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Abstract

In this paper, we introduce a one-parameter family of Legendre curves in the unit spherical bundle over the unit
sphere and the curvature. We give the existence and uniqueness theorems for one-parameter families of spherical
Legendre curves by using the curvatures. Then we define an envelope for the one-parameter family of Legendre
curves in the unit spherical bundle. We also consider the parallel curves and evolutes of one-parameter families
of Legendre curves in the unit spherical bundle and their envelopes. Moreover, we give relationships among
one-parameter families of Legendre curves in the unit spherical bundle over the unit sphere and one-parameter
families of Legendre curves in the unit tangent bundle over the Euclidean plane.

Keywords: Envelope, Spherical Legendre curve, Legendre curve, Singularity
2000 MSC: 58K05, 53A40, 57R45

1. Introduction

An envelope of a family of curves in the Euclidean plane is a curve that is tangent to each member of the
family at some point. If the curves are regular, then the tangent is well-defined (cf. [3, 4, 5, 6, 9]). On the other
hand, for singular plane curves, the classical definitions of envelopes are vague. In [11], the third author clarified
the definition of the envelope for a family of singular curves in the unit tangent bundle over the Euclidean plane.
This idea can be generalized to an envelope of a family of singular spherical curves. In [10], the third author
gave a definition of Legendre curves in the unit spherical bundle, and established a moving frame of spherical
Legendre curves. However, to the best of the authors knowledge, no literature exists regarding the envelope of
a family of singular curves in the unit sphere. In this paper, we use these approach and techniques to give the
definition and investigate properties of envelopes for families of Legendre curves in the unit spherical bundle
over the unit sphere. For basic results on the singularity theory see [1, 2, 4, 7, 8].

In section 2, we consider one-parameter families of Legendre curves in the unit spherical bundle and the
curvatures. We give the existence and uniqueness theorems for one-parameter families of Legendre curves by
using the curvatures. In section 3, we define an envelope of a one-parameter family of Legendre curves in the unit
spherical bundle. We obtained that the envelope is also a Legendre curve. The envelope of the dual is the dual
of the envelope of the one-parameter family of Legendre curves. We also give the definitions of parallel curves
and evolutes of one-parameter families of Legendre curves in the unit sphere bundle. We found that the parallel
curves and evolutes are also one-parameter families of Legendre curves in the unit sphere bundle, the evolutes
if exists. Then we consider the envelopes of the parallel curves and evolutes. The envelope of parallel curves of
a one-parameter family of Legendre curves is equal to the parallel curve of the envelope of the one-parameter
family of Legendre curves. Under a condition, the envelope of the evolute of a one-parameter family of Legendre
curves is equal to the evolute of the envelope of the one-parameter family of Legendre curves. In section 4, we
give relationships among one-parameter families of Legendre curves in the unit spherical bundle over the unit
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sphere and one-parameter families of Legendre curves in the unit tangent bundle over the Euclidean plane. In
the last section 5, we give two examples and some pictures to illustrate our results.

All maps and manifolds considered here are differential of class C°°.

2. Legendre curves in the unit spherical bundle over the unit sphere

We first recall some definitions and theorems of Legendre curves in the unit spherical bundle over the unit
sphere. For more detailed descriptions see [10].

Let R? be the 3-dimensional Euclidean space equipped with the inner product a - b = a1b; + agbs + asbs,
where a = (a1, az,a3) and b = (by,bg, b3) € R3. The vector product is given by

€1 €2 €3
axb=|a as az |,
by by b3

where e, €2, ez are the canonical basis on R3. Let S? = {(z,y,2) € R | 2% + y? 4+ 22 = 1} be the unit sphere.
We denote the set {(a,b) € S? x S? | a-b =0} by A (cf. [10]). Then A is a 3-dimensional smooth manifold.

We say that (v,v): I — A C 5% x S? is a Legendre curve (or, spherical Legendre curve) if 4(¢) - v(t) = 0 for
all t € I, that is, (7, v) is an integrable curve with respect to the canonical contact 1-form on A. We call v a
frontal and v a dual of . Moreover, if (v, v) is a Legendre immersion, we call v a front.

We define pu(t) = v(t) x v(t). By definition, u(t) € S, y(t) - u(t) = 0 and v(t) - u(t) =0 for all t € I. Tt
follows that {v(t),v(t), u(t)} is a moving frame along the frontal ().

Let (v,v) : I — A be a Legendre curve. We have the Frenet type formula.

(1) 0 0 mf(t) (1)
v(t) | = 0 0 n(t) vit) |,
fi(t) —m@) -ty 00 )\ w)

where m(t) = 4(t) - u(t) and n(t) = () - p(t).
We say that the pair of the functions (m,n) is the curvature of the Legendre curve (y,v) : I — A.

Definition 2.1. Let (v,v),(¥,7) : I — A be Legendre curves. We say that (v,v) and (3,7) are congruent as

Legendre curves if there exists a special orthogonal matriz A € SO(3) such that ¥(t) = A(v(t)), v(t) = A(v(t))
foralltel.

Then we have the following existence and uniqueness theorems in terms of the curvature of the Legendre
curve [10].

Theorem 2.2 (The Existence Theorem of spherical Legendre curves). Let (m,n) : I — R X R be a smooth
mapping. There exists a Legendre curve (y,v) : I — A, whose associated curvature is (m,n).

Theorem 2.3 (The Uniqueness Theorem of spherical Legendre curves). Let (y,v) and (F,7) : I — A
be Legendre curves whose curvatures (m,n) and (m,n), respectively. Then (v,v) and (3,V) are congruent
as Legendre curves if and only if (m,n) and (m,n) coincides.

We consider one-parameter families of Legendre curves in the unit spherical bundle A C §? x S2. Let I and
A be intervals of R.

Definition 2.4. Let (v,v): I X A = A be a smooth mapping. We say that (v,v) is a one-parameter family of
spherical Legendre curves if v:(t,\) - v(t,A) =0 for all (¢t,\) € I x A.

By definition, (y(-,A\),v(-,A)) : I — A is a Legendre curve for each fixed parameter \ € A.
We define p(t, \) = v(t, A) xv(t, A). Then {y(¢, A),v(t, A), u(t, A)} is a moving frame along the frontal (¢, \)
on S%. We have the Frenet type formula.

v(t,A) | = 0 0 n(t,\) v(t, A
pe(t, A) —m(t,A\) —n(t,\) 0 p(t, A



V)\(tv)‘) = _L(tvk) 0 N(taA) V(ta)‘) ’
120 (ta A) 7M(t7 >‘) 7N(t7 >‘) 0 u’(ta )‘)

where

0 0 m(tN) 0 L(t,))  M(t\)
A(t,N) = 0 0 atN |, BN =| —LtA N(t,\)
—m(t, ) —n(t,)) 0 ~M(t,\) —N(t)) 0

N
o

(
JA), v (t,A) = vae(t, A) and pex(t, A) = pae(t, A), we have the integrability condition
A )+ B(t, \)A(t, \), that is,
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La(t, \) = M(t, \n(t, \) — N(t, )m(t, ),
ma(t, \) = My(t, \) + L(t, \)n(t, M), (2.1)
na(t, A) = Ni(t, \) — L(t, \ym(t, )

for all (¢,A) € I x A. We call the tuple (m,n, L, M, N) with the integrability condition (2.1) the curvature of
the one-parameter family of Legendre curves.

Remark 2.5. Let (v,v) : I x A — A be a one-parameter family of Legendre curves with the curvature
(m,n, L, M,N). Then it is easy to check that (v,—v), (—v,v) and (v,v) are also one-parameter family of
Legendre curves. The curvatures are (—m,n,—L,—M N), (m,—n,—L,M,—N) and (—n,—m,—L,—N,—M)
respectively.

Definition 2.6. Let (y,v) and (3,V) : I x A — A be one-parameter families of Legendre curves. We say that
(v,v) and (3,V) are congruent as one-parameter families of Legendre curves if there exists a special orthogonal
matriz A € SO(3) such that Y(t, ) = A(y(t, N)) and v(t, \) = A(v(t,N)) for all (t,\) € I x A.

Then we have the following existence and uniqueness theorems for one-parameter families of Legendre curves.

Theorem 2.7 (The Existence Theorem for one-parameter families of spherical Legendre curves). Let
(m,n, L, M,N) : I xA — R® be a smooth mapping with the integrability condition. There exists a one-parameter
family of Legendre curves (y,v) : I x A — A, whose associated curvature is (m,n, L, M, N).

Proof. Choose any fixed value t = t5, A = A\g of the parameter. We consider an initial value problem,
Fi(t,\) = A(t, ) F(t,\), Fx(t,\) = B(t, N F(t,\), F(to, o) = I3,

where F(t,A\) € M(3), A(t,\), B(t,\) as the above, M (3) is the set of 3 x 3 matrices and I3 is the identity
matrix. Then we consider

Fix = A\F + AFy = A\F + ABF = (A + AB)F, Fy, = B,F + BF, = B,F + BAF = (B, + BA)F.

By the integrability condition Ay + AB = B; + BA, we have F;) = F);. Since I x A is simply connected, there
exists a solution F'(t,\). Therefore, there exists a one-parameter family of Legendre curves (y,v) : I x A — A
whose associated curvature is (m,n, L, M, N). O

Lemma 2.8. Let (v,v) and (7,7) : I x A = A be one-parameter families of Legendre curves having equal

curvature, that is, (m(t,\),n(t,\), L(t, \), M(t,\), N(t,\)) = (m(t, A),7(t, ), L(t, \), M (t,\), N(t,\)) for all
(t,\) € I x A. If there exist two parameters t = tg, A = Ao for which (y(to, o), ¥(to, X)) = (F(to, Xo), P(to, No)),
then (v,v) and (¥,7) coincides.



Proof. Define a smooth function f: I x A — R by
X)) =t A) -3 A) +v(E, A) - vt A) + w(t, A) - p(t, A).

Since
(m(t, \),n(t, \), L(t, ), M (£, X), N(£, X)) = (i(t, \), 7i(t, X), L(t, \), M(t, A), N(t, \)),
we have
fe(t,A) =(n ’Y+’Y Vetv - vAv-Dp+ pe A e i) (8 0)
=((m 7+v (mp) + (np) - v+ v () + (—my —nw) - fo+ p - (—my —nv)) (t, A)
=(m m)p -y + (M —m)y- B+ (n—n)p-v+ (7 —n)y-g)(tA)
=0,
INIE

(- A+7- A +va - THv-On - Bt g )t N)

((Lv + Mp) -5 +~- (L + MR) + (~Ly + Np) -7+ v - (—L7 + Nz)

+(=My = Nv) - i+ - (—M7 — ND))(t, A)
—(L=Lw-A+ (L —L)yy -7+ (M—Mp-F+(M-M)y-fi+(N—-N)p-7+ (N —N)v- )t
=0

for all (¢,A) € I x A. Tt follows that f is constant. By ~(to, Ao) = F(to, Ao) and v(tg, Ag) = (o, Ao), we have

f(to, Ao) = 3 and the function f is constant with value 3. By the Cauchy-Schwarz inequality, we have

Y(EA) A A) < (NN =1,

v(t, ) - (it A) < vt A)|[e(t M) =1,

Bt A) -t A) < [p(t, A)]|at A)| = 1.

If one of these inequalities is strict, the value of f(¢,\) would be less than 3. It follows that these inequalities
are equalities, and we have y(t,A) - (£, A) = 1, v(t,A) - v(t,A) =1, p(t,A) - p(t,A) =1 for all (¢,,A) € T x A.

Then we have |[y(t,\) —F(t, \)|? = [v(t, \) — v(t, \)|* = |u(t, \) — @(t,\)|? = 0. It follows that
A

A(EA) = F(EN), vt A) = 5(EN), pt,\) = fi(t,A) for all (£, \) € I x A.
O

Theorem 2.9 (The Uniqueness Theorem for one-parameter families of Legendre curves). Let (v,v) and
(7,7) : I x A — A be one-parameter families of Legendre curves with the curvatures (m,n, L, M,N) and

(m, 7, L, M, N) respectively. Then (v,v) and (3,7) are congruent as one-parameter family of Legendre curves
if and only if (m,n, L, M,N) and (m,n,L, M, N) coincide.

Proof. Suppose that (v,v) and (7,7) are congruent as one-parameter families of Legendre curves. By a direct
calculation, we have

0

7t A) = 5 (A0 (3, 2) = Alye(t, A) = m(t, M A(B(E A)) = m(t AB(E A),
n(t,A) = ;(A(V(t, A))) = Aw(t, A) = n(t, \)A(u(t, A)) = n(t, \)u(t, A),
At A) = 0 o (A0 (@, 2) = Al A)) = L, AW (E, A) + M(E A A(u(t, V)
- L(t,)\) (£, ) + M (£, Nilt, \),
A(t,A) = 88)\ (A(v(t,N)) = A(wa(t, A)) = —L(t, N A(v(t, A) + N(E, ) A((t, A))
L(t, NA(t, A) + N (£, \filt, A).

Therefore, the curvatures (m,n, L, M, N) and (m, n, L, M, J\Nf) coincide.

Conversely, suppose that (m,n, L, M, N) and (m,ﬁ,i,ﬂ, ]\7) coincide. Let (tg, Ag) € I X A be fixed. By
using a congruence as one-parameter family of Legendre curves, we may assume ~(to, A\o) = (o, A\o) and
v(to, Ao) = U(to, Ao). By Lemma 2.8, we have (¢, \) = (¢, ) and v(¢t, ) =v(t, A) for all (¢,\) € I x A. O



3. Envelopes of one-parameter families of Legendre curves in the unit spherical bundle

Let (v,v) : I x A — A be a one-parameter family of Legendre curves with the curvature (m,n, L, M, N)
and let e : U — I x A, e(u) = (t(u), A(u)) be a smooth curve, where U is an interval of R. We denote
E,=~oe:U— S? E,(u)=voe(u) and E, =voe:U — 5% E,(u) =voe(u).

Definition 3.1. We call E., an envelope (and e a pre-envelope) for the one-parameter family of Legendre curves
(v,v), when the following conditions are satisfied.

(i) The function A is non-constant on any non-trivial subinterval of U. (The Variability Condition.)
(i) For all u, the curve E, is tangent at u to the curve vy(t,\) at the parameter (t(u), A(u)), meaning that
the tangent vectors Bl (u) = (dE/du)(u) and p(t(u), \(u)) are linearly dependent. (The Tangency Condition.)

Note that the tangency condition is equivalent to the condition E’ (u)-v(t(u), A(u)) = E.(u) - B, (u) = 0 for
all u € U. Therefore we have the following Proposition.

Proposition 3.2. Let (v,v) : I x A — A be a one-parameter family of Legendre curves with the curvature
(m,n,L, M,N). Suppose that e : U — I x A,e(u) = (t(u), \(u)) is a pre-envelope and E, = yoe : U — S?
is an envelope of (vy,v). Then E, is a frontal. More precisely, (Ey, E,) : U — A is a Legendre curve with the
curvature

mp, (u) = t'(uym(e(uw)) + N (u)M(e(u)), ng, (u) =t'(u)ne(w)) + N(u)N(e(w)).

Proof. By definition, E(u) - E,(u) = ~v(e(u)) - v(e(u)) = 0 for all u € U. Since E, is an envelope,
El(u) - E,(u) =0 for all u € U. It follows that (E,, E,) : U — A is a Legendre curve. Then

mp, ) = B () - ple(u)) = ' (u)y(e(w) + N (u)ya(e(w))) - ple(u)) = t'(w)ymle(w)) + X (u)M(e(u)),
np, ) = B, (u) - ple(u)) = (¢ (w)ri(e(u)) + XN (wrale(w)) - ple(w)) = t'(w)n(e(u)) + X' (u)N(e(u)).
O

By Proposition 3.2, the envelope of the dual is the dual of the envelope of the one-parameter family of
Legendre curves. We have the envelope theorem as follows:

Theorem 3.3. Let (v,v): I x A = A be a one-parameter family of Legendre curves and let e : U — I x A be
a smooth curve satisfying the variability condition. Then e is a pre-envelope of (v,v) (and E, is an envelope)
if and only if ya(e(w)) - v(e(w)) =0 for allu € U.

Proof. Suppose that e is a pre-envelope of (v,v). By the tangency condition, there exists a function c(u) € R
such that E! (u) = c(u)u(e(u)). By differentiating E, (u) = v o e(u), we have

El(u) = t'(u)ve(e(u)) + N (u)ya(e(w).

It follows from ~:(t, A) = m(t, \)p(t, A) that (¢'(u)m(e(u)) — c(uw))p(e(uw)) + N (uw)ya(e(uw)) = 0. Then we have
N (uw)ya(e(u)) - v(e(u)) = 0. By the variability condition, we have vy (e(u)) - v(e(u)) =0 for all u € U.
Conversely, suppose that vx(e(u)) - v(e(u)) = 0 for all v € U. Since

B (u) - v(e(u)) = (' (u)ye(e(u)) + N (u)yale(w)) - v(e(w)) =0,

e is a pre-envelope of (7, v).
O

By using the curvature of the one-parameter family of Legendre curves, we have the corollary of Theorem
3.3.

Corollary 3.4. Let (v,v) : I x A — A be a one-parameter family of Legendre curves with the curvature
(myn, L, M,N) and lete : U — I x A be a smooth curve satisfying the variability condition. Thene:U — I x A
is a pre-envelope of (y,v) (and Ey is an envelope) if and only if L(e(w)) =0 for allu € U.

Proposition 3.5. Let (v,v) : I x A — A be a one-parameter family of Legendre curves. Suppose that
e: U — I x A is a pre-envelope and E is an envelope of (v,v). Thene: U — I x A is also a pre-envelope of
(=v,v), (v,—v) and (v,7). Moreover, —E, is an envelope of (—v,v), E, is an envelope of (v,—v) and E, is
an envelope of (v,7).



Proof. Since e : U — I x A is a pre-envelope, we have yy(e(u)) - v(e(u)) = 0 for all w € U. It follows that
—va(e(w)) - vie(u)) = 0, yale(w)) - (—v(e(u))) =0 and vx(e(w)) - y(e(u)) =0 for all wu € U. Thuse: U — I x A
is also a pre-envelope of (—v,v), (v,—v) and (v,7v). It follows that —E, = —yoe, Ey =vyoeand E, =voe
are envelopes of (—v,v), (v, —v) and (v, ) respectively. O

Definition 3.6. We say that a map ® : IxA—=IxAisa one-parameter family of parameter change if ® is
a diffeomorphism and given by the form ®(s, k) = (4(s, k), p(k)).

Proposition 3.7. Let (y,v) : I x A — A be a one-parameter family of Legendre curves with the
curvature (m,n, L, M, N) Suppose that® : IxA — IxAisa one-parameter family of parameter change. Then
F,7)=(yoD,vod): IxA— Aisalso a one-parameter family of Legendre curves with the curvature

= m(®(s, k)¢5 (s, k),
= n(D(s, k))ds (s, k),
((s, k)" (R),
=m(®(s,k))gx(s, k) + M(2(s, k)¢ (k),
=n(®(s, k))dr(s, k) + N(®(s, k)¢’ (k).

h
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Ife: U — I x A is a pre-envelope, E. is an envelope, then dloe:U—IxAisa pre-envelope and E. is
also an envelope of (7,V).

Proof. Since J,(s,k) = v(P(s,k))ds(s, k) and (¢, ) - v(t,\) =0 for all (¢,A) € I x A, we have
Y(s,k) - (s, k) = 0 for all (s,k) € I x A.

Therefore, (7,7) is a one-parameter family of Legendre curves. Then we have

ﬁl(sv k) = WS(S’ k) : ﬁ(sa k) = ’Yt(@(sv k))¢s(s7 k) /"((I)(Sa k)) = m((I)(s, k))¢s(57 k)7
ﬁ(sv k) = ;8(57 k) ) ﬁ(sa k) = Vt(‘I)(S, k))¢6(57 k) [,L((I)(S, k)) = n(‘I)(& k))¢s(57 k)a
L(s, k) = Fn(s, k) - U(5, k) = (0@ (s, k))pr (5, k) + (D5, k)’ (k) - v(D(s, k)

k)¢ (s, k) + 9 (D(s, k)" (k) - (D (s, k)
k)¢’ (k)
k)¢ (s, k) + va(@(s, k)¢’ (k) - (D (s, k)
)¢’ (k).

By the form of the diffeomorphism ®(s,k) = (¢(s, k), o(k)), ®* : I x A — I x A is given by the form
7Lt \) = ((t, ), o1 (N)). Tt follows that @1 o e(u) = (Y(t(u), ( ), 1 (A(u))). Since
)

(d/du)p™ (M) = @5 (A(w))X' (w),
the variability condition holds. Moreover, we have
Vi(s,k) - Vs, k) = ((D(s, k) (s, k) + (R (s, k)@’ () - (B (s, k) = &' (k)ya (R (s, k) - v(D(s, k).
It follows that
T~ oe(w) - U(p™ oe(w) = @' (07 (A(w)1a(e(w)) - v(e(u)) = 0 for all u € U.

By Theorem 3.3, =1 o e is a pre-envelope of (7, 7). Therefore, yo® loe=y0Pod loe=roe = E, is also
an envelope of (7,7). O

Definition 3.8. Let (y,v) : I X A — A be a one-parameter family of Legendre curves, we define the parallel
curves of the one-parameter family of Legendre curves by

7 (t, \) = cos 0y(t, ) —sinOuv(t, \), vO(t,\) =sinfy(t, \) + cos Ov(t, \). (3.1)



Proposition 3.9. Let (y,v) : I x A — A be a one-parameter family of Legendre curves with the curvature
(m,n, L, M,N), then (v?,1%) : I x A — A is also a one-parameter family of Legendre curves with the curvature

m?(t,\) = cos Om(t, \) —sinOn(t, \), n?(t, \) = sinOm(t, \) 4 cos On(t, \),
LO(t,\) = L(t,\), M%(t,\) = cos @M (t,\) —sinON(t, \), N°(t,\) = sinOM(t, \) + cos ON(t, \).
Ife: U — I x A is a pre-envelope of (,v), then e : U — I x A is also a pre-envelope of (v?,v%). Moreover,

we have (EY(u), ES(u)) = (Eyo(u), E,o(u)) for all u € U, where (ES, E?) is parallel curve of (E,, E,) and
(Eyo,E.0) = (/P oe,foe).

Proof. Since (y,v) : I x A — A is a one-parameter family of Legendre curves, v:(t,A) - v(t,\) = 0 for all
(t,\) € I x A. Tt follows that 77 (t,\) - ?(t,A) = 0 for all (¢,\) € I x A. Thus (7%,0%) : I x A — A is also a
one-parameter family of Legendre curves. By definition,

wl (£, N) =40 (t, \) x VO (t, \) = (cos 0y(t, \) — sin Qv (t, \)) x (sin (¢, A) + cos Qv (t, N)) = pu(t, \).

Therefore, we have

m?(t,\) =~ (t,\) - u®(t, \) = cosOm(t, ) — sinOn(t, ),
nf(t,\) = v0(t, \) - b (t, \) = sinOm(t, \) + cos On(t, \),
Lt A) = 73(8, ) - v (£, A) = L(t, \),

MOt \) =4t \) - P (t, \) = cos M (t, \) — sin ON (t, ),
NO(t,A) =8t \) - uP(t, \) = sin @M (t, \) + cos ON (t, \).

Since e : U — I x A is a pre-envelope of (v, v), we have vy(e(u)) - v(e(u)) = 0 for all u € U. It follows that
Y (e(u))-v(e(u)) =0 for allu € U. Thus e : U — I x A is a pre-envelope of (7¥, %) by Theorem 3.3. Moreover,

Ez(u) = cosbE.,(u) —sinfE,(u) = cos Oy o e(u) —sinfv o e(u),
E%(u) = sin0E, (u) + cos 0F, (u) = sin 6y o e(u) + cos fv o e(u),
E.o(u) = 7% 0 e(u) = (cos By — sinBv) o e(u) = cos By o e(u) — sin O o e(u),
E,o(u) = v¥ o e(u) = (sinfy + cos fv) o e(u) = sinfy o e(u) + cos fv o e(u).
Thus, we have (E,ay(u), Ef(u)) = (E,o(u), E,o(u)) for all u € U. O

In [10], the evolute of the spherical Legendre curve is defined. Now, we define the evolute of a one-parameter
family of Legendre curves in the unit sphere bundle.

Definition 3.10. Let (vy,v) : I x A — A be a one-parameter family of Legendre curves with the curvature
(m,n, L, M,N). Suppose that (m(t,\),n(t,\)) # (0,0) for all (t,\) € I x A. We define the evolute of the
one-parameter family of Legendre curves (vy,v) by
n(t,A)
Vm2(t,A) +n2(t, \)

m(t, \)
Vm2(t,A) + n2(t, )

EM (N == vt A) F v(t,\). (3.2)

Proposition 3.11. Let (y,v) : I x A — A be a one-parameter family of Legendre curves with the
curvature (m,n, L, M, N). Suppose that (m(t,\),n(t,\)) # (0,0), for all (t,\) € I x A. Then the evolute
EM)yw) : I XA = A of (v,v) is also a one-parameter family of Legendre curves with the curvature
(mg,ng, Le, Mg, Ng), where

men — mng
mg(t, )\) = W(t, )\)7 ng(t,)\) = 4++/m? + nQ(t, )\)7

nM —mN man —mny — L(m? 4+ n?) mM + nN
Le(t, ) = +222 M 4 \), Me(t, \) = £0), Ne(t,A) = + 222 T 4y,
5( ) m( ) 5( ) m2 + n2 ( ) 5( ) \/m( )

Ife: U — I x A is a pre-envelope of (y,v) and (nM —mN)o (e(u)) =0 for allu € U, thene : U — I x A is also
a pre-envelope of (£(7), u). Moreover, we have Eg(1)(u) = Eg, (u) for allw € U, where Eg () is the envelope of
E(v), €k, is the evolute of E..



Proof. Since (y,v) : I x A — A is a one-parameter family of Legendre curves and {v(¢,A),v(t, A), w(¢, A)}
is a moving frame along the frontal v(¢,A), we have E(7)(¢t, ) - (¢, A) = 0, E(Y)(E,A) - pu(t,\) = 0 for all
(t,\) € I x A. Therefore (E(),p) : I x A — A is a one-parameter family of Legendre curves. We denote
(ve,ve) = (E(7), 1). By definition

m(t, \) n(t, \)
t,A) =ve(t, \) x ve(t,\) = t, A t,A).
uelt ) =7e(t,4) x ve(t A) :¥Nhn2@,A)+7ﬂ(uA)7( )¥ thQQ,A)+7ﬁ(uA)V( )
Thus
mgn — mng
m(f(ta A) = ’ygt(tu )‘) : ll’f(ta)‘) = W(t7)\)7
nf(t7)‘):Vft(t7A)'N€(t7A):j: m2+n2(t7)‘)7
Le(t,A) = 7ex (b ) - ve(t, ) = L=
= U — -
e\, YeAT, E\L,y \/m 5 )
man —mny — L(m? + n?)
Me(t, )‘) = 75/\(t’ )‘) ’ /,Lg(t, A) = m2 4+ n2 (t7 A,
mM +nN
Ne(t,A) = vea(t,A) - pe(t,A) = im(t, A).

Since (nM —mN) o (e(u)) = 0 for all u € U, we have

E()x(e(w)) - ple(u) = iw o e(u) = 0.

m2 4+ n?

By Theorem 3.3, ¢ : U — I x A is a pre-envelope of (£(7), ). The envelope of £(7) is given by

Bet(u) = €0 o elw) = (4= ¥~} ol
(e(w)w(e(w).

=t (W) F ey

On the other hand, by Proposition 3.2, the evolute of E, is given by

\/mE +nE \/mE +”E (u)
_ m+)\’M elu ol n+ NN el
—+ V(t,mH,M)QHt,nH,N)Q( () F e e )

Since (nM — mN)(e(u)) =0 for all u € U, we have

(t'm 4+ NM)*(m? 4+ n?)(e(u)) = m>(('m + NM)? + (t'n + NN)?)(e(u)),
(t'n + NN)?(m? +n?)(e(u)) = n*(('m + N M)? + (t'n+ NN)?)(e(u)).

Then
t'm+ NM m
e(u)) = —————=(e(u)),
\/(t’m+)\’M)2+(t’n+)\’N)2( () \/m2+n2( ()
t'n+ NN n
e(u)) = ———=(e(u)).
JWm+XMP+@m+XNP“)) w#+nJ(»
Thus, we have Eg((u) = Ep, (u) for all u € U. O

4. Relationships among envelopes of Legendre curves in the spherical bundle over the unit sphere
and the unit tangent bundle over the Euclidean plane

We first recall the definition of the envelope of a one-parameter family of Legendre curves in the unit tangent
bundle over the Euclidean plane. For more detailed descriptions see [11].
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Let (v,v) : I x A — R? x St be a smooth mapping. We say that (v, ) is a one-parameter family of Legendre
curves if (¢, \) - v(t,A) = 0 for all (£, ) € I x A.

We denote J(a) = (—az,a1) the anticlockwise rotation by 7/2 of a vector a = (a1, az). We define p(t, A) =
J(v(t,\)). Since {v(t,\), u(t,\)} is a moving frame along (¢, A) on R?, we have the Frenet type formula.

(e )= Coton ) (Gli3))
(t

_ 0w ) (ueN) )
%(’“)) g(t,;)f(?t?)x), ' ) ( pt ) )

where £(t,\) = vi(t, A) - p(t, A), m(t,\) = va(t, A) - p(t, A) and B(t, A) = (¢, A) - (¢, A). By the integrability
condition vy (¢, ) = va(t, A), £ and m satisfy the condition (¢, \) = my (¢, \) for all (¢t,\) € I x A. We call
the triple (¢,m, ) are the curvature of the one-parameter family of Legendre curves (v, v).

Let (v,v) : I x A — R? x S! be a one-parameter family of Legendre curves with the curvature (¢, m, 3)
and let e : U — I x A, e(u) = (t(u),\(u)) be a smooth curve, where U is an interval of R. We denote
E,=vyo0e:U—R? E,(u)=voe(u) and E, =voe:U = R? E,(u)=voe(u).

We call E, an envelope (and e a pre-envelope) for the one-parameter family of Legendre curves
(7,v) : I x A — R? x S, when the following conditions satisfy.

(i) The function A is non-constant on any non-trivial subinterval of U. (The Variability Condition.)

(ii) For all u, the curve E, is tangent at u to the curve (¢, \) at the parameter (¢(u), A(u)), meaning that
the tangent vectors E! (u) = (dE/du)(u) and p(t(u), A(u)) are linearly dependent. (The Tangency Condition.)

We consider relationships among envelopes of Legendre curves in the spherical bundle over the unit sphere
and the unit tangent bundle over the Euclidean plane. We denote a hemisphere ST = {(z,y,2) € S? | z > 0}.

Now we consider the central projection ¢ : ST — R? by

_(* y)
qS(m,y,z) - (27 P .

Proposition 4.1. Let (y,v) : I x A — A be a one-parameter family of Legendre curves with the curvature
(m,n, L, M, N) andy(IxA) C ST. We denotey(t,\) = (z(t, ), y(t, ), 2(t, \)), v(t,\) = (a(t,\),b(t,\),c(t, \)).
Suppose that (a(t,\),b(t,\)) # (0,0) for all (t,\) € I x A. Then (V,7) : I x A — R? x S' is a one-parameter

family of Legendre curves with the curvature (¢, m,[3), where

z(t,\) y(t, \) ~ B 1
2(t,A) 2(t, /\)>’ Vb A) = Va2 (t, N) £ b2(t, \)

(b N) = doy(tA) = ( (alt, \), B(t, V),

~ . nz ~ Nz ~ ~ mz? + (xb—ya)z

Proof. Since (y,v) : I x A — A is a one-parameter family of Legendre curves in the unit spherical bundle, we
have y(t, A) - v(t,A) =0, Y (t,\) - v(t, A) = 0 for all (t,A) € I x A. Tt follows that

x(t, N)ar(t, ) + y(t, Nbe(t, N) + 2(¢, Nee(t, N) = 0.
By definition, we have

B N) = 1) X V(E )
= (y(t, Ne(t, \) — z(t, N)b(t, N), 2(t, Na(t, \) — x(t, N)e(t, N), z(t, \)b(t, N) — y(t, Na(t, N)).

By a direct calculation, we have

—x:b+ yra
m(t.A) = 3(t.3) - e, ) = ULy
0t N) =l A) - alt, ) = —22 00 g ),
z
Nt ) = sl A) - pu(t, A) = —20ED Gy
z
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By the assumption (a(t, \),b(t,\)) # (0,0), 7 : I x A — S is a smooth mapping. Moreover, we have
Fe(t, N) = (@e(t, N)2(E, N) — 2(t, M)z (8, N), v (8, N2 (8, X) — y(t, M) ze(t, X)) /22(t, A) and 33 (¢, ) - (¢, \) = 0.

Therefore (7,7) : I x A — R? x S! is a one-parameter family of Legendre curves.
By definition, we have fi(t,\) = J(U(t, \)) = (=b(t, A),a(t,\))/+/a2(t,\) + b2(t,\) and the curvature

~ - - —aib + bia nz
f(t7)\) = Vt(th) : “(t7)‘) = W(t7 )‘) = m(t7)‘)7
~ - - —axb+ bra Nz
m(tv/\) = VA(tv)‘) : H‘(tv /\) = W(t7>‘) = m(t7>‘)a
~ - - (—xtb + yra)z + (xb — ya)z mz? + (zb — ya)z
tA) =7t A) - w(t, A) = t,\) = t, ).
6( ) fYt( ) I"‘( ) Zz\/m ( ) sz ( )

O

Proposition 4.2. Under the same assumptions in Proposition 4.1, suppose that e : U — I X A is a pre-envelope
of (v,v) and E, : U — S? is an envelope. Then e :U — I x A is also a pre-envelope of (,v) : I x A — R* x S1.
Moreover, we have E5(u) = E, (u) for alluw € U, where E5y =~ oe and Ey, = ¢po E,.

Proof. Since (v,v) : I x A — A is a one-parameter family of Legendre curves in the unit spherical bundle and
e:U — I x A is a pre-envelope of (v,v), we have y(t,\) - v(t, A) = 0 for all (t,\) € I x A, ya(e(u)) -v(e(u)) =0
for all u € U. It follows that

(a(t, \) (@A (t, N)2(t, N) — z(t, M) za(t, N) 4+ b(E, N) (ya(t, M) z(t, A) — y(t, A)za(t, A))) o e(u) = 0.

Then we have ¥y (e(u)) - 7(e(u)) = 0 for all u € U. Therefore e : U — I x A is a pre-envelope of (7,7) (cf. [11]).
Moreover, we have E5(u) =7 oe(u) = ¢povyoe(u) = ¢(E,(u)) = E,(u) for all u € U. O

Conversely, we have the following results.

Proposition 4.3. Let (7,7) : I x A — R? x St be a one-parameter family of Legendre curves with the curvature
(¢,m, B). We denote ¥(t,\) = (x(t,\),y(t,\)), U(t,\) = (a(t,\),b(t,\)). Then (y,v) : I x A — A C St x 52
is a one-parameter family of Legendre curves in the unit spherical bundle with the curvature (m,n,L, M, N),
where

“l1o% 1) (a,b,—za — yb)
t;A: 1o t’)\ :Lt,A,V@)\: » Y t,A’
WA =N = e O N = e Y
\) = B+ (e — my)(va + yb) N
m(t; ) - (15,)\)7 n(tv)‘) = —Q(ta )\)7
(1+ 224 y2)\/1+ (za + yb)? 1+ (za 1 gb)
Lty = 3 m;ﬂrwb =(t,A), M(t,A) = (ykx—”f;y)(zawb)+yxa—?b(t7A)7
Vit g2 /14 (zatyb) (1+ 22 +y?)\/1+ (za + yb)
Nt \) = m(1 + 22 +y2) + (zra + yrb)(zb — ya) (t0)
| V1422 +y2(1+ (za+yb)?) ’

Proof. Since (7,7) : I x A — R? x S! is a one-parameter family of Legendre curves, then we have
Fe(t, A) - U(t, A) = (xra + yb) (¢, A) =0 for all (¢, N) € T x A.
By the definition, p(t, ) = J(¥(t, ) = (=b(t, A),a(t, A)). It follows that

Ut N) = (—agh + aby) (£, N), B(t,A) = (—eb + yea) (£, N), Tt A) = (—axb + aby)(t, N).

By a direct calculation, we have

Y(t,A) = (L4 v — yye, (1 + 22y — 23y, —22 — Yy ) (8, N).

1+ 22+ y?
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Then ~(t,A) - v(t,A) = 0 and v (t,A) - v(t,\) = 0 for all (¢,\) € I x A. Therefore (y,v) : I x A - Ais a
one-parameter family of Legendre curves in the unit spherical bundle. By definition, (¢, A) is given by

(—zya — (1 +y?)b, (1 + 22)a + 2yb, vb — ya)
VA +a22+y?)(1 + (va+yb)?)

By a direct calculation, we have the curvature (m,n, L, M, N) of (v, v). O

p(t,A) = (tA) xv(t, A) =

(t, N).

Proposition 4.4. Under the same assumptions in Proposition 4.3, suppose that e : U — I x A is a
pre-envelope of (7,V) and Ez : U — R? s an envelope. Then e : U — I x A is also a pre-envelope of
(v,v) : I x A — A C ST x S2 Moreover, we have ¢—* o Ex(u) = E(u) for allu € U.

Proof. Since e : U — I x A is a pre-envelope of (7,7), we have Y5 (e(u)) - ¥(e(u)) =0 for all w € U (cf. [11]). Tt
follows that

(@aA(t, A) - a(t, X) +ya(t, A) - b(t, A)) oe(u) =0.
By a direct calculation, we have yx(e(w)) - v(e(u)) = 0 for all w € U. By Theorem 3.3, ¢ : U - I x Ais a
pre-envelope of (7, v). Moreover, we have ¢~ o E5(u) = ¢ ' ojoe(u) =yoe(u) = Ey(u) forallue U. O
Also, we consider the canonical projection 7 : ST — D? C R? by n(x,vy,2) = (z,y), where
D? = {(z,y) e R* | 2* +¢* < 1}.

Proposition 4.5. Let (y,v) : I x A = A be a one-parameter family of Legendre curves in the unit spherical
bundle with the curvature (m,n, L, M, N) and v(I x A) C ST. We denote v(t,\) = (x(t, ), y(t,\), 2(t, \)) and
v(t,\) = (a(t,\),b(t,\),c(t,\)). Then (7,7): I x A — D? x St is a one- parameter family of Legendre curves

i the unit tangent bundle over the Euclidean plane with the curvature (E m 5) where

(za — xc, zb — ye)

V(za — z¢)2 + (2b — yc)?
Nz +axys —aay
t, A
(za —xzc)? + (2b— yc)Q( A,

(@A) =mory(t,A) = (x(t,A),y(t,A), v(t,A) =

(t, A,

S mEt Ty —my o
10N = G st b gapp ) Tt =

m — (xb — ya)z
V(za —zc)? + (2b — yc)?
Proof. If z(t, N)a(t,\) — z(t, N)e(t, A) = 0 and z(t, \)b(t, \) — y(t, N)e(t, A

a(t,\) = z(t, Ne(t, A)/z(t, ) and b(t, A) = y(t, A
Since v(t,\) € 5%, we have c?(t,\) = 22(¢, \) and hence c(t,\) = +z(t, A

E(tv/\) = (t,)\).

) =0, then
Je(t, N)/z(t, N).

). It follows that
A) = (¢, ) and b(t, +y(t, N).

a(t,
This contradicts the fact that (¢, \) - v(¢, \)
mapping. By (z¢a + yib + 2¢¢)(t, A) = 0 and (

Ye(t, A) - v(t, A) = 0 for all

A) =
=0 for all (t,\) € I x A. Hence 7 : [ x A — S! is a smooth
T + Yy + 2¢2) (¢, A) = 0, we have
(t,

A) el xA.

Therefore (¥,7) : I x A — D? x S! is a one-parameter family of Legendre curves. By a similar calculation as
in Proposition 4.1, we have the curvature (¢,m, ) of (7,7). O

Proposition 4.6. Under the same assumptions in Proposition 4.5, suppose that e : U — I X A is a pre-envelope
of (v,v) and E, : U — S? is an envelope. Then e : U — I x A is also a pre- envelope of (V,7) : I x A — D? x S*.

Moreover, we have E5(u) = E,(u) for alluw € U, where E5 =5 oe andEvfﬂoE

Proof. Since e : U — I x A is a pre-envelope of (v,v), we have v (e(u)) - v(e(u)) = 0 for all w € U. It follows
that

(@, A)(alt, A)z(t, A) — z(t, A)e(t, ) +ya(t, A)(b(E, A)z(E, A) — y(E, Me(t, X)) o e(u) = 0.

By a direct calculation, we have ¥, (e(u)) - (e(u)) = 0 for all u € U. Therefore e : U — I x A is a pre-envelope
of (7,7) (cf. [11]). Moreover, we have E5(u) =y oe(u) =moyoe(u) =n(E,(u)) = Ey(u) for all u € U. O
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Conversely, we have the following results.

Proposition 4.7. Let (7,7) : I x A — D? x St be a one-parameter family of Legendre curves with the curvature
(¢,m,B). We denote

F(E,A) = (2(t, M), y(t, ), v(t,N) = (alt, A),b(t, A)).
Then we have (y,v) : I x A — A C ST x S? is a one-parameter family of Legendre curves, where

Yt A) = m'o Yt A) = (z(t, A), y(t, A) 2(t,A)),

1
v(t,\) = a0 (a — z(xza — yb),b — y(xza — yb), —z(xza + yb))(t, A).

Here we put z(t,\) = /1 — x(t, \)2 — y(t,\)2.

Proof. Since F(t,\) - ¥(t,A\) < 1 and v(t,A) - v(¢,A) = 1, we have x(t, N)a(t,\) + y(¢, \)b(t,\) < 1 for all
(t,\) € I x A. Therefore v : I x A — S? is a smooth mapping. By the same argument as in Proposition 4.5, we
have

O(t, N) = —ag(t, \)b(t, A) + alt, \)by(t, N),

5@7 )‘) =2 (t7 )‘)b(ta )‘) + Yt (tv )‘)a(tv >‘)v
(t, ) = —ax(t, \)b(t, A) + a(t, \)ba(t, \).

Since
t, )z (t, A) — y(t, Nye(E, A
0(t:3) = (e, 0, ault, ), - HEROA AR g ) 420,00 + 20000 = 1
we have y(t, \) - v(t, \) = 0 and v, (t, \) - v(t, \) = 0 for all (¢,\) € I x A. Therefore (y,v): I x A — A C ST x S?2
is a one-parameter family of Legendre curves. O

Remark 4.8. We can detect to the curvature (m,n,L, M, N) of (v,v) in Proposition 4.7. However, the
description is a little bit long, we omit it.

Proposition 4.9. Under the same assumptions in Proposition 4.7, suppose that e : U — I X A is a
pre-envelope of (7,v) and Eyz : U — R? s an envelope. Then e : U — I x A is also a pre-envelope of
(v,v) : I x A= A C ST x S2 Moreover, we have 7' o E5(u) = E,(u) for allu € U.

Proof. Since e : U — I x A is a pre-envelope of (7,7), we have J)(e(u)) - v(e(u)) = 0 for all u € U (cf. [11]). Tt
follows that

(@aA(t, A) - a(t, \) +ya(t, A) - b(t, N)) o e(u) = 0.
By a direct calculation, we have vx(e(u)) - v(e(u)) = 0 for all w € U. By Theorem 3.3, ¢: U — I x Ais a
pre-envelope of (7, v). Moreover, we have 77 o E5(u) = 7 ! ojoe(u) = yoe(u) = E,(u) for all u € U. O
5. Examples

Example 5.1. Let (v,v) : [0,27) x [0,27) = A,

1 1 1
~(t,0) :<cos 9(% cost — 7108 3t) — ? sin 0 cos t, Z sint — 1 sin 3t, ? cosfcost + sin 0(% cost — e 3t)),

3 1 3 3 1 3 3 1
v(t,0) :<cos 9(—1 sint — 1 sin 3t) — % sin fsin t, 1 cost + 7 608 3t, g cosfsint — sin9(i sint + 1 sin 3t)).
Then (v,v) is a one-parameter family of Legendre curves. By definition

u(t, 0) =y(t,0) x v(t,0)

:(—iﬁ cosf cos®t — §C0896082t+ %COSQ — %Sinea*\/gsmtcos’f’
— 3%4/gsin9(3052t— gsinﬁcos%—&— %\/gsme‘f' %COSQ)
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Then the curvature is given by

3
m(t,0) = \3/—2_(96 sint cos® t — 54 sint cos® t + 9sint cost cos 3t — 33sin 3t cos? t — 20sint + 12sin 3t),

3
n(t,0) = %(6 costcos 2t + 5cost — 3cos 3t),

9 1 3 1 15
L(t,0) = V3sintcost, M(t,0) = §(2c082t— 1) — gcosf%t, N(t,0) = ZSintCOSZt-‘r 1—6$in3t - Esint.

If we take

e:[0,2m) — [0,2m) x [0, 27),
e(u) = (0,u), (7/2,u), (m,u), Br/2,u),

then we got L(e(uw)) = 0 for all w € [0,27). Thus, e are pre-envelopes of (v,v). Hence, the envelopes
E, :10,2m) — 52 are given by

E, = (1/2cosu —V/3/2sinwu,0,1/2sinu 4 v3/2cosu), (0,1,0),
(=1/2cosu + V/3/2sinu, 0, —1/2sinu — v/3/2cosu), (0, —1,0),

see Figure 1.

Figure 1: The red curves are one-parameter family of Legendre curves (v,v). The black curve and the two black points are the
envelopes E..

Example 5.2. Let n,m and k be natural numbers with m = k+n. We give a mapping (v,v) : Rx [0,27) — A
by

1
¥(t,0) = ———=—=(cosf — t" sin, sin § + t" cos 4,t™),

Ve 1
1

v(t,0) =
( ) \/k2t2m + m2t2k + n2

(kt™ cos @ + mt* sin 0, kt™ sin § — mt"* cos 6, n).

Then (v,v) : R x [0,27) — A is a one-parameter family of Legendre curves. By definition,

w(t, 0) =v(t,0) x v(t,0)
_ 1
V2 L 1VE 2T L 2t 4 2
t"(mt?* + n)sin @ + (kt>™ — n) cos 0, —kt*" T+ — mt*).

(t"(mt®* + n) cosf + (—kt>™ + n)sin,
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Then the curvature is given by

tn—1 \/k2t2m + m2t2k 1 2 mnktk—1/t2m +2n 4]
m(t,0) = — , n(t,0) = ,
t2m + t2n + 1 k2t2m + m2t2k + n2
th 4 fmtn - e
L(t,0) = — mt M{(t,0) = n N(t,0) =

ViEm g 41

If we take e : [0,27) — R x [0,27), e(u) = (0,u), then we got L(e(u)) = 0 for all uw € [0,27). Thus, e is a
pre-envelope of (v,v). Hence, the envelope E. : [0,21) — S? is given by E.(u) = (cosu,sinu,0).

Ve gzn 11k eem £ m2e2k 2’ VE2tzm © m2e2k 2’

For example, when n =2, m = 3,k = 1, then we have

1
Y(t,0) = ————(cosf — t*sinh,sin O + t* cos 0, t*),
VIS +tt +1
1
v(t,0) = m(t?’ cos @ + 3tsin 6, t3sin @ — 3t cosh), 2).
\/7

By definition,

w(t,0) =v(t,0) x v(t,0)
B 1
VIS T IVIS 92 + 4
—t° — 3t).

(t*(3t? 4+ 2) cos @ + (—t5 + 2) sin 0, t*(3t* 4 2) sin O + (t° — 2) cos 6,

Then the curvature is given by

/15 + 917 + 4 6VI0 14+ 1
0+t 4+ 1 164+ 912 + 4
—5 — 3¢ —2 t
L(t,0) 5 M(t,6) = N(t,0) =

Vs + 02+ 47 Vst 4T
The envelope E., : [0,2m) — S? is given by E.(u) = (cosu,sinu,0), see Figure 2. The parallel curve of the

envelope E. (u) for A =m/6 is E§ (u) = (v/3/2cosu,v/3/2sinu, —1/2).
The parallel curves of (y,v) is

VIS T2 1AV it 1

~E(t,0) :Cos% ~(t,0) — sin% v(t,0)

210+t 11 26+ 912 +4 7 26+t 11 2V/t6 £ 912 +4
V33 1 )
W+t + 1 VIS 92 +4/

_(\/§(c050 —t2sinf)  t3cosf + 3tsin® /3(sinf +t2cosf) t*sinf — 3tcoso

Then the envelope of these parallel curves is given by EW% (u) = (v/3/2cosu,/3/2sinu, —1/2). Thus, we have
EY (u) = E & (u) for all w € U. Figure 3 put these curves in the one sphere.
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