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On the reciprocity formula for generalized Dedekind sums.

Yugen TAKEGAHARA
(Received February 23, 1988, Revised May 16, 1988)

T. Yoshida recently defined a function on a finite abelian group A4 ;

MR g 1Y
ML =5 (g o

where A is a linear character of A([2]). For a positive integer % and an

integer %, the Dedekind sum s(%, &) is defined by

o =(HNCD)

() =2—[x] =5 +50(), xR,
1 if x is an integer,
0 otherwise.

8(x>={

Yoshida has shown that if the order of Ais &, then
CAA[A], AalA"Da=s(h, k),

where % is an integer and <, >, means a usual scalar product on the space
of complex valued functions on A. Furthermore, by using the character
theory, he proved the following well known formula ;

k*+h*+1-3kh

SChy k) +5Chy Iy =2

where & and /% are positive integers such that (%, £)=1. Now a general-
ized Dedekind sum is defined by

)

where k is a positive integer, % is an integer and » is a real number([1]).
Clearly s(h, k, r)=s(h, k, —»). If r is an integer and % is the order of A,
then we have

CAA[A], Ba[A"] A a=s(h &, 7).
Here A is as above. This formula will be proved in [Corollary 4
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The purpose of this paper is to show the reciprocity formula for
generalized Dedekind sums due to Knuth from a different angle approch.

THEOREM 1([1]). Let k and h be positive integers such that
(k, h)=1, and let v be a real number such that —h<r<k. For zEZ,
put

1if »r=0 or
e(7, z):{ r+0, =0 (mod z),
0 if r=+0, r=0 (mod z).

Then we have

sChy by ¥)+sCh by, 7)= kzirthﬂ N [T]<[T]ZJ;@11¢_5M>

A o-r

If we assume that 2>/%>0 and £>7» =0, then this formula is the same
that as in [1].

Throughout this paper, let 2 and % be positive integers such that
(k, h)=1. Let k’ and %’ be integers such that kk’+ #h’'=1. We start with
the following lemma.

LEMMA 2. Let ¢, d and r be integers such that 0<c<k 0<d<h
and 0<7 <k.

® sk =0 (1-6(5)

@ sCh, khy, Wic+ked)=sCh b d— c)——%—((d . ))(1—3(%)).

PROOF.

W sakn=sab=3((FNE)-(D)
“EEF PN @)

It is well known that, for a real number x. and a positive integer #,
((=x))=— ((x)?, ((x+n))=((x))

and ((n-x)):g«%-%-x)).

Therefore the above sum is equal to E}I((%})—i—%((%)) and we have
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A 2(F)=s-7+3(-o(7))

Since s(1, &) = <k_11>2;k_2>, we obtain the required equality.

(2) Since kk'+ hiv=1, we have

SChI, kh, hi'c+Rk'd) = (( h>)<(hh<f+c d>+d>)

>)

Here we get 2((2 o )) (( )> Hence we have

sChit, kh, hi'c+kl'd) = 2((5 ))((kw = +kh>>

(=) ()

([

wiz(1-a(F)) 7 i=o

Therefore we get the required formula, and the lemma was proved.

Now we can see

NOTE. The assertion (1) of is a special case of the Knuth’s
formula which is in the proof of lemma 3 of the paper [1].

Next we state the properties of the function As[A] without proofs.
LEmMMA 3([2]). Let A be a finite abelian group and B a subgroup of
A. Let A be a linear character of A.

(1 If A*=14, then we have As[A]= I(%—%) 8

(2 Aa[Aliz=A0%[As], here 5 denotes the vestriction to B.
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(3 Let acA. Then Au[A](@)=—A4A](@), and

0 if Ala)=1,

AalAl=1 A(a)+1
2 /1((2)

COROLLARY 4. Under the notation of Lemma 3, if the order of A is
k, then

<AA[A], AA[/ih]./i7>A28<h) k) 7)’

where h and v are integers.

if Ala)+1.

PROOF. By (1) of Lemma 3, we have AA[A]:g}(—%—%) i
Therefore we have

]

B2, 8al) 34 =CE (S5 ¥, B () s

- E ()G

hz+r$0(mod k)

This proves the corollary.

Hereafter, let M and N be cyclic groups of order 2 and %, and let A
and g be generators of the linear characters of M and N, respectively.
Put A=M X N. In the paper Yoshida defined the function § on A as

QZAA[/IIX:lN]'AA[].MXIU]
—AA[AX p) (AA[AXIn]+Au[ 1 X 1)),

and proved the preceding reciprocity formula for Dedekind sums by con-
sidering the product <@, 1.>4

PROPOSITION 5. Let r be an integer such that —h<r<k. Then we
have

el it W
12kh ' 2kh

5| ][ F]) e m—e b+,

PrOOF. Under the above notation, let ¢ and d be integers such that
0<c<k and 0<d<h. We consider the product <8, 1°X y%, to show the
equality. Let m and » be generators of M and N respectively. Then we
have the equality ;

sCh,k, v)+s(k h, r)=
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0(m"><nf)=—%for 0<i<k and 0<j<h,
which is proved by (3) of Lemma 3(see [2]). Put w.,=A(m) and
wr=p(n). Since §(1,)=0, we have

O, AX u®ya= (R < Oy ADu+hlOnp®n

k—1h—1

+Z EH(M’XW) Am) e u(n¥)) /kh

i=1j=1

=(k<An[A], Au[A]+2ADu+h<AN[ 1], An[p]s ¥y
1 k—1h-1

— Z‘,Zw i) /kh

i=1j=1

by (2) and (3) of Lemma 3. Here we get

sissot=(1§) o £))

Hence <@, A°X u*%, is equal to

D S0ED ) ) )

by [Corollary 4. Therefore, by (1) of Lemma 2, we have

* B St Lie d) Lyal)
() ROAX WD a=" 3 2<h+k 0\ )

On the other hand,

G, AX u®ya=s(hi, kh, hiwc+kk'd)+s(kk’, kh, hlW'c+Fkk'd)
FCAA[AX Iy ] e Au[ Ly X 1], AKX %4
=s(h kd—c)+s(k h c—d)

L) o-o(5)
(- F N 3o
by (2) ILemma 2 and Corollary 4 Here we get
(DA
e {4 phese)

RN,

Therefore we have
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K9, AX u®ya=5sCh, b, d—c)+s(k h, c—d)
cd 1/d, ¢ d—c c—d
TR (T‘r[ F H 2 D
1 d—c c—d cd
—(o(F) o5 3+5( )
Now by (x), we obtain the equality ;

sChyk,d—c)+s(Ck h, c—d)

_ kR4 | (c—d)? 1([d—c c—d
=T 1okh T 2ER 2([ 3 ]*[ A D

(o479 +o(5%)-3)
Put r=c—d. Then —h<7<k, and we have
) elR)

Furthermore 8(%) — 6(%) =e¢(7, k) —e(r, h), this proves the proposition.

PROOF OF THEOREM 1. Let » be a real number such that —A<7» <k.
Put »=1[+x where [ is an integer such that —42</<k and x is a real
number such that —1<x<1. Furthermore we assume that both / and x
are positive or negative unless /=0. Then we have the following lemma.
See also the proofs of Lemmas 1 and 3 in [1].

LEMMA 6. We have
sCh kb, v)+s(Ck h,v)=s(h k 1D)+sCk h [)

Hagr— 1l (%) -o()|fa-se.
Proor. First we have

annS(NE)
(o))

=50, b D+ () )a—80).

For s(k, h, ) we have the similar form. Furthermore we have

(D)2 {o(7)-o()
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Therefore we get the required formula from our assumption, and the
lemma was proved.

By [Proposition 5 and Lemma 6, we have

2 2
sCh b 1) +sk I r):fir—z};kﬂ

[r]<[r];;}l 8(r) ([ ]_[”]>+ A—e(l, ) (1—86(r)

— et m—et p+1+| o()- o( )-8},

Finally we can see

e(l, y—eCl, ) +|o(-)—8(; )| A—0Cr)
=e(r, h)—e(r, k)+2(1—e(l, k))A—=6(r)),
and this prove the theorem.
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