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We discuss the categorical approach to representations in wreath products,
and generalize the Wohlfahrt formula of the exponential generating function
for the number of permutation representations.

1. INTRODUCTION

Suppose that a group A contains only a finite number of subgroups of index d for
each positive integer d. As an instance, every finitely generated group satisfies such
a property. By the hypothesis, |Hom(A, H)| := tHom(A, H) < oo for an arbitrary
finite group H, where Hom(A, H) denotes the set of homomorphisms from A to
H. Given a sequence Ky, K1, Ko, ... of finite groups K,, such that the first term
is the group consisting of only the identity e, we call the exponential generating
function )7 ; [Hom(A, Ky,)|t"/n! the Wohlfahrt series for K,. A typical example
of such a formal power series comes from the sequence of the symmetric group S,
on [n] :={1,2,...,n}. In the paper [9], Wohlfahrt proved that

o0
Z |Hom§;1, Sp)l £ = exp Z A;lB| fABl (1)
n=0 B<;A

where the sum ) B<, 4 18 over all subgroups B of A of finite index |A : B|.

Throughout the paper, G is a finite group, A, is the alternating group on [n],
W(D,,) is the Weyl group of type D,,, and G S,, and G A,, are the wreath products
of G with S, and A,, respectively. The exponential formula of the Wohlfahrt series
for G5y, is given in the recent papers [4, 8] (cf. Corollary 1). It is also shown in the
papers [2, 6] when A is a finite cyclic group. If K, is either G A,, or W(D,,), the
exponential generating function for the number of solutions in K, to the equation
1% = ¢ was found by Chigira [2]; see also [4].

Recently, Yoshida has developed the theory of generating functions from the
categorical point of view, and has presented many applications [10]. In this paper,
we carry out investigations into applications of the categorical theory.
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We refer to the paper [10] for the notation and terminology on categories. Let &
be a category with any finite coproducts. A connected object J of & is a noninitial
object satisfying the condition that J = A + B implies that A or B is an initial
object [10, 5.5]. The category & is a KS-category if the following condition holds
[10, 5.5]:

KS Property. Any object X is isomorphic to a coproduct of some finite number
of connected objects and a coproduct decomposition of X is unique in the following
sense: if X =L+ -+ 1, =J 4+ + Jy are two coproduct decompositions into
connected objects with canonical injections io : 1o — X and jg : Jg — X, then
m = n and there exist a permutation ™ € S, and isomorphisms fo 1 Io — Jr(q)
such that jr(a)fa =ia for alla=1,...,n.

A category is skeletally small if a full subcategory consisting of complete rep-
resentatives of the isomorphism classes of objects is equivalent to a small category
[10, 2.1]. Suppose that & is a skeletally small KS-category. Let Q[[&°P/=]] be the
Q-module of formal power series with exponents in &: f(t) = E'Xegaxtx, ax € Q,
the summation Z'Xe » being over all isomorphism classes of objects of &’; the vari-
ables t¥X is considered as the isomorphism class containing X in the dual category
&°P and hence tX =t if X =Y [10, 4.1]. By the product operation ¢tX -t¥ = tX+Y
t? = 1, where 0 is an initial object of &, Q[[£°P/2]] becomes an Q-algebra [10, 5.1,
5.2]. A category is locally finite if every hom set Hom(X,Y) is a finite set [10, 2.1].
If & is locally finite, then the generating function of & is

’ X
“0= 3 ) € UET/)

[10, 4.2]. According to [10, 6.4], the Wohlfahrt formula (1) is verified on the basis
of a categorical result, namely,

[10, 5.8. Theorem] Let & be a skeletally small KS category and let 7 := Con(&)
be the full subcategory of connected objects of &. If & is locally finite, then

&(t) = exp( 7 (t)).

Here the power series # (t) is viewed as an element of Q[[6°P / =2]] through the canon-
ical embedding ¢ C &.

In Section 3, we apply [10, 5.8. Theorem] to a certain category related to (A, G)-
bisets, and obtain the principle of enumerating the homomorphisms from A to G1.S,
(cf. Proposition 5). Further, we can find various Wohlfahrt series in Sections 4 and
5. We give the notation and an outline of the results.

Notation
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(a) Let B be a subgroup of A. We denote by A/B the left A-set consisting of all left
cosets of B in A with the action given by a.zB = axB for all a,x € A. Define
sgnp : A — {1,—1} by sgng(a) = 1 if a is an even permutation on A/B, and
sgnp(a) = —1 otherwise. It is evident that sgnp is a homomorphism.

(b) The letter p always stands for a prime. Let w be a primitive p-th root of 1 and
(w) a cyclic group generated by w. We denote by ®,(A) the intersection of all
kernels of homomorphisms from A to (w). Then ®,(A) is a normal subgroup
of A of finite index, and the factor group A/®,(A) is an elementary abelian
p-group. Also, ®,(A) is contained in the kernel of any homomorphism from
A to an elementary abelian p-group. Let %,(A) denote the set of minimal
subgroups of A/®,(A). Each element of ¢,(A) is a cyclic group of order p,
and is of the form (¢) for an element ¢ € A — ®,(A) with ¢? € ®,(A), where ¢
denotes the left coset ¢ ®,(A) of ®,(A) in A.

(c) Let B be a subgroup of A of index n, and let Ts = {ai,ag,...,a,} be a left
transversal of B. The transfer Vg /¢, (p) from A to B/®,(B) is defined by

n
VB/o,(B)(a) == H aj?laajq)p(B), where aa;B = aj B,
j=1

for all a € A. It is well-known that Vg (p) is independent of the choice of
T and is a homomorphism.

If a sequence x1, x2, ... of homomorphisms y,, € Hom(GS,, (w)),n=1,2,...,
satisfies a certain condition, then the Wohlfahrt series for Kery,, is described by a
summation of exponential formulas to which sgnp and Vp,s, () are closely related
(cf. Theorems 1, 2, and 3). In particular, we can present the Wohlfahrt series for
Gl A, (cf. Corollary 2). As for W(D,,), the result can be considered in a generalized
situation (cf. Corollary 3).

2. A CATEGORICAL VIEW OF Hom(A4,G1S,)

We start with the definition of the wreath product of two groups (see, e.g., [3,
Chapter I, 2.1]). For each finite set X, let G be the set of mappings from X to
G. The wreath product G H of G with a permutation group H on a finite set X
is the cartesian product GX x H with the composition law

(fim)(fism) = (f - (foon imm),  (fim), (fim) € G x H,

where (f - (feom™1))(z) = f(x)f«(x71(x)) for all z € X. In particular, G1 S, is the
wreath product of G with a symmetric group S, on [n].

For any right G-set Y, let Autg(Y) denote the group of automorphisms of Y as
a right G-set, and let Y/G denote the set of G-orbits. For any set X, we consider
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the cartesian product G x X of G and X to be the free right G-set with the right
action of G given by (g,z).h = (gh,z) for all (g9,z) € G x X and h € G. The
following proposition, which has been shown in the proof of [1, Proposition 6.11],
plays an important role in our theory.

Proposition 1 Let X be a finite set, and let Sx be the symmetric group on X.
If v € Autg(G x X), then there exists a unique pair (&,3) € GX x Sx such that
v(g,z) = (&(x)g, B(x)) for all (g,x) € G x X. Further, this correspondence from
Aute(G x X) to GX x Sy is bijective.

Using Proposition 1, we identify G 1 S,, with Autg(G X [n]) so that an element
(f;m) € G1.Sy is regarded as an automorphism (s, € Autg(G x [n]) satisfying
Yifsm) (95 1) = (f(m(i))g, m(3)) for all (g,i) € G x [n] (see also [3, 2.11]). Further, if Y’
is a free right G-set and if n = |Y/G|, then Autg(Y) = G5, because, for a system
of representatives 2 of Y/G, Y = G x Q as right G-sets [1, Proposition 6.11].

A right G-set Y with the left action of A given by a homomorphism from A to
Aut(Y) is called an (A, G)-biset. Also, an (A, G)-biset Y is said to be finite G-free
if it is finite free as a right G-set. A mapping o between (A, G)-bisets is called a
morphism of (A, G)-bisets if it is a morphism both of left A-sets and of right G-sets.

Definition 1 The category G—Setf4 is defined as follows :

e The objects are triples (Y, 0, X), where Y is a finite G-free (A4, G)-biset, X is
a finite left A-set, viewed as an (A, G)-biset with the trivial right action of G,
and o : Y — X is a morphism of (A, G)-bisets, inducing an isomorphism of
left A-sets @ : Y/G — X ;

e A morphism (Y,0,X) — (Y',0/,X’) is a pair (v, ), where v : ¥ — Y’ and
B : X — X' are morphisms of (A4, G)-bisets, such that the diagram

y -2 .y

al lg,

X — X'
B

is commutative. The composition is given by (v, ) o (v, ") := (yo~/, B0 5),
and the identity Id(y,, x) is the pair (Idy, Idx) of the identities Idy : Y — Y
and Idx : X — X.

For any set X, Pr : G x X — X denotes the projection. If ¢ € Hom(A, G1.S,),
then we denote by (G x [n]), the object (G x [n], Pr,[n]) of G-Set{ coming from
the left action ¢ of A on G x [n].

Proposition 2 The following statements hold.
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(a) Suppose that (Y,o,X) is an object of G-Setf and that n = |X|. Then there
exists a homomorphism ¢ € Hom(A, G Sy,) such that (G x [n]), = (Y,0,X).

(b) Let (G x [n])y, (G x [n]),. be a pair of objects in G-Seti'. Then the set of
isomorphisms from (G x [n]), to (G X [n]),, consists of all pairs (v, ™) with
v = (f;7) € G1S, such that p.(a) = yp(a)y~! for all a € A.

Proof. Let € be a system of representatives of Y/G, and let v : G x Q — Y be
the isomorphism of right G-sets defined by (g, z) = xzg for all (g,x) € G x Q. Let
7 : Y — Y/G be the morphism of left A-sets such that, for all y € Y, 7(y) is
the G-orbit containing y. We now suppose that A acts on Y via a homomorphism
n € Hom(A, Autg(Y)). Then there exists an object (G x Q,707,Y/G) of G-Set
coming from the left action ¢ of A on G'x$2 defined by n(a)oy = yoii(a) for alla € A.
Further, (v,7) : (GxQ,707v,Y/G) — (Y,0,X) is an isomorphism and there exists
a homomorphism ¢ € Hom(A4, G .S,) such that (G x [n]), = (G x Q,707,Y/G),
whence (a) follows. The statement (b) is straightforward. This completes the proof
of Proposition 2. O

3. THE WOHLFAHRT SERIES FOR G5,

The goal in this section is to give the exponential formula of the Wohlfahrt series
for the wreath product G .S,.

Given a pair of (A, G)-bisets Y1, Y, their disjoint union Y;UY3 is an (A, G)-biset.
The sum of a pair of objects (Y, 0, X), (Y',0/,X’) in G-Set is

(Y,0,X)+ (Y, o/, X") := (YUY, 0Uo’, XUX")

where (cUd”’)(y) = o(y) if y € Y and (0Uc’)(y) = o'(y) if y € Y’, which is a
coproduct in G—Setf‘. For any object (Y, 0, X) of G—Setf‘, the left A-set X is a
disjoint union of the A-orbits, say X1, Xo,..., and also Y is a disjoint union of finite
G-free (A, G)-bisets, say Y1, Ys, ..., such that o induces morphisms of (A, G)-bisets
o+ Y;— X;,i=1,2,..., which yields (Y, 0, X) = (Y1,01, X1) + (Ya,09, X2) + - - -.
Thus an object (Y,0,X) of G-Set{ is connected if and only if X is a non-empty
transitive left A-set, or equivalently, there is a subgroup B of A of finite index such
that A/B = X as left A-sets.

Lemma 1 Let B be a subgroup of A of index n and Tp = {a1,as2,...,an} a left
transversal of B. Suppose that k € Hom(B, G) and that § € GT2. Then there exists
a mapping oy x9) : A — Autg(G x (A/B)) such that

(’D(TBV,%Q)(CL)(Q,CLJ'B) = (G(aj/)/{(a;,laaj)H(aj)_lg,aj/B), where aajB = ajy B,

foralla€ A, g € G, and j € [n]. Further, it is a homomorphism.
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Proof. The first assertion follows from Proposition 1. It is easy to see that ¢ (7, . 9
is a homomorphism. O

Definition 2 Under the notation of Lemma 1, we denote by (G X [T])(.¢) the
object (Gx(A/B), Pr, A/B) coming from the left action @7, . ¢ of Aon G x(A/B).

Let €4 and e be the identities of A and G, respectively. The following proposi-
tion enables us to determine the isomorphism classes of connected objects of G—Setf‘.

Proposition 3 Let B be a subgroup of A of finite index and Tp a left transversal
of B containing €4. Suppose that ¢ € Hom(A, Autg(G x (A/B))) and that, for each
element a of A, there is a mapping &, € GAB with p(a)(g, zB) = (£,(xB)g, axB)
for all (g,xB) € G x (A/B). Then there is a unique pair (x,6) € Hom(B,G) x GTB
with O(ea) = eq such that (G x [Tg])(.,9) expresses the object (G x (A/B), Pr, A/ B)
of G—Setf‘ coming from the left action ¢ of A on G x (A/B).

Proof. Suppose that A acts on G x (A/B) via ¢ and that Ts = {a1,a2,...,a,}
with a; = e4. Define (k,0) € Hom(B,G) x GT8 by k(b) = &(B) for all b € B
and 0(aj) = &, (B) for all j € [n]. Then b.(eq, B) = (x(b), B) for all b € B and
a;.(eq, B) = (6(aj),a;B) for all j € [n]. Further, for any a € A, g € G, and j € [n],
if aa;B = ay B, then

a.(g. a;B) =<an> (6(aj)~'9. B)
— a;.(r(a ;1%)9(@]) g, B)
=< o J(ay aa;)0(a;) " g, a5 B).

Thus (G x [TB])(x,6) = (G x (A/B), Pr,A/B). Also, 6(ca) = ¢¢ and the uniqueness
of (k, ) is clear. We have thus proved the proposition. O

We require the following proposition.

Proposition 4 For each subgroup B of A of finite index, we fix a left transversal
Tp of B containing €4. Suppose that B is a subgroup of A of finite index and
that (k,0) € Hom(B,G) x G'5 with 0(es) = eq. We denote by Iy . q) the set
of all pairs ((G x [T,])(x. 0.)> (7, B)), where (ky,0,) € Hom(B,,G) x G5+ with
0.(ea) = eg and (7, B) is an isomorphism from (G x [T])(xe) to (G X [TB,])(x, .)-
Then there exists a bijection from I, . 9) to GA/B x Tp.

Proof. Suppose that Tg = {a1,az,...,an}. Let (GX[Tg,]) (k. .0.), (7, B3)) € F(1p,1.0)-
Then  : A/B — A/B, is an isomorphism of left A-sets. Take an element a of A so
that 3(B) = aB,. Then aB, = 3(B) = b3(B) = baB, for all b € B, and hence B® is
a subgroup of B,. Likewise, B, is conjugate to a subgroup of B, and consequently,
B, = B% We can now choose a unique element a; of T so that 3(B) = Ba; ' and
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B, = B% . Further, since v is a morphism of free right G-sets, these exists a unique
mapping ¢ € GA/B such that v(g,a;B) = (£(a;B)g, 3(a;B)) = (£(a;B)g, aja; ' By)
for all g € G and j € [n], which defines an injection from %7, . ) to GA'B % Tp.

Conversely, let (€, a;) € GA/B xTg. Define B, = B“i_l, andlet 3 : A/B — A/B,
be the morphism of left A-sets defined by ((a;B) = ajai_lB* = ajBai_l for all
j € [n]. Then there exists an isomorphism v : G x (A/B) — G x (A/By) of right
G-sets satisfying (g, a;B) = (£(a;B)g, f(a;B)) for all g € G and j € [n]. Hence, by
Proposition 3, there is a unique pair (k«, 0x) € Hom(By, G) x GTB+ with 0.(ea) = ec
such that (G X [Tg,])(x,.6.) expresses an object (G x (A/Bx), Pr, A/B.) of G-Set#
coming from the left action ¢ of A on G'x (A/B.) defined by p(a)oy = vyop(r, .6 (a)
for all a € A, where @7, .. g) is defined in Lemma 1. Now (v, 3) is an isomorphism
from (G x [TB])(x,9) to (G X [TB,])(x.6.), and thereby the injection from S(r, . g
to GA/B x Ty defined in the preceding paragraph is bijective. This completes the
proof of Proposition 4. O

It is clear that the category G—Set§4 is a skeletally small and locally finite KS
category. We are now in a position to apply [10, 5.8. Theorem] to G—Setf‘.

Proposition 5 For each subgroup B of A of finite index, we fix a left transversal Tg
of B containing e, and define £ (Tg,G) := Hom(B,G) x {0 € GT8 | O(e4) = ec}.
Let v be a mapping from the set of objects of G-Seth to a Q-algebra satisfying the
following conditions :

(i) T(Y; 0—7 X) = T(Y,70—/7 X/) @f (Y7 0—7 X) g (Y/’ O—/7XI);

(ii) T(@) = 1, T((Yl,dl,Xl) + (}/Q,O'Q,XQ)) = T(H,O‘l,Xl)T(YQ,O‘Q,XQ).

. T n __ T(T J,0) :
2 2 IGlin!t =ep| >, ) |G|\A:§\|A:B| A

n=0 pcHom(A,GSy) B<fA(k,0)€Z(TB,G)
where v, = r((G % [n])y) and vy .0y = 7((G X [TB]) (1,9))-

Proof. Let Con(G—Setfl) be the full subcategory of connected objects of G—Setf‘.
By [10, 5.3], we can substitute t>%) for 7(Y, ¢, X)tXI on both sides of the equation
in [10, 5.8. Theorem] with & = G-Set{'. Hence

N ) Xl Z e 3 _r(Z) x|

Aut(Z Aut(Z
Z:(Y,U,X)EG—Setf“ ut(2)] Z:(Y,J,X)GCOn(G—Setf‘)‘ ut(2)|

The proposition now follows from Lemma 1 and Propositions 2, 3, and 4. O
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Corollary 1 ([4, 8]) We have

Z [Hom(A, G1.5y)| 1" = exp Z Mtlfl B

|G| n! GI[A: B

n=0 B<;A

Proof. The assertion follows from Proposition 5 with the mapping r defined by
r(Y,0,X) = 1 for all objects (Y, 0, X) of G-Set#. O

4. EVEN PERMUTATION REPRESENTATIONS

A Wohlfahrt series is expressed in the form ) 7, [Hom(A, K,)|t"/|G|"n!; by
substituting the variable ¢ of this series for |G|t, we obtain the original series. In
this section we establish a fundamental theorem for enumerating homomorphisms
from A to G S, and present the exponential formula of the Wohlfahrt series for
Gl A;,. Recall that €,(A) is the set of minimal subgroups of A/®,(A) and that each
element of €,(A) is denoted by (¢) for an element ¢ € A — ®,(A) with ¢ € ¢,(A),
where ¢ = ¢®,(A). The following theorem relates to [5, Theorem 3.1].

Theorem 1. Suppose that homomorphisms ¢, € Hom(S,, (w)), n = 1,2,..., sal-
isfy the condition that either Ker (, = S, for any n, or p =2 and Ker(, = A, for
any n. Let x be a homomorphism form G to (w), and let x1, X2, ... be the sequence

of homomorphisms xn € Hom(G 1 Sy, (w)), n =1,2,..., defined by

Xn(f5m) = X(F())X(f(2)) - x(f (n))Cn(T)
forall (f;m) € GUS,,. Set K, = Kerx,,. Then

Hom(A, K, Hom(B, .
A 0,4 Z| om( )|t":exp T [Hom(B, G| , 4.5

Gl =, [GIIAB
n Z ZeXp Z Z ¢a(c) X;H;V].ng(B)(C))Z 4 A:B
(€€, (A) i= B<;A k€Hom(B,G) |GI|A: Bl

where X o k € Hom(B/®,(B), (w)) is the homomorphism defined by

X © R(b®y(B)) = x(x(b))

forallb € B, and (p(c) =1 if Ker(, = Sy, for any n and (g(c) = sgng(c) if p =2
and Ker(, = A, for any n. Here (p(c) and Ve, )(c) are independent of the
choice of an element ¢ in a coset (¢) € €p(A).
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Proof. Suppose that ¢ € Hom(A,G 1 S,). Then either |A : Ker(x, o ¢)| = p or
A = Ker (xn 0¢), and further, Ker (x, o ¢) contains ®,(A). If |A : Ker (xn0¢)| = p,
then

> an = (- Di{© € G(A) | c € Ker(xn 0 9)}
etp(4) =1 —#{(c) € Gp(A) | ¢ € Ker (xn 0 ¢)}
=1,
because Y b_ _1 w’= —1 and A/®,(A) is an elementary abelian p-group. Note that

the number of subgroups of order p in an elementary abelian p-group of order p® is
equal to (p* —1)/(p — 1). Hence we obtain

— : if A= Ker o
1+ ) Z ZXN(@(C))i _ { A (I)P(A>’ fA K (Xn o ®),

) = 0 otherwise.
€6y(A) i=

Consequently, since Hom(A, K,,) = {¢ € Hom(A,G1S,) | A = Ker(xn 0 ¢)}, it
follows that

_ |Hom(A, Ky,)| ,, |Hom (A Se)|
A D, Z Gl L Z ‘G’nn' t

e @) .
Ly Sy oy uar,
(€) €6, (A) i=1 n=0 pcHom(A,G1S)

Suppose that ¢ € A. Using Proposition 2, we define a mapping r from the set
of objects of G-Set#' to the complex numbers by setting (Y, 0, X) = xn(p(c)) if
(Y,0,X) = (G x|[n]),, and (@) = 1. Note that, if objects (G x [n]), and (G x [n]),,
are isomorphic in G-Set#, then x,,(¢(c)) = xn(¢«(c)) by Proposition 2(b). Further,
given a pair of objects (G x [n1])y,, (G X [n2])y, in G-Set{' with n = ny + na, there
exists a homomorphism ¢ € Hom(A4, G S,) such that

(G x [n])p = (G X [m])g; + (G x [n2])e,

and

Xn(2(€)) = X (£1(€)) Xna (p2()).-
Thus the mapping r satisfies the conditions (i) and (ii) in Proposition 5. Also,
under the notation of Proposition 5, if B is a subgroup of A of finite index and
if (k,0) € Z(TB,G), then r((G % [TB]) ) = (p(c) - W(VB/%)(B)(C)), which is
independent of the choice of 8. It now follows from Proposition 5 that

i Z Xn(p(c)) m
|G|"n!

n=0 peHom(A,G1Sn)

Z Z C (C) : W(VB/CI’;D(B) (C)) 75\14:B|

P G[A: B]

B<;A keHom(B,G)
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This formula, together with Corollary 1, enables us to obtain the desired result as
a consequence of Eq. (2). We have thus proved the theorem. O

We classify the group K, in Theorem 1, according as Ker(, = S,, for any n or
p =2 and Ker(, = A,, for any n, and Kery = G or Kerx # G.

Case 1. Ker(, =5, Kery =G, and K, = G S,.
Case 2. p=2, Ker(, = A4, Kerx =G, and K,, = Gl A,.
Case 3. Ker(, = 5, Kerx # G, and
Kn ={(f;m) € GUSn [ x(f(1)f(2)--- f(n)) =1}
Case 4. p =2, Ker(, = A4,,, Kerx # G, and
Kn ={(f;m) € GUSn [ x(fF(1)f(2)--- f(n))sgn(m) = 1},
where sgn is the usual sign.

The assertion of Theorem 1 in Case 1 is Corollary 1, and the one in Case 2 is
the following corollary to Theorem 1.

Corollary 2 We have

> [Hom(A4, G A, n Hom(B, G .
|A . (I)Q(A)| Z ‘ |(G|nn‘ )‘ " = exp Z ‘ ( : )’ t|A.B|
n=0 ’

Py e T sgnp(c) - [Hom(B, G)| .5
(c)e%a(A) B<, A Gl14: Bl
C)EGH <r

In particular,

 [Hom(A4, 4, 1 :
]A;(IJQ(A)|Z‘Om(—’)|t":exp Z _ = 4B

! :
= n! Boa |A: B|
sgnp(c) ,ja.m
+fZ exp | D |A:B|t
()2 (A) B<, A

Proof. The corollary is an immediate consequence of Theorem 1. O

Remark 1If A is abelian and if B is a subgroup of A of finite index, then, for each
a € A, sgng(a) = 1 if and only if either (aB) does not include any non-identity
Sylow 2-subgroup of A/B or else A/B is of odd order [8, Lemmas 2.1]. (The first
statement of [8, Lemma 4.1] is missing in the case where A/B is of odd order.) The
second assertion of the theorem is now equivalent to [8, Theorem 1.1] if A is abelian,
and is equivalent to the fact in [7, Chap. 4, Problem 22] if A is a finite cyclic group.
(The formula [10, (6.5.d)] is not correct. However, the idea in [10, 6.5] is useful for
the proof of Theorem 1.)
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5. VARIOUS WOHLFAHRT SERIES

We devote the rest of this paper to the applications of Theorem 1 to Cases 3 and
4. The formulas of Theorem 1 in the case where Kery # G seems to be so implicit
that we try to give slightly explicit formulas under a certain additional condition.

Lemma 2 Suppose that x € Hom(G, (w)) and that ¢ € A. If either A or G is
abelian, then the number of homomorphisms 1 € Hom(A, G) satisfying x(¢(c)) = w’
is independent of the choice of an integer j with 1 < j <p—1.

Proof. If G is abelian, then we can identify Hom(A, G) with Hom(A/A’, G), where
A’ is the commutator subgroup of A. Hence we may assume that A is abelian. Let
K be the intersection of all kernels of homomorphisms ¢ € Hom(A, G). Then K is
a normal subgroup of A of finite index, and hence A/K is a finite abelian group.
Now, since Hom(A, G) is identified with Hom(A/K, G), we may assume that A is a
finite abelian p-group. For each integer i, we define

Hom(A, G;c,w') = {4 € Hom(A, G) | x(¥(c)) = w'}.

Let ¢ and j be arbitrary positive integers less than p, and let ¢ be a positive
integer satisfying i/ = j mod p. If ¢ € Hom(A4,G;c,w'), then a homomorphism
»® € Hom(A,G) is defined by setting ) (a) = 9(a)’ for all a € A, because
A is abelian. Here we get x (¥ (c)) = x(¢(c))! = w* = w. Hence there is a
correspondence

Nij © Hom(A, G;e,w') 39 — ¢ € Hom(4, G;c,w?).

Let s be a positive integer satisfying s = 1 mod |A|. Suppose that 1/152) = wy) with
1,12 € Hom(A, G; c,w?®). Then we obtain

1(a) = ¥1(a)’ = o(a)’ = 1a(a)

for all @ € A, whence 11 = 2. Thus the correspondence J; ; is one-to-one. Since
i and j are arbitrary, we now conclude that fHom(A, G;c,w’) = fHom(A, G;c,w?).
This completes the proof of Lemma 2. O

Definition 3 Suppose that x € Hom(G, (w)) and that B is a subgroup of A of
finite index. For each element ¢ of A, define

((B:x) = #{x € Hom(B,G) | Viz/a,(p)(c) € Ker Yo}
1
pr— #{x € Hom(B, Q) | Vg/e,()(c) & Kerxor}.
Here Y ok is defined in Theorem 1.

We can now show a formula of the Wohlfahrt series in Case 3.
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Theorem 2. Suppose that x € Hom(G, (w)).
consisting of all elements (f;m) satzsfymg x(f(1
G is abelian, then

Let K,, be the subgroup of G Sy,
)f(2)--- f(n)) = 1. If either A or

Hom(A, K,,) Hom(B, .
A, (A Z|0m in _ exp Z\Om Gl a8

Gl 2, 1G4 D]
_ 4A:B]
+(p 1)72 exp Z ]GHA B[
(@€t (A) B<sA

Here (.(B;x) is independent of the choice of an element ¢ in a coset (¢) € €,(A).

Proof. If B is a subgroup of A of finite index and if (¢) € %,(A), then the number of
homomorphisms x € Hom(B, G) satisfying X o ®(Vp/s,(B)(c)) = w is independent
of the choice of an integer j with 1 < j < p — 1 by Lemma 2, and hence

le(B;x) = Z X © "G(VB/@p(B)(C))i
k€Hom(B,G)

for any integer ¢ with 1 <7 < p — 1. The assertion now follows from Theorem 1. O

The second assertion of the following corollary is equivalent to [8, Theorem 1.2]
if A is abelian.

Corollary 3 Let K,, be the subgroup of (w) 1S, consisting of all elements (f;m)
satisfying f(1)f(2)--- f(n) = 1. Then

B:®,(B .
A (4 Z\HomAK ‘t”:exp Z | ?o( )’t|A.B|

|
B:.:®,(B .
Ay iga  pAsB

ceKer VB/‘DP(B)

where the summation ZB<fA ceKer Vg o 1s over all subgroups B of A of finite

p(B)
index such that ¢ € KerVp g, (p). In particular,

’A:q)Z ‘Z‘HomA WD ))|t":exp Z |B:(I)2(B)|t|A:B‘

l :
2nn| B<A 2|A: B|
|B: ®2(B)| ja.p
2 e 2. HaE !
(@) €%a(A) B<;A

ceKer VB/<I>2(B)
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Proof. The assertion is a consequence of Theorem 2 and Lemma 3 below. O
Lemma 3 Let B be a subgroup of A of finite index. Then

[Hom(B, (w))| = |B : ®y(B)|.
Further, for any automorphism x of (w) and for any coset (¢) € €,(A),

B : ©,(B)| if ceKerVpe,(p)

0 otherwise.

le(B;x) = {

Proof. It is easy to see that [Hom(B/®,(B), (w))| = |B : ®,(B)|. Also, there is
a natural bijection between Hom(B, (w)) and Hom(B/®,(B), (w)). Hence we have
[Hom(B, (w))| = |B : ®,(B)|. If ¢ € KerVp/q,(p), then £(B;x) = |B : ®y(B)|.
So we assume that ¢ ¢ KerVp/g, (). Then, since ®,(A) < KerVp/p,(p), we have
[(VB/a,(B)(c))| = [(¢)| = p. The assumption that Kerx = {1} now yields

(s € Hom(B, (w)) | Va/a,(s)(c) € KerYor)
= 4 € Hom(B/2y(B), () | (Via,(5)(c)) < KerF)
= 1B/2y(B) : (Vs 3(0)
= 1B @,(B)|/p.

Consequently, we obtain £.(B;x) = 0. This completes the proof of Lemma 3. O
We finish by stating a result in Case 4.

Theorem 3. Let K,, be a subgroup of (—1) 1S, consisting of all elements (f;m)
satisfying f(1)f(2)--- f(n) = sgn(w). Then

Hom(A, K,,) B :®y(B .
1A : Ba(A ’2| om( n|tn:exp Z | 2( )|t|A.B\

! .
2nn) B<A 2|A : B|
sgng(c) - | B : P2(B)| |A:B]
+ Z > oA m
(e)eba(A B<yA

ceKer VB/<I>2(B)

Proof. The theorem follows from Theorem 1 and Lemma 3. O
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