Under the above notations, (vg,vp) : I — A C S? x S? is a Legendre curve
with the curvature

(m(t) cos @ + n(t)sinf, —m(t) sind + n(t) cosf). (3)

Proof. By definition, 7y(t) - vp(t) = 0. Since Fy(t) = (m(t) cos O + n(t)sin @) (t), then () -
vp(t) = 0. It follows that (g, 1) is a Legendre curve. Moreover, we have puy(t) = vo(t) X vp(t) =
p(t) and 2y(t) = (—m(t)sind + n(t) cos @) u(t). The curvature of the Legendre curve is given
by (m(t) cos @ + n(t) sin @, —m(t) sin 6 + n(t) cos h). O

We say that (g, vs) is a parallel Legendre curve of the Legendre curve (v,v). Note that if
(v,v) is a Legendre immersion, then (7y, v4) is also a Legendre immersion.

3 Relationships among spherical Legendre curves, Leg-
endre curves and framed curves

First, we give a relationship between spherical Legendre curves and Legendre curves in the unit
tangent bundle over R2.

We review on the Legendre curves in the unit tangent bundle over R?, for more detail see
[6]. We say that (y,v) : I — R? x S is a Legendre curve if (y(t),v(t))*0 = 0 for all t € I,
where 6 is a canonical contact 1-form on the unit tangent bundle TyR? = R? x S (cf. [1, 2]).
This condition is equivalent to 4(t) - v(t) = 0 for all t € I. We say that v : I — R? is a frontal
if there exists a smooth mapping v : I — S* such that (v, v) is a Legendre curve.

Let (y,v) : I — R? x S! be a Legendre curve. Then we have the Frenet formula of the
frontal 7 as follows. We put u(t) = J(v(t)), where J is the anti-clockwise rotation by 7/2 on
R?. We call the pair {v(t), u(t)} a moving frame along the frontal y(t) in R? and the Frenet
formula of the frontal (or, the Legendre curve) which is given by

i )= (it 0 ) ().

where £(t) = ©(t) - pu(t). Moreover, there exists a smooth function 5(t) such that

We say that the pair of functions (¢, 8) is the curvature of the Legendre curve (y,v) : I —
R? x St

Now we consider the central and the canonical projections to give relationships between
Legendre curves in 715? and TiR?. We denote a hemisphere ST = {(z,y, 2) € S?|z > 0}.



We consider the central projection ® : St — R? by
Ty

O(x,y,2) = (—, —) .
(r.y.2) = (5,2

The central projection is useful to analyze the pedal curves (cf. [14, 15]).

Proposition 3.1 Let (y,v) : I — A C S?xS? be a spherical Legendre curve with the curvature
(m,n) and v(I) C St. We denote y(t) = (x(t),y(t), 2(t)) and v(t) = (a(t),b(t),c(t)). Then
5y = ® o~ is a frontal in R%. More preciously, (7,7) : I — R? x S is a Legendre curve, where

0 = (S 48+ 710 = s a0, 00)

with the curvature

) m20 + (@b — )
Oewrem T T spvenrg

Proof. Since (7, v) is a spherical Legendre curve, we have
z(t)a(t) + y(t)b(t) + z(t)e(t) = 0, z(t)a(t) + y(t)b(t) + 2(t)c(t) = 0.
It follows that z(t)a(t) + y(t)b(t) + z(t)é(t) = 0. By definition, we have
p(t) = y(t) x v(t) = (y(t)e(t) — 2(£)b(t), 2(H)a(t) — z(t)e(t), z(H)b(t) — y(t)a(t)).
By a direct calculation, we have

—2(1)b(t) + y(t)a(t)

m(t) = () p(t) = o0 7
n(t) = u<t>-u<t>—“’L“)b(g(ga(t)b(t)

By the assumption ~y(¢ ) € ST, we have c(t ) # +1 and hence a?(t) + b*(t) # 0. Tt follows that
vl — SYo(t) = (a(t),b(t)) /\/a2 + b2(t) is a smooth mapping. Moreover, we have

Lo (E@2() —x(®)2() y()=(t) — y(t)(t)
o) = (g )
and 5(t) - D(t) = 0. Therefore (7,7) : I — R2 x S' is a Legendre curve.
By definition, we have p(t) = J(v(t)) = (—b(t), a(t))/+/a?(t) + b%(t) and the curvature
o a®b) —abt) )zt
O = V0RO e @ - R
_ (=2(0)b(t) + y(t)a(t))2(t) + (z(D)b(t) — y(t)a(t))2(t)
22(t)\/a?(t) + 0*(t)
m(t)z*(t) + (z(Db(t) — y(t)a(t))2(t)
22(t)\/a?(t) + 0*(t)

O

Also, we consider the canonical projection 7 : ST — D? C R? by 7(x,y,2) = (z,y), where
D? ={(z,y) € R*z* +y* < 1}.



Proposition 3.2 Let (v,v): I — A C S?xS? be a spherical Legendre curve with the curvature
(m,n) and y(I) C ST. We denote y(t) = (z(t),y(t), z(t)) and v(t) = (a(t),b(t),c(t)). Then
5 = moxy is a frontal in D* C R2. More preciously, (7,7) : I — D* x S is a Legendre curve,
where

Proof. 1If z(t)a(t) — z(t)c(t) = 0 and z(t)b(t) — y(t)c( ) = 0, then a(t) = x(t)c(t)/2(t) and
b(t) = y(t)c(t)/z(t). Since v(t) € S?, we have c*(t) = z2(t) and hence c(t) = j: (t). Tt follows
that a(t) = £x(t) and b(t) = +y(t). It is contradict the fact that y(¢) - v(¢t) = 0. Hence v is a
smooth mapping. By @(t)a(t) + y(t)b(t) + 2(t)c(t) = 0 and @(t)z(t) + y(t)y(t) —i— Z(t)z(t) = 0,
we have J(t) - v(t) = 0. Therefore (V,7) : I — D? x S' is a Legendre curve. By a similar
calculation as in Proposition 3.1, we have the curvature (¢, ) of the Legendre curve (7,v). O

Remark 3.3 As a projection from the sphere to the plane, how about the stereographic pro-
jection. The properties of the stereographic projection see [11, 18, 19], for example. Does it
hold the similar results of Propositions 3.1 and 3.2 or not?

Conversely, for a Legendre curve in the unit tangent bundle, we have a spherical Legendre
curve as follows.

Proposition 3.4 Let (7,7) : [ — R? x St be a Legendre curve with the curvature (¢,3). We
denote F(t) = (x(t),y(t)) and v(t) = (a(t),b(t)). Then v = ®~L o7 is a frontal in ST. More
preciously, (v,v): I — A C ST x 5% is a spherical Legendre curve, where

(z(t),y(t), 1) u(t) = (a(t), b(t), —(z(t)a(t) + y(£)b(t)))

0= A wm VI G0att) + M)

with the curvature

Bt) + (z()y(t) — & (t)y(t))(x(t)a(t) + y(t)b(t))
(1+22(t) +52() /1 + (z(t)a(t) + y(£)b(t))?

() = 0(t)\/1 + 22(t) + y2(t)
’ L+ (z(t)a(t) +y(t)b(t))*

Proof. Since (3,7) : I — R? x S! is a Legendre curve, we have z(t)a(t) + y(t)b(t) = 0. By
definition, we have p(t) = J(v(t)) = (—=b(t),a(t)). It follows that

() = —a(t)b(t) + a(t)b(t), B(t) = —E(D)b(t) + §(t)a(?).
By a direct calculation, we have

1 2 . .
g (U V)0 - 2y,

Y
(L +2%(0))g(t) — 2@ (t)y(1)), — (=)@ (t) +y(t)y(1))).

7

m(t) =

() =



Then ~(¢) - v(t) = 0 and 4(t) - v(t) = 0 for all ¢t € I. Therefore (y,v): [ - A C ST x S?is a
spherical Legendre curve. By definition, we have

p(t) = (t) xv(t)

5
—_
+
8
N
—~
~
~—
+
< ||~
[
—~
-
~—
~—
—~
—_
+
—~
8
—~
~
~—
=~
—~
<+
~—
-
<
—~
-
~—
S
—~
~
~—
~—
\V)
~—

m(t) = A(t)- plt) = =

' )
(1+22(t) + y2 (1) /1 + (z(t)a(t) + y(t)b(t))?
. _ (a®)b(t) — a(t)b(t) /1 + 22(t) + y2(t)
M0 = 20 B = T G falt) + y0b()?

()1 +22(t) + (1)
L+ (z(t)alt) +y(1)b(1))*

Proposition 3.5 Let (7,7) : I — D? x S' be a Legendre curve with the curvature (¢,3). We
denote (t) = (z(t),y(t)) and v(t) = (a(t),b(t)). Then v = =1 o7 is a frontal in ST. More
preciously, (v,v): I — A C ST x 5% is a spherical Legendre curve, where

V1= (z(t)alt) +y(t)b(t))?
b(t) — y(t)(x(t)alt) — y(£)b(t)), —=(t)(x(t)a(t) + y(t)b(t)))
with the curvature
m(t) = Bt) + (@#)y(t) —z()y@))(z(t)alt) — y()b(?))
z(t) (t) +y(t)b(t))?

n(t) =

Here we put z(t) = /1 — 22(t) — y2(t).

Proof. Since J(t) - 7(t) < 1 and v(t) - v(t) = 1, we have z(t)a(t) + y(t)b(t) < 1 for all ¢t € I.
Therefore v : I — S? is a smooth mapping. By the same argument as in Proposition 3.4, we
have

((t) = —a@)b(t) + a(t)b(t), B(t) = —2(t)b(t) + y(t)a(t).

Since




and z%(t) + y2(t) + 2%(t) = 1, we have y(t) - v(t) = 0 and 4(t) - v(t) = 0 for all ¢ € I. Therefore
(v,v): I = A C ST x 5% is a spherical Legendre curve. By definition, we have

1
V1= (z(t)al(t) +y(6)b(t))

and the curvature (m, n) of the spherical Legendre curve (7, v). O

p(t) =

=(=2()b(t), z(t)a(t), (£)b(t) — y(t)a(t))

Second, we discuss relationships between framed curves in the Euclidean space and spherical
Legendre curves.

We review on the framed curves in the unit tangent bundle, for more detail see [12]. We
say that (y,v,19) : I — R x S% x 8% is a framed curve if
Y(t) - vi(t) = 0, () - va(t) = 0, va(t) - 12(t) =0

for all t € I. Then (vy,1,) € A.
Let (v, v1,12) : I = R? x A be a framed curve and denote u(t) = v1(t) X vo(t). The Frenet
Serret type formula is given by

v (1) 0 1) m() vi(t)
vt) | = -t 0 @) v(t) |,
(1) —m(t) —n(t) 0 p(1)

where ((t) = vy (t) - va(t), m(t) = v1(t) - p(t) and n(t) = v(t) - p(t). Moreover, there exists a
smooth mapping « : I — R such that

We say that the pair of the functions (¢,m,n,«) is the curvature of the framed curve
(v,v1,19) : T — R3 x A,

Let (v,v1,v5) : I — R3® x A be a framed curve with the curvature of the framed curve
(¢,m,n,«). For the normal plane of v(¢), spanned by v4(t) and v,(t), there is some ambient of

framed curves similarly to the case of the Bishop frame of a regular space curve (cf. [4]). We
define (71(t),72(t)) € A by

(5 )= (s i) ) (23,

where 6(t) is a smooth function. Then (v,7;,7) : I — R3 x A is also a framed curve and

a(t) = 7i(t) xva(t)
= (cosO(t)vi(t) —sinb(t)va(t)) x (sinO(t)v1(t) + cos O(t)vs(t))
= () x m(t) = pld).
By a direct calculation, we have
vi(t) = (6(1) = 6(t))sinf()ra(t) + (£(t) — 6(1)) cos B(t)va(t)
+(m(t) cosO(t) — n(t)sinO(t))u(t),

(
| ( )
va(t) = —(U(t) = 6(1)) cos B(t) (1) + (E(t) — 6(t)) sinO(t)wa(t)
+(m(t) sinO(t) + n(t) cos O(t)) w(t).

9



If we take a smooth function 6 : I — R which satisfies §(t) = £(t), then we call the frame
{71(t),2(t), u(t)} an adapted frame along the framed base curve ~y(t). It follows that the

Frenet Serret type formula is given by
(2) vi(t)
(t) va(t) |
—n(t) 0 p(t)

v1(t)
va(t) | =
fu(t)
where m(t) and 7i(t) are given by
m(t) \ [ cosf(t) —sinf(t) m(t)
n(t) )\ sinf(t) cos6(t) n(t) )
Proposition 3.6 Let (v,v1,10) : I — R3x A be a framed curve with the curvature (¢, m,n, a).

(1) Suppose that {v(t),va(t), u(t)} is an adapted frame of y(t). Then (¥1,72) : I — A C
S% x S? is a spherical Legendre curve with the curvature (m(t),n(t)).

(2) Let ~(t) be non-zero. We denote 7(t) = v(t)/|v(t)| and Y(t) = a(t)vi(t) + b(t)va(t) +
c(t)(t) with a®(t) + b*(t) + A(t) = 1. Suppose that a*(t) + b*(t) # 0. Then ¥(t) is a frontal in
S%. More preciously, (7,v) : I — A C S? x 8% is a spherical Legendre curve, where

~ oy ) x p(t)
) = =7
RIORITIG]

|
3 oo
=
o O
3| 3

with the curvature
() = _a(t)m(t) +b(t)n(t) + ct)
a(t) + b(t)
) = (a®(t) + b () (a(t)n(t) — b(tym(t) + c(t)C(t)) + (a(t)b(t) — a(t)b(t))e(t)
a2(t) + b2(t) '
Proof. (1) By definition, (71, 7) is a spherical Legendre curve with the curvature (m(t),n(t)).
(2) Since v(t) = (b(t)v1(t) — a(t)e(t))/+/a?(t) + b3(t), we have
- 1 2 2
() = s )l (0)+ MOl — (020) + )i

By using the Frenet Serret type formula, we have

F(t) = (alt) = b(e)e(t) — c(tym(t))va(t) + (b(t) + a(t)e(t) — e(t)n(t))ra(t)
+H(e(t) + at)m(t) + b(t)n () p(t),
1

50 = s T (000 + @) + PO — ey (0

(=)0 (8) + b(t) (@ () + V() (1) + b(t)a(t)b(t))wa(t)
+(@*(t) + (1) (—a(t)n(t) + b(t)m(t))u(t)>-
By a direct calculation, we have
- . a(t)ym(t) + o(t)n(t) + ¢(t)

(D) = ARl =~

() = v(t)- @) '
a’(t) + b*(¢))(a(t)n(t) — b(t)m(t) + c(t){(t)) + (a(t)b(t) — a(t)b(t))c(t)
a2(t) + b2(t) '
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Conversely, for a spherical Legendre curve, we have a framed curve as follows.

Proposition 3.7 Let (v,v): I — A C S?xS? be a spherical Legendre curve with the curvature
(m,n). Then (vy,v,v): I — S*x A CR3XA is a framed curve with the curvature (£, m,n, ) =
(0,m,n,m).

Proof. Since (v,v): I — A C S? x S? is a spherical Legendre curve, (v,v,v): I — S* x A C
R3 x A is a framed curve with the curvature (0,m,n,m). O

4 Evolutes of fronts in the sphere

In this section, we assume that (y,v) : I — A C S? x S? is a Legendre immersion. It follows
that (m(t),n(t)) # (0,0) for all t € I. We define an evolute of the front and give properties of
the evolute in the sphere. For the evolutes of curves in the Euclidean plane see [5, 7, 8, 10].

Definition 4.1 We define an evolute Ev(y) : I — S? of the front by
n(t) m(t)

Ev()(t) = + V() F v(t) (4)

m2(t) + n2(t) m2(t) + n?(t)

Remark 4.2 If (7, v) is a Legendre immersion with the curvature (m,n), then (v, —v) (respec-
tively, (—v,v)) is a Legendre immersion with the curvature (—m,n) (respectively, (m, —n)) by
Remark 2.3. It is easy to see that the evolute Ev(y) does not change. For the case (v,7), see
below Corollary 4.6.

Proposition 4.3 Let v : I — S? be a reqular curve. Then the evolute of the reqular curve and
the evolute of the front are coincide.

Proof. We consider a Legendre immersion (y,m) : [ — A C S? x S? with the curvature
(m,n), see Example 2.7. Since n(t) = v(t) and t(t) = —p(t), we have m(t) < 0. The geodesic
curvature of the regular curve is given by k,(t) = n(t)/|m(t)| = —n(t)/m(t). By the definition
of the evolute of the regular curve (1), we have

Bo(y)(t) = i“g—(ww)i;n(ﬂ
K2(t) + 1 k2(t) + 1
= e T e e O

Proposition 4.4 Suppose that (y,v) : [ — A C S? x S~2 and (7,7) : I — A C 52 x S2 are
parametrically equivalent via the change of parametert : I — I. Then Ev(Y)(u) = Ev(y)(t(u)).

Proof. We denote (m(t),n(t)) and (m(u),n(u)) the curvature of (v(t),v(t)) and ((u),v(u))
respectively. By the assumption, we have (y(u),v(u)) = ( (t(w)),v(t(u))). By using the
relationship between the curvature (2), we have Ev(7)(u) = Ev(y)(t(u)). O
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Proposition 4.5 Let 0 € [0,27) and (yg,v9) : I — A C S* x S? be a parallel Legendre
immersion of (v,v). Then the evolute of the parallel curve and the evolute of the front are
coincide.

Proof. By Proposition 2.9, (mgy(t),ng(t)) = (m (t)c s0 +n(t)sinf, —m(t) cos @ + n(t) cos ) is
the curvature of (s, 7). Then we have m3(t) + n3(t) = m?(t) + ( ). It follows that

U0 = O T )
- (_m“);i;f) 12(;()505 ) (cos 0 (t) + sin (1)
(m(®) :j(i)++n7it2)(:)in %) (_ sin (1) + cos ()
= () F () = E0)(0)

If we take 0 = 7/2, then (yg,v9) = (v,—7). By Proposition 4.5 and Remark 4.2, we have
the following Corollary.

Corollary 4.6 For a Legendre immersion (vy,v) : I — A C S* x S?, (v,7) is also a Legendre
immersion. Then the evolute of the front and the evolute of the dual curve are coincide, that

is, Ev(7)(t) = Ev(v)(t).
We define a family of functions H : I x S* — R by
H(t,v) = p(t) - v.

Proposition 4.7 Let (y,v) : [ — A C S? x S? be a Legendre immersion with the curvature
(m,n). We have the following.
(1) H(t,v) =0 if and only if v = ay(t) + bv(t) for some a,b € R with a® + b* = 1.

_OH( N o n(t) m(t)
(2) H(t,v) = 5/ (t,v) =0 if and only if v = £ m2(t)+n2(t)7<t> ¥ mQ(t)+n2(t)y(t).

Proof. (1) Since {7(t),v(t), u(t)} is an orthogonal base on R?, we have u(t)-v = 0 if and only
if there exist real numbers a,b € R such that v = ay(t) + bv(t) € S2

(2) Since (d/dt)H(t,v) = (—m(t)y(t) —n(t)v(t))-v, we have a®+b* = 1 and am(t)+bn(t) =
0. It follows that

n(t) m(t)
a==+ , b=F .
m2(t) + n2(t) m2(t) + n?(t)
By a direct calculation, the converse holds. O

We can show that H is a Morse family, in the sense of Legendrian singularity theory (cf.
1, 3, 13, 22]), namely, (H,0H/0t) : I x S* — R x R is a submersion at (¢,v) € D(H), where

D(H) = {(t,v) | H(t,v) = (OH/t)(t,v) = 0}.

It follows that the evolute of the front Ev(7y) is a (wave) front of a Legendre immersion and is
given by the envelope of the parallel of the front. In fact, we have the following.
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Proposition 4.8 Let (y,v) : [ — A C S? x 8% be a Legendre immersion with the curvature
(m,n). Then Ev(y) is a front. More precisely, (Ev(y),p) : I — A C S? x S% is a Legendre
immerston with the curvature

me(t) = OO = mORE) o 4w T e,

m2(t) +n?(t)

Proof. Here we denote (ve,, Vey) = (Ev(7), p). By definition of the evolute of the front Ev(t),
Yeu(t) - veyp(t) = 0 for all t € I. Moreover, since

) =2 L () KAy (S —
'7511(75) - :l:dt < mQ(t) + nQ(t)) W(t) ™ dt < m2<t) + nQ(t)) <t>,

we have e, (t) - ve,(t) = 0 for all t € I. Hence (Veo,ve,) : I — A C S? x S? is a Legendre
curve. By a direct calculation, we have vg,(t) = fu(t) = —m(t)y(t) — n(t)v(t) and

mi(t) ()
ORI L0

Beo(t) = Yeu(t) X veu(t) = F v(t).

Then the curvature is given by

m&‘v(t) = 7&)(25) 'l’Lgv(t)

neo(t) = Veu(t) - e, (t)

m2(t) (%)
= + + 2 7
\/m2 (t) +n2(t) \/7n2 (t) + n2(t) (t) +n2(t)

It follows from ng,(t) # 0 for all ¢t € I that (ye,, ve,) is a Legendre immersion. O

Remark 4.9 The evolute of v and of v are coincide by Corollary 4.6. It follows that the evolute
of p is given by the second evolute of ~y, see Theorem 4.11 below, that is, Ev(p) = Ev(Ev(y))
by Proposition 4.8

We denote a plane by P(v,a) = {x € R3|x-v = a}, where v € S? is a constant vector and
a € R is a constant.

Proposition 4.10 Let (vy,v) : [ — A C S? x S? be a Legendre immersion with the curvature
(m,n). Then Ev(y) is constant if and only if there exist a vector v € S* and a,b € R with
a’ +b* =1 such that y(t) € P(v,a) N S? and v(t) € P(v,b) N S? for allt € I.

Proof. By Proposition 4.8 and Ev(7)(t) = 0, we have m(t)n(t) — m(t)n(t) = 0 and m2(t) +
n?(t) # 0 for all t € I. Then m and n are linearly dependent, that is, there exist a,b € R with
a® + b* = 1 such that am(t) + bn(t) = 0 for all ¢ € I. By the Frenet Serret formula, we have
a’y(t)+br(t) = 0 for all t € I. There exists a constant vector v € S? such that ay(t)+bv(t) = v.
Therefore, we have y(t) € P(v,a) N S? and v(t) € P(v,b) N S? for all ¢ € I.
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Conversely, if v(t) -v = a and v(t) - v = b for all t € I, then m(t)u(t) - v = 0 and
n(t)u(t) - v = 0. It follows that w(t) - v = 0. Since {y(t),v(t), u(t)} is an orthogonal basis
on R3 we can denote v = ay(t) + bv(t). By differentiate, we have am(t) + bn(t) = 0 and
am(t) + bn(t) = 0. Since a® + b* = 1, we have m(t)n(t) — m(t)n(t) = 0 for all t € I. Tt follows
that Ev(7) is constant. O

Let (v,v): I — A C 5% x 5% be a Legendre immersion with the curvature (m,n). We give
the form of the k-th evolute of the front, where £ is a natural number. We denote

gvo(’y}(t) - ’7(75)7 VO(t) - V(t)v “'O(t) = “’(t)v mo = m(t)v ng = n(t),
for convenience. We define
EV()(t) = Ev(EV T M)(E), wi(t) = gy (1), py, (1) = E*()(E) X vi(2),

g (B)ng 1 () — mg 1 (E)ng 1 (F)
N TN

inductively. Then we have the following theorem.

() = i (8) + nd_y (1),

Theorem 4.11 Let (y,v) : I — A C S? x S? be a Legendre immersion with the curvature
(m,n). Then Ev*(vy) is a front. More precisely, (Ev*(y), ) : I — A C 8% x S? is a Legendre
immersion with the curvature (my,ny), where

nk*l(w gvk—l(,}/) (t) T mkfl(t)
(8) + (1) Vmi () + (1)

Proof. By Proposition 4.8, the case of £ =1 holds.

Suppose that the case of k holds. We consider Ev(EvF(7)). By the assumption, (Ev*(7), vx)
is a Legendre immersion with the curvature (my, ny). By Proposition 4.8, the (k+1)-th evolute
of the front is given by

Vk_1<t).

EVE(y)(t) = +
Yo

Pkt — o o
Y - O M T O
Since
d oFH _ d ni(t) " () .
ZET () = ORI (7)(t) £ = OFETE e() p (t)
d mk(t) mk(t)
i \ T o0 ) O F e s O
- i () vk i mi(t) v
AW OO th)q:dt( mi(t>+ni(t)> b(1),

and vpy1(t) = pi(t) = EvF(7)(t) x vi(t), we have Ev¥(y)(t) - 11 (t) = 0 and c‘kaﬂ(’y)(t) .
ves1(t) = 0. It follows that (EvF*1(y),vp1) : T — A C S% x S% is a Legendre curve. By
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definition, we have p, () = Ev*(7)(t) X Vg4 (t) and

M) = SEFTO0) ()
. d ny () my(t) o (v
= (\/mk IR0 ) N O 5 (7)) - (wi(t) x gy (L))
d mk(t) nk(t) l/ ) ?}k
(\/mk ERTI0 ) ) k(1) - (EV7(7)(t) X gy, (t))
_ i (@)ne(t) — mu(t)(t)
mi(t) + ng () '
Moreover, since Uy 1(t) = fu,(t) = —mp(t)EV*(Y)(t) — np(t)va(t), we have

nep1(t) = Urpa(t) - pgyq(f)

_ mi(t) k (v (t) x
= + mZ(t)+n§(t)gv (M) - (v(t) x py (1))
ni(t)

" \/mza) 0

= mi(t) + ni(t).

ve(t) - (" (7)(8) x (1))

It follows from ny, 1 (t) # 0 for all ¢ € I that (Ev* (), vpy1) is also a Legendre immersion with
the curvature (mg41, ng+1). This completes the proof of Theorem. O

5 Evolutes of frontals in the sphere

Let (v,v) : I — A C 5% x S? be a Legendre curve with the curvature (m,n). We define an
evolute of the frontal as follows.

Definition 5.1 The evolute Ev(y) : I — S? of the frontal v is given by
Ev()(t) = £p(t)y(t) £ q(t)v(t),
if there exists a smooth mapping (p, q) : I — S* such that
m(t)p(t) +n(t)q(t) =0 (5)

for all ¢ € I. In this case, we say that the evolute Ev(y) exists.

Remark 5.2 If m(t) = n(t) = 0 for all t € I, that is, y(¢) and v(¢) are constant vectors in S?,
then for any smooth mapping (p,q) : I — S* satisfies the condition m(t)p(t) + n(t)q(t) = 0.
Then the evolute exists but does not unique.

The uniqueness condition is well-known as a topological condition.
Lemma 5.3 Suppose that there exists a continuous mapping (p,q) : I — S such that p(t) =

n(t)//m2(t) + n2(t) and q(t) = —m(t)//m2(t) +n2(t) on X = {t € I | m3(t) + n?(t) # 0}.

Then the mapping (p,q) is a unique if and only if X is a dense subset of I.
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Let (,v) : I — A C 5% x 5% be a Legendre curve with the curvature (m,n). In this section,
we assume that X = {t € I | m?(t)+n?(t) # 0} is a dense subset of I, that is, the set of regular
points of the Legendre curve (v, v) is a dense subset of I. This condition follows that if such
a smooth mapping (p,q) : I — S? exists, then the uniqueness condition is satisfied by Lemma
5.3. Note that if the singular points (v, ) are isolated, then the condition that X is a dense
subset of I is satisfied.

The existence condition of the evolute of a frontal is as follows. It is a quit different property
between the evolute of a frontal in the sphere and in the Euclidean plane (cf. [8]).

Proposition 5.4 Let (y,v): [ — A C S? x S? be a Legendre curve with the curvature (m,n).
If m(t) or n(t) does not belong to m$® around ty, then the evolute of the frontal Ev(y) exists
around tg.

Proof. Suppose that m(t) ¢ m$° around ty. There exists a smooth function A : (I,%)) — R
such that n(t) = A(t)m(t) around t,. We put

A(t) ) = — 1

plt) = ANt +1 A2 +1

Then the condition m(t)p(t)+n(t)q(t) = 0 holds around ¢y. Therefore the evolute of the frontal
Ev(y) exists around ;. By the similar arguments, we can prove the case of n(t) ¢ mj® around
to. O

Proposition 5.5 Let (y,v): [ — A C S? x S? be a Legendre curve with the curvature (m,n).
If the evolute Ev(v) of the frontal exists with (p,q) : I — S* satisfies (5), then the evolute Ev(y)
is also a frontal. More precisely, (Ev(y),pm) : I — A C S? x S? is a Legendre curve with the
curvature

mey(t) = p(t)a(t) — p(t)d(t), neo(t) = Fm(t)q(t) £ n(t)p(t).

Proof. By the Frenet Serret type formula (Proposition 2.2), we have

Ev()(t) = £p()y(t) £ p(t)7(t) £ ¢(t)v(t) £ q(t)v(t)
= Ep(t)y(t) £ qt)v(t) £ (m(t)p(t) + n(t)q(t))m(t)
= dp(t)y(t) & q(t)v(t).

(t). Then (Ev(y), p) is a Legendre curve. We denote pg,(t) =

By definition, p(t) = y(t) x v
) Fp(t)v(t). Thus, the curvature is given by

Ev(3)(1) x plt) = q(D)(t
mes(t) = Ev(x)(1) - pe(t) = (O)a(t) — p()i(D),
neo(t) = falt) - e, () = Fm(ba(t) £ n(t)p(t).

O

Remark 5.6 By Proposition 5.5, if ng,(t) = 0, then we have m(t) = n(t) = 0. Hence if the
set of regular points of the Legendre curve (v, ) is a dense subset of I, then the set of regular
points of (Ev(y), p) is also a dense subset of I. By Proposition 5.4, if mg,(t) or ng,(t) dose not
belong to m$°, then there exists unique the second evolute Ev?(7) of the Legendre curve (v, )
at least locally.
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6 Examples
We give examples of the evolutes of fronts and frontals.

Example 6.1 (Spherical nephroid) Let (v, v) : [0,27) — A C S? x S? be

3 1 3 1 3
y(t) = (—cost——coth,Zsint—Z—lsin?)t,%cost),

4 4
3 1 3 1 3
v(t) = (Z_l sint — Zsin3t,—1 cost — ZCOSBt’_g sint) :

Since

3 3 3 3 3
A(t) = <_Z sint + Z—Lsin3t, Zcost — 1008315, —% sint) ,

we have (t) - v(t) = 0 and §(t) - v(¢t) = 0. Hence (,v) : [0,27) = A C S? x S? is a Legendre
curve. By definition, we have

3 3 1
p(t) = (£ cos 2t, £ sin 2t, ——> ,

2 2 2

and the curvature (m(t),n(t)) = (v/3sint, v3cost). It follows that (v, v) is a Legendre immer-
sion. The evolute of the front is given by

n(t) m(t)

Ev =
(7)(¢) + m2(t) + n2(t )V(t) * m2(t) + n(t)

= Z£costy(t) Fsintv(t)

1
= =4 | = cos?2t, 1 sin 2t, ﬁ
2 2 2

and the curvature of (Ev(7), ) is (mey(t), ney(t)) = (1,4v/3) by Proposition 4.8. Then the
second evolute of the front is given by

Nney (lf) mey (t)
VM, () +ng,(t \/mgu ) +ng,(t)

Example 6.2 Let n, m and k be natural numbers with m = k+n. Consider a Legendre curve

(v,v) :R— A CS?x 5% by

Ev*(7)(t) = p(t) = £(0,0,1).

1 1
£) = 147 4™, u(t) =
’y( ) V1 +t2n+t2m< ) ( ) \/TL2 +m2t2k + k2¢2m

see Example 2.8. Then the curvature is given by

—t"/n? + m2Pk 4 k2 _ knmt* 1+ 20 4 2
14 127 4 2m ) == + m22k 4 f22m

kt™, —mt* n),
(kt™, :

m(t) =
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Note that (v, v) is a Legendre immersion when k =1orn=1. Weput 1 <n <k =n+r for
some natural number r. Then the evolute of the frontal is given by

Ev()(t) = £p(t)y(t) £ q(t)v(t),
where
(14 27 + £2™)2 knmt"
V(L + 820 4 12m)3 (knm) 220 + (n? + m2¢2k + k22m)3’
(n? + m2t2k 4 thQm)g
V(L + 20+ 2m)3(knm)2t2 + (n2 + m2e2k + f22m)3

qt) =

For example, when n =2, m =5,k = 3 and r = 1, then we have

1 1
t) = —————(1,1*,1°), v(t) =
) L8 D) = o

VI+ 4110

(3t°, —5t%,2)

and
30t(1 + t4 + ¢10)2

/3022 (1 + ¢4 + ¢10)3 (4 + 25(6 + 9¢10)3’
(4 + 2515 + 9¢10)2

/30221 + ¢4 + 119)3 (4 + 25¢6 4 9¢10)3

p(t) =

q(t) =

Then the evolute of the frontal is given by

_ i?>Ozf(1 + 1+ 1) (1,62, %) + (4 + 25t° + 9¢10)(3t° — 5¢°,2)
V/30262(1 + ¢4 + ¢10)3 4 (4 + 25¢5 + 9¢10)3 '

Ev(y)(t)

For a smooth curve v on S?, we say that ¢ is an ordinary rhamphoid cusp if §(t) = 0,5(t) #
0,73 (t) = 3)\5(t) for some A € R, and v®)(¢) is linearly independent of %(¢) and y™®(t) (cf.
[16, 17]). Therefore, this is an example that 0 is an ordinary rhamphoid cusp of 7, but 0 is not
of v (cf. Proposition 2 in [16] page 219).
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