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Abstract

For families of hypersurfaces with singular points, a classical definition of an envelope
is vague. In order to define an envelope for a family of hypersurfaces with singular points,
we consider r-parameter families of frontals and of Legendre mappings in the unit tangent
bundle over the Euclidean space. We define an envelope for the r-parameter family of
Legendre mappings. Then the envelope is also a frontal. We investigate properties of
the envelopes. As an application, we give a condition that the projection of a singular
solution of a first order partial differential equation is an envelope.

1 Introduction

Envelopes are classical object in the differential geometry. There are a lot of applications of
envelopes to differential geometry, differential equations and physics, for instance [4, 5, 7, 8,
9, 12, 15, 16, 18, 21, 23]. An envelope of a family of surfaces is a surface that is ”tangent”
to each member of the family at some point. If the surfaces are regular, then the tangent is
well-defined. However, a definition of an envelope is vague for singular surfaces (surfaces with
singular points). In [22], a definition and properties of an envelope for a one-parameter family
of Legendre curves in the unit tangent bundle over R? were given. In this paper, we clarify
a definition of an envelope for a family of singular surfaces. As singular surfaces, we consider
frontals and Legendre mappings in the unit tangent bundle over R"™!. The basic results on the
singularity theory see [1, 2, 4, 13, 14, 17].

We consider r-parameter families of Legendre mappings and define an envelope in §3. Then
the envelope of an r-parameter family of Legendre mappings is also a frontal. We give a
necessary and sufficient condition that the r-parameter family of Legendre mappings has an
envelope, see Theorem 3.6 as the envelope theorem. Moreover, we give relations between
envelopes of a classical definition and of a family of Legendre mappings. As an application,
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we give a condition that the projection of a singular solution of a first order partial differential
equation is an envelope by using the envelope theorem in §4.

All maps and manifolds considered here are differentiable of class C°.
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2 Preliminaries

Let R"*! be the (n + 1)-dimensional Euclidean space with the inner product x -y = zy; +
o+ Tpi1Yni1, where © = (21, ..., Tpi1), ¥ = (Y1, -+, Yny1) € R™™ The norm of z € R™™ is
given by |z| = \/z - x.

Let ' : W x A — R be an r-parameter family of smooth functions, where W and A are
domains in R"*! and in R", respectively. Then one of the classical definition of an envelope E;
is as follows, see for instance [3, 4, 11]:

Definition 2.1 The envelope of the family F' is the discriminant set of F', that is, the set of
points given by

Ep = {z € R"™'| for some X € A, F(z,\) = F),(z,\) =0,j=1,...,7}.

If F(x,\) = F\;(,\) =0,j =1,...,r, we say that € E; with respect to A = (A1,...,\;).
Here Fy,(z,\) = (OF/0\;)(z, ).

Example 2.2 Let F : R¥ xR — R, F(z,y,2,A) = (x — A\)? — y%. Then F' = 0 is the image
of the cuspidal edge for each fixed A € R, see Figure 1 and Example 3.8. The definition and
properties of cuspidal edges see [10, 20]. Since Fy(z,y,2,\) = —3(z — \)?, the envelope of the
family F is given by E; = {(\,0, z)} = zz-plane.

Example 2.3 Let F: R3xR — R, F(x,y,2,\) = 23— (y—\)%. Then F = 0 is the image of the
cuspidal edge for each fixed A € R, see Figure 2 and Example 3.9. Since Fy(x,y, z, \) = 2(y—A),
the envelope of the family F' is given by E; = {(0, A, 2)} = yz-plane.




However, in the sense of the limit tangent plane of the cuspidal edge, yz-plane is not tangent
to the cuspidal edge. Therefore, we would like to distinguish as envelopes, see Examples 3.8
and 3.9.

Let U C R™ be a domain in R™. We say that (f,v) : U — R""1 x §" is a Legendre mapping if
(f,v)*0 = 0, where 0 is a canonical contact form on the unit tangent bundle T3R™" ! = R" ™! x 5"
over R"*! (cf. [1, 2]). Moreover, f: U — R is a frontal (respectively, a front) if there exists
a smooth mapping v : U — S™ such that (f,v) is a Legendre mapping (respectively, a Legendre
immersion). The condition (f,v)*¢ = 0 is equivalent to df (u) - v(u) = 0 for all uw € U. If we
denote f(u) = (fi(u),..., fur1(w)),v(u) = (v1(u),...,Vpe1(u)) and u = (uq, ..., u,), then the
condition df (u) - v(u) = 0 for all u € U is equivalent to

Jui(u) - v(u) = fr (@ (w) + - 4 fogrw (W (u) =0,

forallu e Uandi=1,...,n.

The parallel of a Legendre mapping (f,v) : U — R x 8" is defined by f* : U —
R f*(u) = f(u) + kv(u), where k € R. Then it is easy to see that (f* v): U — Rt x S»
is also a Legendre mapping for each fixed k € R.

3 Envelopes of families of Legendre mappings

We say that (f,v) : U x A — R"™™ x S™ is an r-parameter family of Legendre mapping if
(f(, M), v(,A) : U — R™™ x 8™ is a Legendre mapping for each A € A C R".

Let (f,v) : U x A — R"™ x S™ be an r-parameter family of Legendre mappings. Let
V' C R™ be an open subset and e : V- — U x A, e(p) = (u(p), A(p)) be a smooth mapping. We
denote £ = foe:V — R*

Definition 3.1 We call E an envelope (and e a pre-envelope) for the r-parameter family of
Legendre mappings (f,v), when the following conditions are satisfied.

(i) The set of regular points of A : V™ — A" is dense in V. (The Variability Condition.)
(ii) Forallpe V andi=1,...,n, E, (p) - v(e(p)) = 0. (The Tangency Condition.)

The definition of the envelope is a generalisation of the definition of the envelope of a
one-parameter family of Legendre curves in [22]. By definition, we have the following.

Proposition 3.2 Let (f,v) : U x A — R x S™ be an r-parameter family of Legendre
mappings. Suppose that e : V. — U x A is a pre-envelope and E = foe : V — R"1 s
an envelope of (f,v). Then E is a frontal. More precisely, (E,voe) :V — R"™ x S" js q
Legendre mapping.

Proof. Since the tangency condition, we have E,, (p) - v(e(p)) = 0 for all p € V. It follows that
dE(p)-(voe)(p) =0forallp e V. That is, (F,voe): V — R" x S is a Legendre mapping.
O

Proposition 3.3 Let (f,v) : U x A — R"™ x S" be an r-parameter family of Legendre
mappings. Suppose that e : V. — U x A is a pre-envelope and E = f o e is an envelope of
(f,v). Then we have the following.



(1) e: V — U x A is also a pre-envelope of (f,—v) and E = foe is also an envelope of

(f,—]/),

(2) e : V = U x A is also a pre-envelope of (—f,v) and —E = —f o e is an envelope of
(_fa V)'

Proof. (1) By definition, (f, —v) is also an r-parameter family of Legendre mappings. Since e
is a pre-envelope of (f,v), E,.(p) - (—v(e(p)) = —E,,(p) - v(e(p)) = 0 for all p € V. Hence, e is
also a pre-envelope and E = f o e is also an envelope of (f, —v).

(2) By similarly, we have the result. O

Remark 3.4 By Proposition 3.3 (1), we may define an envelope for an r-parameter family of
Legendre mapping in PT*R"*,

Remark 3.5 As the same definition, we can define an envelope of a family of Legendre map-
pings in the unit tangent bundle over a smooth manifold. Especially, we can define envelopes
not only of families of Legendre mappings in the unit spherical bundle (cf. [19]), but also of
families of frontals in the hyperbolic or de-Sitter space (cf. [6]).

We give a necessary and sufficient condition that the r-parameter family of Legendre map-
pings has an envelope. We call this result the envelope theorem (cf. [11, 22]).

Theorem 3.6 (The Envelope Theorem) Let (f,v): U xA — R"™ x S" be an r-parameter
family of Legendre mappings, and let e : V. — U x A be a smooth mapping satisfying the
variability condition. Suppose that n > r. Then e is a pre-envelope of( v) (and E is an
envelope) if and only if f, (e(p)) - v(e(p)) =0 forallp eV and j=1,...

Proof.  Suppose that e is a pre-envelope of (f,v). We denote f = (fi,..., fot1),v =
(V1, ..., Vns1). By a direct calculation,

By (p) = (foe( )

fluk /U/kpz _'_ Z fl)‘ ]pz ) R

Z n—l—luk ukpZ + Z fn—l—l)\ jpz (p)> .
k=

Since E,,(p) - v(e(p)) =0forallp e V andi=1,...,n, and (f,v) is an r-parameter family of
Legendre mappings, we have

(S (e(p)) - v(e()Aap (p) + - - + (a. (e(p)) - v(e(p) Arpi (p) = 0,

forallpe Vandi=1,...,n. It follows that
A (P) 0 A () S (e(p)) - v(ep)) 0

M@ @) )\ () - vle()) 0

By the assumption n > r and the variability condition, we have fy(e(p)) - v(e(p)) = 0 for all
peVandj=1,...,r



Conversely, suppose that fy,(e(p)) - v(e(p)) =0 forallp € V and j = 1,...,7. By a direct
calculation, we have

Ep,(p) - v(elp) = (Z Jru, (e(p))urp, () + Zflz\ Ajpi )) -vi(e(p))

- <Z S (€(p))unp, (p) + Z f”+1>\ Ajpi (p)) “Unta(e(p))

= Zukm ) fuy (e +2Am e(p)) - v(e(p))
= O

forallpe Vand i =1,...,n. It follows that e is a pre-envelope of (f,v). a

Remark 3.7 In Theorem 3.6, the assumption n > r does not need to prove the converse.

Example 3.8 Let (f,v): R xR — R3 x S? be

1
f(uvva)‘) = (U’2 + /\,UB,U),V(U,U,/\) = —4(3U, _an)

9u? +

Then (f,v) is a one-parameter family of Legendre mappings (immersions) and f is the cuspidal
edge for each fixed A € R. Since fi(u,v,\) - v(u,v,\) = 3u/v/u2 + 4, if we take e : R* —
R x R, e(p, q) = (0,p, q), then the variability condition holds and f(e(p,q))-v(e(p,q)) = 0 for
all (p,q) € R% By Theorem 3.6, ¢ is a pre-envelope and F(p,q) = foe(p,q) = (¢,0,p) is an
envelope. Hence xz-plane is an envelope of (f,v), see Example 2.2.

Example 3.9 Let (f,v):R* xR — R3 x S? be
1

w,v,\) = (u?, ud + N\ 0), v(u, v, \) =
.0 = ( ) vl 0,3) = ———

3u, —2,0).
(3, -2,0)

Then (f,v) is a one-parameter family of Legendre mappings (immersions) and f is the cuspidal
edge for each fixed A € R. Since fy(u,v,\)-v(u,v,\) = =2/v/9u? + 4 # 0, (f,v) does not have
an envelope by Theorem 3.6. Hence yz-plane is not an envelope of (f,v), see Example 2.3.

Definition 3.10 We say that a map @ : UxA— UxAisan r-parameter family of parameter
change if ® is a diffecomorphism and given by the form ®(q, k) = (¢(q, k), p(k)).

Proposition 3.11 Let (f,v) : U x A — R"™ x S be an r-parameter family of Legendre
mappings. Suppose that n > r, e : V — U x A is a pre-envelope, E = f o e is an envelope
and ® : U x A — U x A is an r-parameter family of parameter change. Then (f, v) =
(fod,vod): Ux A — R x S" s also an r-parameter family of Legendre mappings.
Moreover, ®toe:V — U x A is a pre-envelope and E is also an envelope of (f, V).

Proof. By the chain rule, we have d(f o ®) - v o ® = df(®)d® - v(®) = 0 for fixed k € A.
Therefore, (f,7) is also an r-parameter family of Legendre mappings. Since the form of ®,



there exists a smooth map 1 : U x A — U such that ®~1(u, A) = ((u, A), o (N)). It follows
that ®~! o e satisfies the variability condition. By a direct calculation, we have

fr(a,k) = ak:f ®(q, k)

= <Z flul gbzk Q7 + Z fl)\/ QDUC (k) )
Z fn—i—lui( ¢zk Q7 + Z f?’l+1>\z )Qpék (k)>
=1

for all (q,k)eﬁxﬁandjzl,...,r. Then

fi, (@7 oe(p)-T(@ ™ oe(p)) = ik, (A(P) S, (€(p))-v(e(p))++ - +2r, (D)) . (e(p) -1 (e(p) = 0

forallp € Vand j = 1,...,r. It follows that ® ! oe is a pre- envelope of (f, V), and hence
f odloe=fodod" oe—foe—Elsalsoanenvelopeof(f V). O

Let (f,v): U x A — R""! x S™ be an r-parameter family of Legendre mappings. We define
the parallel of the r-parameter family of Legendre mappings by f*: U x A — R, f*(u, \) =
f(u, \) + kv(u, \), where k € R. Tt is easy to see that (f*,v) is also an r-parameter family of
Legendre mappings for each fixed k£ € R.

Proposition 3.12 Suppose that e : V. — U x A is a pre-envelope of (f,v) (and E is an
envelope) and n > r. Then the envelope of the parallel of the r-parameter family of Legendre
mappings is given by the parallel of the envelope.

Proof. Since v is a unit vector, vy, (u, A)-v(u, \) = 0. Therefore, fy;(u, A)-v(u, A) = (fr;(u, \)+
kvyi(u, N)-v(u, A) = frj(u, X)-v(u, A). If e is a pre-envelope of (f, ), then f/’\“j(e(p)) -v(e(p)) =
fAj(e(p)) -v(e(p)) =0forallpe Vand j=1,...,r. It follows that e is also a pre-envelope of
(f*,v) by Theorem 3.6. By definition, the envelope of the parallel of the r-parameter family of
Legendre mappings is given by E¥ = f’“ oe=foe+kvoe=FE+kvoe. It follows that E* is
the parallel of the Legendre mapping (E,v o e). O

We give a relation between the envelope E; of the classical definition by using an implicit
function (Definition 2.1) and the envelope E of an r-parameter family of Legendre mappings
(Definition 3.1).

Proposition 3.13 Let (f,v) : U x A — R™™ x S™ be an r-parameter family of Legendre
mappings, and let F(x,\) = 0 be an implicit function of the r-parameter family of frontals,
that is, assume F(f(u,\),A) = 0 and (Fy,, ..., Fy ) (f(u,A), ) is parallel to v(u, X) for all
(u, \) € U x A. Suppose that n >r. Ife:V — U x A is a pre-envelope and E : V — R™1 s
an envelope of (f,v), then E(V) C Ej.

Proof. By differentiating F'(f(u, ), A) = 0 with respect to A;, we have

le (f(u7 /\)7 A)fD\j (u> /\) -t Ffﬁn+1 (f(u7 /\)7 /\)fn+1>\j (uv )‘) + ij(f(uv )‘>’ )‘) =0,

where j = .,r. By the assumption, there exists a smooth function a : U x A — R

1,.
such that (Fy,,..., Fy,)(f(u,A),A) = a(u, N\)(v1, ..., vp1)(u, A) for all (u,\) € U x A. By
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Theorem 3.6, we have fy (e(p)) - v(e(p)) = 0 forall p € V and j = 1,...,r. It follows that
Fy,(f(e(p)),A(p)) =0forallpe Vand j = 1,...,r. Therefore E(p) € E; with respect to A(p)
for all p € V. O

Proposition 3.14 Let (f,v) : U x A — R™™ x S™ be an r-parameter family of Legendre
mappings, and let e : V. — U x A be a smooth map satisfying the variability condition. If
rank(fu,, .-, fu,)(e(p)) = n and the trace of e lies in the singular set of f, then e is a pre-
envelope of (f,v) (and E is an envelope).

Proof. We denote the set of singular points (singular set) of f by X(f). Since e(p) € 3(f), we
have the condition

Jrwe 0 Jwe S 0 fin
rank : : : : (e(p)) <n+1.
fn-i—lm e fn+1un fn+1>\1 e fn+1>\r

By the assumption rank(f,,,..., fu,)(e(p)) = n, there exist smooth functions a;; : V" — R,

i=1,...,n,5=1...,rsuch that f5 (e(p)) = a1;(p) fu,(e(p)) + -+ anj(p) fu,(e(p)). It follows
that fy,(e(p))-v(e(p)) =0forallp € Vand j=1,...,r. Hence e is a pre-envelope of (f,v). O

Proposition 3.15 Let (f,v) : U x A — R™™ x S™ be an r-parameter family of Legendre
mappings, and let F(x,\) = 0 be an implicit function of the r-parameter family of frontals,
that is, assume F(f(z,A\),\) =0 and (Fp,..., Fy . ,)(f(u,A),\) is parallel to v(u, \) for all

Tn+1

(u, ) € U x A. Suppose that e : V — U x A e(p) = (u(p), A(p)) is a smooth mapping satisfying
the variability condition. If E(p) = foe(p) € Er with respect to A\(p), rank(fu,, ..., fu,)(e(p)) =
n and

(Fays - Fai)(f(e(p), Ap)) # (0, 0)
for allp € V', then e is a pre-envelope of (f,v) (and E is an envelope).

Proof. By differentiating F'(f(u, ), A) = 0 with respect to u; and A;, we have
FiUl (f(u7 )‘>7 /\)fluz (u7 )‘) “+ Frn+1 (f(u7 /\)7 )‘)fn—i-luz' (u7 )‘> - O?
le (f(u7 >\>7 )\)f]./\j (u7 )\) + F$n+1 (f(u7 )\)7 A)fnJrl)\j ('U/, >\) _'_ F)\j (f<u7 )\)7 )\) = 07

wherei =1,...,n,j=1,...,7. Since E(p) € Er withrespect to A(p), we have Fy,(f(e(p)), A(p)) =
Oforallpe Vand j=1,...,r. It follows that

flul (e(p)) T fn+11L1 (e(p))

Frane®) o (e®))
Fin () - Fuern (e(p)

fin (@) furine(p)

If the rankdf (e(p)) = n+1, then (Fy,, ..., F, .. )(f(e(p)), A(p)) = (0,...,0). By the assumption
(Fory ooy o) (f(e(p), AM(p)) # (0,...,0), we have rank df(e(p)) < n + 1. It follows that
e(p) € X(f). By Proposition 3.14, e is a pre-envelope of (f,v). a



4 Singular solutions of first order partial differential equa-
tions

As an application of the theory of envelopes of families of Legendre mappings, we give a
condition that the projection of a singular solution of a first order partial differential equation
is an envelope.

We quickly review the theory of singular solutions and of Clairaut type of first order partial
differential equations, in detail see [15, 16].

An equation is a submersion germ F : (J}(R™, R),2z5) — (R, 0) on the 1-jet space of func-
tions of n-variables, where zy = (g, %0, o). Let 6 be a canonical contact 1-form on J'(R", R)
which is given by 6 = dy — Y7 | pidx;, where (z,y,p) = (¥1,...,Tn, Y, D1, - - -, Pp) is the canon-
ical coordinate on J!(R™ R). We define a geometric solution of F = 0 to be an immersion
germ i : (L,q0) — (F7(0),2) of an n-dimensional manifold such that i*¢ = 0, that is, a
Legendre submanifold which is contained in F~1(0). We say that z, is a contact singular
point if 0(T,,F~1(0)) = 0. It is easy to see that zy is a contact singular point if and only if
F=F, =F, +pF,=0fori=1,...,n at zp. We also say that z, is a 7-singular point if
F=F, =0fori=1,...,n at 2. We denote the set of contact singular points by X.(F),
the set of m-singular points by 3, (F) and (2, (F)) = Dp, where m : J*(R",R) — R™"! is the
canonical projection mw(z,y,p) = (z,y). We call the set Dr a discriminant set of the equation
F=0.

An equation F' = 0 is said to be completely integrable at zo if there exists a foliation by
geometric solution on F~1(0) around zj, that is, there exists an immersion germ I' : (R x
R", (ug, o)) — (F71(0),20) such that T'(-,¢) is a geometric solution of F = 0 for each ¢ €
(R™, ¢g). In this case, such a foliation is called a complete solution of F' =0 at z,. We say that
an n-parameter family of function germs f : (R" x R", (9, ¢0)) — (R, yo) is a classical complete
solution of F' = 0 at 2y if a complete solution is a form of ;! f : (R"xR", (x¢, o)) — (F~1(0), 20),
that is, F(x, f(z,c), fo(x,¢)) = 0 and j'f(z,c) = (z, f(z,c), fo(x,c)) is an immersion germ.
An equation F' = 0 is said to be classical completely integrable at zy if there exists a classical
complete solution of F' =0 at z.

A geometric solution i : (L,qy) — (F71(0),2) of F = 0 is called a singular solution of
F =0 at z if for any representative i : U — F~(0) of i and any open subset V C U, i(V) is
not contained in a leaf of any complete solutions of F' = 0.

An equation F' = 0 is called of Clairaut type at zy if there exist smooth function germs

Bji, A; o (JHR™,R), z0) = R for i,j = 1,...,n such that

i

in +szy = ZBjinj + AZF, Bji = Bij

j=1

and

OBj  0Bjx <~ , O0Bj 0By OBji < OBji
o, +p oy + ;Zl ¢ e D2y + Dk a2y + ;Zl 0k s

at any (z,y,p) € (F71(0),2) for i,j,k =1,...,n. Then we have the following result.

Theorem 4.1 ([15, 16]) Let F : (JY(R™,R), z) — (R,0) be a first order partial differential
equation germs.



(1) F = 0 is completely integrable at zo if and only if X.(F) = 0 or X.(F) is an n-
dimensional submanifold around zy. Moreover, if X.(F) # (0, then X.(F) is a singular solution
of =0 at z.

(2) F = 0 is smooth completely integrable at zy if and only if F = 0 is of Clairaut type
at zg. In this case, if .(F) # 0, then X.(F) is a singular solution of F = 0 at zy and the
discriminant set Dp is the envelope of the family of graphs of the smooth complete solution.

By using the envelope theorem (Theorem 3.6), we have the following result.

Theorem 4.2 Let F : (J'(R™,R), z) — (R,0) be a first order partial differential equation
germs and not of Clairaut type at zy. Suppose that I' = (z,y,p) : (R™ x R, (ug,co)) —
(F71(0),29) is a complete solution of F' = 0 at zy, L(F) = S.(F) # 0 and e : (R™, q) —
(R™ x R™, (ug, co)) is a smooth mapping satisfying the variability condition. Then e is a pre-
envelope and E = wo T oe is an envelope of (m o', v) if and only if E(q) € n(Z.(F)) for all
q € (R",q), where v(u,c) = (—p(u,c),1)//1+ |p(u, c)|?.

Proof. By the assumption and Theorem 4.1 (1), ¥.(F) = X,(F) is an n-dimensional manifold
around zy and a singular solution of F' = 0 at 2. Since zy € ¥.(F) and F' = 0 is submersion,
we may consider F(x,y,p) = —y + g(z,p), where g is a smooth function, z = (z1,...,x,) and
p=(p1,-..,pn). We denote the complete solution of F' =0 at 2y by

C(u,c) = (x(u, ), y(u,c),p(u,c)) = (x1(u, ¢), ..., x,(u, c),y(u,c), p1(u,c), ..., pu(u,c)),

where u = (uy,...,u,), ¢ = (c1,...,¢,). Since y(u,c) = g(z(u, ), p(u,c)) and I'*0 = 0, we have
Yu,; (U, ¢) = p1(u, )Ty, (u,¢) + - -+ + pr(u, €)Tpy, (u,c) for i = 1,...,n. Since F' = 0 is not of
Clairaut type at zp, we have

xlul e xnul
rank : : (up,co) < n
l‘lun e xnun
and
Tlug Tpur  Yurw Plur *°° Pnu
rank : : : : (g, co)
Lluw " Tnup Yun Plun " DPnun
Liuy " Tpur Plur " DPnuy
= rank : : (uo, o) = n. (1)
Lluy, *° Tnup Plun " Pnun

Set f(u,c) =mol'(u,c) and v(u,c) = (—p(u,c),1)/+/1 + |p(u,c)]?. By a direct calculation, we
have fi.(u,c) - v(u,c) = 0 for all (u,c) € (R® x R", (up,cp)) and i = 1,...,n. It follows that
(f,v) is an n-parameter family of Legendre mappings (immersions). Moreover, we have

fcz' (u7 C) = (xlci(uv C)a ey Tng (u7 C), Ye; (u’ C))

= (el ),
Z Zchz- (u, C)ga:j ((L’(U, C)v p(u’ C)) + ijci (U, C)gpj (m(u’ C)’p(u’ C))) '
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It follows that f., (u,c) - v(u,c) =

1
1+ [p(u, )

<Z(_pj (u, C) + g:cj (x(u, 0)7 p(u, C)))ﬁjci(uv C) + ijci(u7 C)gpj (:L‘(u, C)a p(u, C))) .

j=1 j=1
We now consider the following case. Suppose that

Plui *°° Pnur
rank : (Uo, Co) =n.

Piu, *°°  Pnun

By using an n-parameter family of parameter change, we may assume that p;(u,c) = wu; for
i =1,...,n by Proposition 3.11. If e : (R", q9) — (R™ x R", (ug, ¢p)) is a pre-envelope of (f,v),
then

Tie,(e(q)) - 2, (e(g)) (=p1 + ga)(e(9)) 0

Tne, (€(q)) -+ Tnea(€(q)) (=Pn + 9o, ) (e(q)) 0
Here we denote a local coordinate (R, qy) by ¢ instead of p in §3. Since I" is an immersion germ
and by Theorem 3.6, we have (—p;+¢.,)(e(q)) = 0 fori =1,..., n. It follows that g,,(e(¢q)) =0
fori=1,...,n and hence E(q) € m(X,(F)) = m(X.(F)). Conversely, if E(q) € m(X.(F)), then
fe.(e(q)) - v(e(q)) =0 for all i =1,...,n. By Theorem 3.6, e is a pre-envelope of (f, ).
Moreover, suppose that

Tlug " xnuk Pk+1ui " Pnuy
rank : : (uo, co) = .

Ty, °°° xnuk Pk+1u,,  *°°  Pnun

By using an n-parameter family of parameter change, we may assume that z;(u,c) = u; for
i=1,....k and p;(u,c) = u; for j = k+1,...,n by Proposition 3.11. Then we also have
(—=pi + go)(e(q)) = 0 for i = 1,... k and g,,(e(q)) = 0 for j = kK +1,...,n. It follows
that g,,(e(q)) = 0 for ¢ = 1,...,k and hence E(q) € 7(X(F)) = m(X.(F)). Conversely, if
E(q) € m(X.(F)), then f.(e(q)) - v(e(q)) = 0 for all ¢« = 1,...,n. By Theorem 3.6, ¢ is a
pre-envelope of (f,v).

The other cases, we can also prove by similarly. This completes the proof of Theorem. O

By Theorems 4.1 and 4.2, if 3¥.(F) = X,(F) is an n-dimensional submanifold around z,
then ¥.(F') is a singular solution of F' = 0 at z, and the projection 7(¥.(F)) is an envelope
when the variability condition holds.

We give concrete examples for completely integrable partial differential equations with a
singular solution.

Example 4.3 Let F : J'Y(R?,R) — R be given by F(x1,22,y,p1,p2) = —y + pi* + ph? = 0,
where ni,ne > 2. That is, we consider the partial differential equation

B ay ni ay na
y<3$1) +<3ﬂ72) '
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Then X.(F) = X(F) = {(21,22,0,0,0)} is a 2-dimensional submanifold. The complete solu-
tion T': R? x R* — F~1(0) is given by

ny n1 1 n2
I(ug, ug, c1,02) = ( +c, ——

n2 1 ni ng
Tu T +Co,up + Uy ,Ul,uz)-
ny — Nno —

Then (f,v) : R? x R* — R3 x S§? is a 2-parameter family of Legendre mappings, where

nT p-1 N2 pp—1 n n
f(U,l,UQ,Cl,CQ) = 7o F(Ul,Ug,Cl,Cg) = < U’ll + C1, uQ2 + 027u11 + uZ2 ’
n1—1 TLQ—].
1
V(u17u2701702) = 3 2(—U1,—U2,1>.
V1+uy+u;
Since
_ 2 2 ;o
fci<'LL1,U2,Cl,C2) : V(Ul,UQ,Cl,CQ) - _uz/ 1 + U’l +u27 1= 1727

e: R? - R? x R e(q1,q2) = (0,0,q1,q2) is a pre-envelope and hence E(q) = foe(q) =
(q1,92,0) € m(X.(F)) is an envelope of (f,v).

Example 4.4 Let F': J}(R?* R) — R be given by F(x1, T2, y, p1, p2) = —y+pi +xepatay? = 0,
where ni,ny > 2. That is, we consider the partial differential equation

_<ax1) +CI328 2+l'2

Then ¥.(F) = X, (F) = {(21,0,0,0,p2)} is a 2-dimensional submanifold. The complete solution
[:R? x R? — F~1(0) is given by

ny n1—1 Ng — N2 1

— 1— ni n2 77,2

I'(uq,ug,¢1,¢2) = Uy A cpug, Uy + Uy~ + Collg, Uy, ——— Uy~  +C2 | .
ny — 1 N9 — 1 N9 — 1

Then (f,v) : R? x R? — R? x §? is a 2-parameter family of Legendre mappings, where

— 2%2 —1
uyt T 4 e, ug, utt 4 uy? + cous |

f(u17u2>cl702) = 7TOF<’LL1,U27C1702) - <n TL2—1

1

I/(u17u27cl762) = ) (_u17_n 1
n _
\/1—|—u% Uy + cp)? 2

Since

fcl(UhUQ,Cl,CQ)'V(U1,U2701,C2) = - ;

ch(U1,u2,C1,C2) : V(U1,U2,C1,C2) = 7

e: R? = R? x R% e(q1,q2) = (0,0,q1,42) is a pre-envelope and hence E(q) = f oe(q) =
(¢1,0,0) € m(X.(F)) is an envelope of (f,v).
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Example 4.5 Let F': J'(R?,R) — R be given by F(z1,a,y,p1,p2) = —y+pi* +22pa+g(p2) =
0, where n; > 2 and g is a smooth function. That is, we consider the partial differential equation

_(9y\" 0y 0y
o= (o) e (an)
Then X.(F) = X,(F) = {(z1, —¢'(p2), —¢'(p2)p2 + 9(p2), 0, p2) } is a 2-dimensional submanifold.

The complete solution I' : R? x R? — F~1(0) is given by

ni

n1—1

P(Ul, Uz, C1, 02) - (

ny—1 ni
uyt ™+ eq, ug, utt + coug + glcz), ug, 02) )

Then (f,v) : R? x R* — R3 x S§? is a 2-parameter family of Legendre mappings, where

3 -
1, W2,C1,C2 = 1, U2,C1,C2) = ;l ! 1, W2, ? 2U2 2 )
f(uy,ug,c1, o) mo '(uy,us, ¢, c2) uy'" 4 e, ug, uyt 4 coug + g(ca)

ny — 1
1
V(Ul,Ug,Cl,Cg) = ﬁ(_ula _0271)'
V1+ui+c
Since
fc1(u1au27clac2) 'V(Ul,UQ,Cl,CQ) = —Ul/ 1+U%+U%,
fcz(ula Uz, €y, 62) : V(“la Uz, €1, 02) = (uQ + g/(CZ))/ I+ U% + U%,

e R? 5 B2 x B c(q1,42) = (0,—¢/(42). @1, 2) s a pre-envelope and hence 5(g) = f o c(q) =
(q1,—9'(q2), =9 (12)q2 + 9(q2)) € w(X.(F)) is an envelope of (f,v).
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